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Abstract
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the time series setting, we find that the GMM estimator of the autoregressive
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1 Introduction

In this paper, we consider the panel vector autoregressions (VARs) where the cross sectional
dimension (N) is large and the time series dimension (7") is short (typically less than 10).
Panel VARs with a short 7" have been investigated, for examples, by Holtz-Eakin, Newey,
and Rosen (1988) and Binder, Hsiao, and Pesaran (2005). While these papers focus on
the estimation of the slope coefficients, our focus here is on the estimation of the impulse
response functions (IRFs) and their confidence bands. Following the traditional panel data
literature, we assume that the slope coefficients are the same across different cross sectional
units and there is no cross sectional dependence after controlling for the fixed time effects.
These two assumptions allow us to make good long-horizon forecasts, especially when the
forecasting horizon is comparable to the time series length. This argument is consistent
with the view of Binder, Hsiao, and Pesaran (2005) who use short panel VARs to infer the
long run properties of the underlying time series.

For time series data, VAR models are typically estimated using the equation-by-equation
OLS as it is asymptotically equivalent to the full system-of-equations estimator. For panel
data VARs, the OLS estimator is inconsistent for a fixed T' as N — oo. In this case, the
VAR models are typically estimated using the Anderson-Hsiao (1981, 1982, hereafter AH)
estimator or the Arellano-Bond (1991, hereafter AB) estimator. These estimators can be
applied to each equation in the VAR system or the full system of equations. Holtz-Eakin,
Newey, and Rosen (1988) and Arellano (2003, p.120) point out that it may be possible
to improve the efficiency by estimating the system of equations jointly. We show that,
under the model specification given below, the equation-by-equation AH or AB estimator
is asymptotically equivalent to the corresponding system-of-equations estimator.

Impulse response analysis in the time series setting has been examined by Baillie (1987),
Liitkepohl (1989, 1990), among others. However, there are two important differences be-
tween the time series case and the short panel case considered in this paper.

First, for time series VARs, the OLS estimator of the slope coefficients is asymptotically
independent of the error variance estimator while for short panel VARs the AH or AB
estimator of the slope coefficients depends on the error variance estimator even in the
limit as N — oo for a fixed T. Since the regressors are only sequentially exogenous, the
demeaned regressors in the short panel VARs are correlated with the demeaned regression
error. This nonzero correlation leads to the asymptotic dependence between the slope
coefficient estimator and the error variance estimator.

Second, for time series VARs, the error variance estimator based on the estimated

OLS residual is asymptotically equivalent to that based on the true error term. For short



panel VARs, the error variance estimator has different asymptotic distributions, depending
on whether the error term is known or is based on estimated slope coefficients and fixed
effects. In other words, the estimation uncertainty of the slope coefficients and the fixed
effects affects the asymptotic distribution of the error variance estimator.

These two differences imply that the usual asymptotic results for orthogonalized impulse
responses are not applicable to short panel VARs. One of the main contributions of the
paper is to derive the asymptotic distributions of the orthogonalized IRFs for short panel
VARs. The asymptotic distributions are obtained under the asymptotic specification that
N — oo with T fixed. Based on our asymptotic result, confidence bands for the IRFs can
be easily constructed. Although impulse response analyses using short panels have been
employed in the empirical applications, to the best of our knowledge, no study has reported
confidence bands for orthogonalized IRF's that account for the estimation uncertainty of
the error variance matrix. As a result, the reported confidence bands are often more narrow
than they should be. This may lead to the finding of statistical significance that does not
actually exist.

A further contribution of the paper is to establish the asymptotic validity of bootstrap
confidence bands. Our simulation results show that bootstrap confidence bands usually
provide more accurate coverage than the asymptotic analytical bands. In addition, the
percentile-t bootstrap band that takes the dependence between the autoregressive coefficient
estimator and the error variance estimator into account performs better than those that do
not.

The rest of the paper is organized as follows. Section 2 describes the vector autoregres-
sion model for panel data and presents the standard GMM estimator of the slope coefficients
and analysis-of-variance-type estimator of the error variance matrix. This section also es-
tablishes the joint asymptotic distribution of the slope coefficients estimator and the error
variance estimator. Using these asymptotic results, we derive in Section 3 the asymptotic
distributions of the orthogonalized and non-orthogonalized impulse response functions. We
also prove the asymptotic validity of various bootstrap confidence bands. Section 4 provides
some simulation evidence. The final section concludes. Proofs and a technical lemma are
collected in the Appendix.

Throughout the paper, vec denotes the column stacking operator and vech is the corre-
sponding operator that stacks only the elements on and below the main diagonal. As usual,
the Kronecker product is denoted by ®, the commutation matrix K,, ,, is defined such that,
for any (m x n) matrix G, K, nvec(G) = vec(G'), and the m? x (m(m +1))/2 duplication
matrix D, is defined such that D,,vech(F') = vec(F) for a symmetric (m x m) matrix F.

Furthermore, D;, = (D!, D,,) D!, and L,, is the (m(m + 1))/2 x m? elimination matrix



defined such that, for any (m x m) matrix F, vech (F') = Lyvec(F). For matrix A, ||A]| is
the Euclidian norm of A. “=" denotes weak convergence and “=" denotes distributional

equivalence.

2 The Model and GMM Estimation

2.1 The Model

We consider an m-dimensional panel VAR(p) process:
Yie = 0+ ArYie—1 + oo+ Aplig—p + pi + uig (1)

for t =0,....,7 and i = 1,2,..., N where i+ = (Y1,it, .., Ym,it)', Aj are (m x m) coefficient
matrices, p,; is an m x 1 vector of individual fixed effects, p is an m x 1 vector of intercepts,
and u;; is the error term. To simplify the discussion, we focus on balanced panel data sets.
For each individual 7, the time series starts at period 0 and ends at period T. Without the
loss of generality, we assume that the initial values y; _1,...,; —p are observed. We make
the following assumption.

Assumption 1. u;; is independently and identically distributed across ¢ and ¢ with
E(uig|yii—1, . Yi,—p) =0 for 0 <t < T

and

Y, i=jandt=s
E (wi gl i1, Yi—p) = { 0 otherwise yfor 0<t<s<T (2)

where X is a positive definite matrix.

The model is the same as that considered by Binder, Hsiao, and Pesaran (2005). We
do not parametrize the initial conditions for the VAR model as the asymptotic properties
of the GMM estimators used in this paper do not reply on any parametric specification
of yi—1,...,¥;,—p. This is an advantage of the GMM estimators as compared to the quasi
maximum likelihood (QML) estimator in Binder, Hsiao, and Pesaran (2005). In their fixed
effects specification, they assume that the initial observations y; _1, ..., —, are generated

according to
Yir = (I = A1 — . = A)) 7 (e + 1) +&for —p<t<-1

where the initial deviations §; ; are iid across 7 and ¢ with zero mean and constant variance
matrix (see their assumption G3). This homogeneity assumption may help improve the

asymptotic efficiency of the QML estimator but will lead to inconsistency when it is violated.



Here we maintain minimal assumptions without parametrizing the initial conditions and
focus only on the GMM type estimators. The standard GMM estimator considered below
is widely used in empirical applications, see, for example, Love and Zicchino (2002) and
Gilchrist, Himmelberg and Huberman (2005).

We can include the time fixed effects in the model so that
Vit = o+ Aryit—1 + oo+ ApYit—p + p; + N+ uig (3)

We have done so in a previous version of this paper. In this case, we can remove \; by
taking out the cross sectional average. All of our results remain valid for the above model.

To simplify the notation, we focus on the VAR model in (1).

2.2 Panel GMM Estimator and its Asymptotic Distribution

It is well-known that, due to the correlation between the fixed effect p; and the regressors,
the OLS estimator of A; based on equation (1) is inconsistent when 7" is small. To remove

the fixed individual effect, we take the first difference of equation (1), leading to
Ayi,t = AlAyi,t—l 4+ ...+ ApAyi,t—p + Aui,t, t= 1, ceey T.

The OLS estimator based on the first differenced equation is still inconsistent because
Aw;y is correlated with Ay; ;1. The standard GMM estimators of AH and AB employ
instruments that are orthogonal to Au; ;. Additional nonlinear moment conditions implied
by the homoscedasticity assumption in (2) are considered in Ahn and Schmidt (1995) and
Binder, Hsiao, and Pesaran (2005). We provide similar results to this paper for the Ahn and
Schmidt estimator in a previous version of this paper. In what follows, we will mainly focus
on the AB estimator since it is easy to implement as the underlying moment conditions are
linear in parameters. It has also been a standard practice to employ the AB estimator in
empirical studies. In addition, for dynamic panel data models, the latest version of STATA
contains only GMM estimators with linear moment conditions, the leading case of which
is the AB estimator. Furthermore, in his seminal monograph, Hsiao (2003) discusses only
the AB estimator for panel vector autoregressive models. Our results can be extended
straightforwardly to the AH estimator.

The moment conditions for the AB estimator are
E (Aui,ty£7t717@) =0forl=1,2,..,t+p—1;t=1,..,T. (4)
To write the equations in the vector form, we let

A = (A1, A, ..  Ap),

mxXmp



and define the first-differenced variables:

Ayz,;l Au;‘,l
Ayl Au/
Ay; = Yz | A = w2,
Txm Txm
Ayz",T AU;,T
Ayi,t—l AXZ(J
Ay, i AX!
AXiy = Y , AX; = 2
mpx1 Txmp ,
Ayit—p AXi,T

We define the level variables y;, u; and X; similarly except that they have (7' + 1) rows.
Then
vec(Ay;) = (I, @ AX;) vec (A) + vec(Auwy). (5)

To construct the instrument matrix, we let

(y;,_p, ya_l) 0 0 7z,
/ /
Zi _ 0 (yi7—p7 Tt yi,ﬂ) 0 — ZZ{,Q (6)
0 0 (yé}_p, o yLT72) Zir

which is a T x m [pT' + (T' — 1) T'/2] matrix. Then the moment conditions in (4) can be
written as E [(Im, ® Z;) vec(Au;)] = 0.
The GMM estimator of o = vec (A) is now given by

acym = vec(A) :=vec((Ay, Ag, ..., A)) (7)
= [(Im ® Syx) W (In ® Szx)] ™" [(Im ® Syx) Wavee (Szy)]

where
1 N 1 N
_ / . e I .
Szx = N ;l Z;AX;, Szy = N ;1 Z; Ay

and Wy is a weighting matrix that converges to W, a positive definite matrix as N — oc.
To estimate the orthogonalized impulse response function, we need to estimate the
covariance matrix X. If the error term u; ¢ in (1) is observable, then an analysis-of-variance

type estimator of ¥ is given by

1 T
Y= Wi U 4.
N(T +1) 1-:1; LT



Under the assumption that u;; is normal, it can be shown that Y is the best quadratic
unbiased estimator. It is also asymptotically equivalent to the QML estimator when a
normal likelihood function is used. Since the error term is not observable, however, we

have to replace it by some estimate. Given the estimate &, it is natural to estimate u;; by
ﬂ@t = (y@t — g%) — Al (Xiﬂg — X%) fOI‘ t = 0, ...,T.

Here and hereafter, a dot in the subscript indicates the average over that subscript. The

resulting estimator of X is then given by

1 N T
Yemm = ﬁ Z Z ai,tﬂ;t- (8)

The subscript on f)g MM indicates that the estimator is based on the GMM estimator of A.
We now consider the large N asymptotics for a fixed T. Under some regularity condi-
tions, we have

P lim Szy = S 9)

for some constant matrix S7% and

N
1
— E vec (Z{Aui) = N(0,2X® S5,), (10)
VN =
where
| X
oo __ : E / .
SZZ =5 P]\}Eréo N pa ZiGZM (11)

and G is the T x T symmetric tridiagonal matrix with the main diagonal elements equal

to 2 and the sub-diagonal elements equal —1. Combining (9) and (10), we get
VN(agum — ) = N(0,Qaa)

for some variance matrix Qqq-
To minimize the asymptotic variance of the GMM estimator, we choose the weighting
matrix Wy such that its limit is W = (2 ® S%,) " (sce, Hansen 1982). With the optimal

weighting matrix, we have

Qoo = {[In @ (S52)] (B @ 55, @ S3%]}  =%@Q, (12)

where

Q = (S¥x) (S5%) " S5



The above asymptotic variance can be also achieved by letting

N -1
1 /
Wn=I1,® (N é 1 ZiGZZ) , (13)

in which case W = Plimy_ oo Wy = I, ® (S%OZ)_1 . To see this, note that for this choice

of the weighting matrix, we have
(Im ® S?X)W(Im ® S%OX) =In®Q,

and

var [(Im ® Sy x) Wyvee (Szy)] — L ® Q.

Therefore
Qa=In®Q) ' (E®Q) (In®Q) ' =S0Q™,

which is identical to the asymptotic variance given in (12).

With the weighting matrix given in (13), the GMM estimator of & reduces to

N N -1/ N
dgum = wvec (ZAX{ZZ) (ZZ{GZL) <Z (z;mg))
i=1 1=1

=1

N N
X (Z AX{ZZ) (Z Z{GZZ) > (ZiAy) ¢ (14)
i=1 i=1 i=1
This is the equation-by-equation GMM estimator. Therefore, we have shown that the
equation-by-equation GMM estimator is asymptotically as efficient as the system GMM
estimator. This result is analogous to the asymptotic efficiency of the equation-by-equation
OLS in an ordinary VAR system. Holtz-Eakin, Newey, and Rosen (1988) and Arellano
(2003) both point out the possibility of improving the efficiency by jointly estimating all
equations in the VAR system. Our result shows that, under the assumption of conditional
homoskedasticity given in (2), there is no efficiency gain from joint estimation.
We now focus on the equation-by-equation GMM estimator given in (14) and the asso-
ciated variance estimator defined in (8). To establish their joint limiting distribution, we

maintain Assumption 2 below.

Assumption 2. The following hold for some § > 0 :
(D) B(flui ) < oo,

(i) max; E || X;0[|*T% < oo, max; E ||u,]]
(iii) 8%, and S have full rank,
(

iv) E(ui,tu;t ® ui,t|yi,t_1, . yi,—p) =0,

4+25) < 00,



/ / / !/
where Xio = (Y; _1, ¥ o, ...,yi7_p) i

Some comments on Assumption 2 are in order. Assumption 2(i) is a standard moment
condition on w;;. Assumption 2(ii) assumes that the fixed effect p; and the initial values
Yi,—1,---, Yi,—p have uniformly bounded 442§ moments. Together with Assumption 2(i), As-
sumption 2(ii) ensures that individual contributions to cross sectional averages do not play
a dominating role so that LLN and CLT hold. The moment conditions are not necessary
but sufficient for our results. We point out in passing that while we do not parametrize the
initial conditions, we still need to control their cross sectional heterogeneity by assuming
that max; E || X o||*T% < oo.

To avoid the weak instrument problem, we impose Assumption 2(iii). If the initial
observations are generated from the stationary distribution of the process, the full rank
assumption rules out unit roots in the system, see for example, Binder, Hsiao and Pesaran
(2005). It should be pointed out that the presence of a unit root does not necessarily lead
to the weak instrument problem as the fixed individual effects combined with unrestricted
initialization can ensure that S%°% is of full rank. When the initial values do not follow
the stationary distribution of the VAR process, both AX; and Z; are affected by the fixed
effect p;. As a result, Z; can help predict AX; not only because of the presence of time
series dynamics but also because of the presence of the fixed effects.

We maintain the technical condition in Assumption 2(iv) in order to simplify the as-

ymptotic variance. Under this assumption, the infeasible estimator

1 N T
ZO = Ni ZZO Uit — UZ /LLZ’t - 'lj@.)l

is asymptotically independent of v N (fl — A). Otherwise, there will be extra terms in the
asymptotic variance that reflect the skewness of wu;;. This assumption is also needed to
ensure the asymptotic independence of the variance estimator and the slope estimator in
time series VARs. A sufficient condition for Assumption 2(iv) to hold is that w;; follows
an elliptical distribution, which includes normal distributions as special cases.

Let

/
Xit = (Yig—1> Yig—2s-Yit—p) » (15)
and
1 NI -
B=-P lim —ZZ wig — ;) (Xip — Xi.) (16)
N—oo NT i=1 t=0

The following theorem establishes the asymptotic distributions of &aaras and EGM M When
N — oo for a fixed T.



Theorem 1 Let Assumptions 1 and 2 hold. Then

( VN (dGan —a) ));»N(O,Q), Q:(Q““ QI&") (17)

\/Nvech(i]GMM -X Qoo Qoo
where
anc =X X Qila (18>
Qoo =D} (In®B) (22 Q") = D} Kpym(In® B) (S0 Q1Y) , (19)
Q = Dt LA 2+¥(2®2)(I 2 + K, ) (D+)/
o7 mIT+1™ T (T+1) mn e m

+D), (2@ BQ7'B) (D) + D (BQ'B @ %) (D)) (20)
+D;, (£® BQ'B) K;y (D) + Dyt K (£ ® BQT'B') (DF),

2 2

and A2 = var(vec(u;u},)) is an m* X m* matriz.

Remark 1 Theorem 1 shows that \/N(dGMM — ) is not asymptotically independent of
\/Nvech(XAIGMM — Y). This is in sharp contrast with the time series case. For a time
series VAR model with Gaussian innovations, the MLEs of o and ¥ are asymptotically
independent, see Hamilton (1994, Proposition 11.2). To construct valid confidence bands for
the orthogonalized IRF's from short panel VARs, we have to take the asymptotic dependence
between \/N(dGMM —a) and \/Nvech(f]GMM — X)) into account.

Remark 2 Equation (/1) in the proof states that
VNvech(30 - %) — D [(T+ 1) Ay + T (T + 1) (20 %) (2 + Km,m)} (D).

So the asymptotic variance of \/Nvech(flo — X)) contains two terms. The second term
T (T+1)"'DL(B0%) (L2 + Kmm) (D) reflects the estimation uncertainty of the
fized effects. When T — o0, the second term is of smaller order than the first term
(T + 1) DEA,,2 (DY and disappears asymptotically. However, when T is assumed to
be fized, both terms contribute to the asymptotic variance. This is different from the time
series asymptotics. The difference highlights the risk of naively extending time series results

to short panels.

Remark 3 [t is precisely because B # 0 that the fixed effects estimator or the least squared
dummy variable (LSDV) estimator is asymptotically biased. If the asymptotic bias of the
fized effects estimator is nonnegligible, then it is likely that the asymptotic dependence
between acyar and Sca 18 also nonnegligible. This paper complements the papers by
Anderson and Hsiao (1982) and Arellano and Bond (1991) in that they investigate the
consequence of demeaning for the short panels on the slope estimation while we examine

the consequence on the vartance estimation.

10



Remark 4 In general, the variance matriz A,,2 depends on the fourth-order multivariate
cumulants of u;¢. The relation between product-moments and multivariate cumulants is
rather technical. See Bilodeau and Brenner (1999, Appendiz B). However, if we make
some distributional assumptions on u; ¢, A,,2 may be simplified. For example, if we assume

that u; ¢ follows an elliptical distribution, then

Mz = 2R (B0 5) (s + Kon) + (5 = 1) vee () e (2)]

where k is the kurtosis of any element of the standardized error ;; = E_l/Quiyt. That is
K= E([ﬁijt)]‘l)/{E([ﬁgjt)]z)}2 For a proof of this result, see Bilodeau and Brenner (1999,

example 13.6). As a special case, when u;y ~ 1idN(0,X), we have k = 3 and
Am2 = (E X E) (Im2 + Km7m) .

We will use this formula in our simulation study.

3 Asymptotic Approximation to the Distribution of IRFs

In this section, we first define the IRFs for reduced-form VARs and structural VARs. We
then consider the large sample approximation and bootstrap approximation to the sampling
distribution of the IRFs.

3.1 IRFs for Reduced-form and Structural VARs

Since the impulse response function does not depend on the index i and fixed effects in the

system, we omit the subscript i and consider the reduced-form VAR model:
ye =Ay—1+ ...+ Apyr—p +ug for t =0, T. (21)

The impulse response matrix is defined to be

OYi+j
. = .
T ou

The (k,0)-th element of ®; describes the response of k-th element of g4 ; to one unit impulse
in /-th element of y; with all other variables dated ¢ or earlier held constant. The plot of the
(k,0)-th element of ®; as a function of j is called the non-orthogonalized impulse-response

function.
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To compute @;, we let

Yt Ay Ay - Ay Ay Ut
Yt—1 L, 0 .- 0 0

Yi=| w2 |[F=| 0 Lo - 0 0 [lu=]o0
Yt—p+1 o 0 --- I, 0 0
mpx1 mpXmp mpx1

Then .
Y, =Y FU_j+F*Y.,,
j=0
s0 OY;1j/0U] = FI. By definition, ®; is the first m x m block of FV.
Differentiating both sides of (21) yields:

OYt+j OYt+j—1 OYt 45—
=A J o AR
ou ! ou} ot ou;,
That is, ®; satisfies the recursive relationship:
P
j = Ay, j=12,... (22)
(=1

with ®; = 0 for j < 0 and ®g = I,,.

To estimate the non-orthogonalized impulse response, we plug the estimate A into (22)
and get ®; = 30| A,®;_, with the initialization ®; = 0 for j < 0 and &g = Iy,

In empirical applications, it is a standard practice to report the orthogonalized impulse
response function. Let P.P/ =3 be the Cholesky decomposition of ¥, where P, is a lower

triangular matrix with positive diagonal elements. Then
Plyy =P Ay 1+ ..+ P Apys p +ul fort =0,...,T (23)

where u} = P lu; has mean zero and variance I,,. The orthogonalized impulse response

matrix is defined to be

or — a?J1t+j _ 8yt+j Ouy
o) Oup 9 (up)

— ®,P,.

In general, the model in (23) does not have a structural interpretation. One exception

is the recursive structural VAR model defined by

Ayr = Ayp 1+ .+ Ayep+uf for t =0,...,T (24)

12



where A is a lower triangular matrix, and u; is a vector white noise process with variance
matrix I,,,. To obtain the recursive structure, we may have to re-order the variables in y;
according to some economic theory. The structural model coincides with the reduced-form
model in (23) if we let P! = A, P71 A; = A$ and u} = v;. In this case, the IRFs based on
the Cholesky decomposition have structural interpretations.

In the absence of a recursive structure, we decompose ¥ into ¥ = P* (P*)’ where (P*)~!
satisfies the same identification restrictions imposed on the matrix A. This decomposition is
different from the Cholesky decomposition, as it is dictated by the identification restrictions.
To identify A, it is necessary to impose m(m — 1)/2 restrictions. Following Liitkepohl
(2005, p. 360), we consider the identification restrictions: S4vec(A) = s4 where Sy is a
m(m — 1)/2 x m? selection matrix and s 4 is a suitable m(m — 1)/2 x 1 fixed vector. Under
these conditions, we solve for P® such that ¥ = P* (P%) and S qvec[(P%) '] = s4.

The reduced-form Cholesky decomposition and the structural decomposition can be
represented in a unified framework. Given the covariance matrix X, we want to find P such
that

Y = PP'and Svec(P™1) = s (25)

for some selection matrix S and constant vector s. For the structural VAR, (S, s) is based
on economic theory. For the reduced-form Cholesky decomposition, S is the matrix that
selects the upper triangular elements of P~! and s is a vector of zeros. Given the matrix
P, the orthogonalized IRF's are ©; = ®;P.

The orthogonalized IRF can be estimated by plugging the estimates <i>j and ¥ into its
definition. More specifically, let P be the plug-in estimator of P such that 3 = PP’ and
Svec(P~1) = 5. Then the orthogonalized IRF can be estimated by 6; = @, P.

3.2 Large Sample Approximation

The limiting distribution of @j can be derived using the delta method. More specifically,
taking transposes of (22) and differentiating the resulting equation with respect to «y, the
g-th element of «, yields:

0D, P ; ’

-2

P /
0A
- §: =YY U A iy
— ay £+ ] 1o Fj—=25 ]—p]aaq

8A’
Ag +Z¢>j f@a

Consequently,

(%ec( ) Zp:Ag@;I

=1



Let
Gy =0 and Gj =—> 7=12,..
(m2xpm?) (m?xpm?)

then »
Z AZ®I ] Z+ (Im®[ _/7‘—17 ;‘—27"‘7(1);’—;)])
(=1

with G = 0 for j < 0. A closed-form solution for G; is

7—1

El
6= S B0 18] a1 = S 000 ()
=0

where J = [I,,, 0y, ..., 0] is an m X mp matrix.
A consistent estimator of G can be obtained by plugging A and i)j into the above
equation. The asymptotic distribution of the non-orthogonalized impulse response function

is

VNvec (ci; - @;) L N(0, Qsy) for Qa; = GjQaal). (26)

We can estimate (1¢; by
Opj = GanaG; (27)

where

j—1

Gj = @g@[ ;—Z 17@] /—2» ‘I] Y2 p]? QOcOé = EG’]\J]W(gQil?

£=0

and

N 1 N 1 N -1 1 N
i=1 i=1

i=1
To derive the limiting distribution of @j, we use the delta method again. We compute

Coj = Ovec(0))/0a’ and Cyj = dvec(0))/0 [vech(X)]" as follows:

Ovec (P’@;) / Ovec (@;) /
Cos =~ = (& P) — 2 1,0 P]
o Ovec (P/CI’;) (@ w1, dvec (P') @ 91, Ko mOvec (P)
7 dech(®)) VT T T weeh(x)) VT T dlvech(R)]

To obtain a closed form expression for dvec (P) /0 [vech(X)]’, we differentiate both sides

of the equations in (25) and get

2D,5 (P ® Iy,)

S[(P1Y @ P] ce(dP) =

vech (dX)
0 .

14



Let Oy, be the first m (m + 1) /2 column of the matrix on the left hand side, that is

2D (P ® Iy,)

s(PYyerl| [Orm, A

for some m? x m (m + 1) /2 matrix O,, and m? x m (m — 1) /2 matrix A. Then vec (dP) =
Opvech (d¥), and so
ng = (q)] & Im) Km,mOm

The following theorem gives that asymptotic distribution of the orthogonalized IRF @j.

Theorem 2 Let Assumptions 1 and 2 hold. Assume that the matrixz

2D (P ® Iy,)
S[(P~1) @ P71
is of full rank. Then
VNvec|(©; — 0;)] 5 N (0,90,) (28)
where
QOCOC QO(O' Cl y
Qo = [Chi, Cyi o, 29
©j [J J](Qm 900—)(0[,]-) (29)
and

Caj = (Im ® P') Gj,Coj = (2} @ Iim) KO-

In the time series setting, the matrix Q,, = 0 (e.g. Proposition 1 in Liitkepohl (1990)).

As a result, the cross product terms C’anmC’;j,

C’anwC’('Tj are not present in the as-
ymptotic variance of the orthogonalized IRF. In contrast, for short panel VARs, Q,, # 0,
and the cross product terms can not be ignored. In addition, compared to the time series
cases, the asymptotic variance {2,, contains a few extra terms, reflecting the estimation
uncertainty of the slope coefficients and the fixed effects. So for short panel VARs, it is

important to include the cross product terms C’ngmC’;j,

C’anMC’('Tj and extra terms in
Qs in computing the asymptotic variance, especially when 7' is small.
The matrix O,, can be simplified if P is restricted to be a lower triangular matrix. In

this case
dvec(P)  _, Ovech(P)

dvech(D)] ™0 [vech(%)]
But it follows from ¥ = PP’ that vec (dX) = (I,,2 + Kmm) (P ® Ip,) vec(dP) and so

m =

dvech (P _ _
vech ( ),: [Lon (L2 + Ko) (P ® L) L] 7 L

D oech(D)] = [2D}}, (P ® Iy) Ly,
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As a result
Om =L, 2D, (P® L,) L)) 7t

The structural VAR model in (24) is referred to as the A-model by Liitkepohl (2005, p.
358). Another class of structural VAR models, the so-called B-model, is defined to be

yr = AlYyr-1 + .. + Ayr—p + Buj for t =0,...,T

where uf is normalized to have mean zero and variance I,,. To identify the structural
parameter B, we impose m(m — 1)/2 restrictions of the form Sgvec(B) = sp. In this case,
the map between the reduced form variance ¥ and the structural matrix B is defined by
¥ = BB’ and Sgvec(B) = sp. In other words, we solve for P such that ¥ = PP’ such that
Spvec(P) = sp. Theorem 2 continues to hold but O,, is now the first m (m + 1) /2 column

of the matrix

QZDX1 (P &® Im)
Sg

To consistently estimate the asymptotic variance {lg;, we plug consistent estimates of
Caj; Cojs Qaa, Qao and Qs into (29), leading to

Q@j = éanaaO&j + OUjQJUCéj + C’anUaé(/;yj + CA’anaaéc/;jv

(30)

where

CA'aj = (Im & PI)GJ' and C'Uj = (Ci)] X Im>Km,mOm-

Here (Vs are defined in (18)—(20) with B, @, X replaced by B,Q, Y, where
LN
B=—
NT ;

O, is the first m (m + 1) /2 column of

T -
i (Xig — Xi,-),-
0

-1 -1

2D (P ® Im) 2D (15 ® Im)
or ,

Sal(P~1) @ P71] S
respectively for the A-model and B-model. For recursive structural VARs, we can take

N N —1
On =1, 20} (P 1) 1]
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3.3 Bootstrap Approximation

The large sample approximation in the previous subsection is based on the delta method.
In finite samples, the approximation may not capture the finite sample distribution very
well. In this subsection, we consider the bootstrap approximation to the IRFs.

We use the nonparametric iid bootstrap along the cross sectional dimension. Let
{yi = Wi,—p» - ¥ir),1 =1,2,..., N} denote the original sample and P denote the true dis-
tribution that generates the sample {yi,...,yn}. The bootstrap sample is denoted by
{yf = (y;‘i_p, e yZT)’,i =1,2,..., N} where y} follows the bootstrap distribution P*, a dis-
crete distribution that places probability mass 1/N at each point in the sample {y1,...,yn} .
By definition, the bootstrap sample satisfies

Ay = AlAy;t,1 +..+ flpAyzt,p +Aujyt=1,..,T.

where {u} = (u} p i) i =1,2,..., N} are simple random draws from the estimated
. . Ly
errors {U; = (Uj—p,...,ui7) i =1,2,...,N}.

The GMM estimator of a based on the bootstrap sample is

dgn = vee((A}, ..., A%))
N N -1/ N !
= wec <Z(AXZ‘>’ZZ> (Z(ZZ‘)’GZZ> (Z(Zi‘)’AX?>
=1 =1 =1

N N 1N
x (Z(AX{‘)’ZQ‘) (Z(Z;")’GZZ-*> > (Z) Ay o

i=1 i=1 i=1
where the variables X, Z! and y; are defined in the same way as X;, Z; and y; except that

they are based on the bootstrap sample. Similarly, the bootstrap estimator of ¥ is

N T
Stanae = 5 0 D kel
GMM NT 4 it Vit
i=1 t=0

where
;= (Yl —5.) — (A% (X;—X;), fort=0,..,T.

Given Gy and f]*GM > we can compute the IRFs fij and the orthogonalized IRF's

O; using the same procedure as that for @j and éj. In addition, we can compute ng and
Q*éj in exactly the same way as Qq>j and Qg; defined in (27) and (30) but use the bootstrap

sample.

Theorem 3 Let Assumption 1, Assumptions 2(iii) and (iv) hold. In addition, assume that
16486 16486 16486 ,
E(Ju; ¢ ), max; B || X 0| , max; F ||| are finite for some 6 > 0. Then for

any conformable vector c, the following hold uniformly over x € R :
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N——

(a) P (c’\/ﬁvec[(@;‘f —d;)] < ZL’) =P <c’\/ﬁvec[(<i>j —-®;)] <z)+o(1),
(b) P (c'\/mec[(é; ~6,)] < x) P (c'\/mec[(éj —0,)] < x) +o(1),

(c)

c’\/Nvec[(i);f —®,) 'V Nvec|(®; — ®;)]

=~ <z | =P - <z | +o(l),
(d)
c’\/NUBC[(@; . @j)l] o c’\/NUGC[(éj - @j)’] <z | +o(1).

— <z
1 O)* A
d0g,c \/Qejc

To evaluate the probabilities in Theorem 3, we first condition on the original sample
under which the average statistics of interest converge almost surely. The moment condi-
tions in Theorem 3 ensure that the sample we condition on occurs with probability one.
Consequently, the conditional convergence results can then be converted into unconditional
results. The moment conditions are likely to be stronger than necessary but they facilitate
the proof.

To prove Theorem 3, we first show that [VN (&5 — Gonrnr) , VNvech(Sn s —
fJGMM)] has the same joint limiting distribution as [v/N (&g — @), \/Nvech(fJGMM —
¥)] in Lemma 1 given in the appendix. We then invoke a delta-type method for bootstrap
approximation. For the standard delta method, it is sufficient to assume that the function
of interest is continuous. Here we require the function to be continuously differentiable.
The delta method for bootstrap approximation is likely to be of independent interest.

A direct implication of Theorem 3 is that bootstrap percentile confidence band and
bootstrap percentile-t confidence band are asymptotically valid to the first order. Higher
order refinement of the bootstrap approximation may require stronger moment conditions
and some adjustment of the bootstrap GMM estimator when the model is overidentified

(c.f. Horowitz, 1997). This is beyond the scope of the present paper.

4 Simulation Evidence

In this section, we provide some simulation evidence on the accuracy of the asymptotic
approximation and the bootstrap approximation to the sampling variability of the orthog-
onalized impulse response functions.

We consider the panel VAR model with two variables. The data generating process is
Vit = b+ Ayir—1 + p; + Peiy
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for i = 1,2,..,N and ¢t = 1,2,....,T where p = (0,0), e;; ~ iid N(0,I2) and p; ~
i1dN (0, I2). For each given T', we set the initial value of the process {y;;} to be zero and
generate a 2-dimensional time series of length T+ T,;. We drop the first Ty observations to
obtain the simulated sample.

We specify matrices A and P as follows. Let R and S be 2 x 2 random matrices whose
elements are iid from the uniform [0, 1] distribution. Let b; and by be the eigenvectors of
R'R. We set A to be

A = Abb] + Aobobl

for Ay and Ag € (0.10,0.35,0.60,0.85), A1 # A2, and set P to be the low triangle matrix
such that PP = SS’. Since the performance of the AB estimator may be sensitive to the
specifications of A and P (e.g. Bun and Kiviet, 2006), we have experimented with different

random matrices R and S. We have also experimented with

(1)

for different values of p. The qualitative information from our simulation results remains
more or less the same.

We consider different N and T' combinations, i.e. N = 100,200 and T = 5,10, 20. We
set Ty to be 1,5,10,50. For each (N,T) combination, we estimate the model using the AB
estimator. To avoid the weak instrument problem, we do not use the lagged dependent
variables dated too early as instruments. Instead, we set the maximum number of lags of
the dependent variable that can be used as instruments to be 3. Our simulation results
change only slightly when we set the maximum number of lags to be 1, 2 and 4. The

number of simulation replications is 5000.

4.1 The Asymptotic and Bootstrap Confidence Bands

Given the estimated autoregressive and variance parameters, we construct the orthogonal-
ized impulse response functions and the corresponding 95% confidence band based on the
asymptotic distribution in (28). As a comparison, we also construct the 95% confidence

band when Q,, and €., are set to be
Qoo =0, Qoo = (T+1)"' D (2@ %) (In2 + Kim) (D) (31)

In this case, the asymptotic dependence between VN (&garar — @) and \/Nvech(f?GMM -
Y)) and the additional randomness of VN vech(iGMM — ) are ignored. Both confidence

bands are of the form

O, (k,£) — 1.96 x Qo;(k,0)/VN,0;(k, £) +1.96 x Qo,;(k,)/VN| .

19



For convenience, we call the confidence band with the naive asymptotic variance given in
(31) the naive CLT confidence band and the one based on (26) the variance-corrected CLT
confidence band.

In the simulation experiment, we also consider the finite sample performances of boot-
strap confidence bands. Hall (1992) discuses three types of bootstrap confidence bands.
See Liitkepohl (2005) for VARs. The first is Hall’s percentile confidence band. In our case,
the 95% bootstrap confidence band is

A 6*(k,0) ~ 6% (k,¢)

Ok, t) —CV,7 7,0k, L) - CV,’ , (32)
where C’V[?;(k’e) and C’V]?;(H) are the 97.5% and 2.5% quantiles of @;‘(k,ﬁ) — 0;(k,0),
respectively.

The other two types of bootstrap bands are based on the t-statistic. For the original

sample, the t-statistic is

VN [éj(k,z) _ @j(k,ﬁ)}
t = . (33)
Qo (k. 0)

while for the bootstrap sample the ¢-statistic is

VN [é);(k, 0) — 6;(k, z)]
t* = ~ . (34)
0 (k, 0)

Then the equal-tailed percentile-t confidence band is
[6(k,0) = CVE % Q05(k, )/ VN, 6;(k,0) = CVE x Qo(h, O/ VN, (35)

where OV} and CV} are the 97.5% and 2.5% quantiles of ¢* respectively. If instead
of t*, the quantiles are calculated based on |t*|, then we have the symmetric percentile-¢
confidence band. Let CVI*'l be the 95% quantile of the bootstrap distribution of [t*|, the

symmetric bootstrap confidence band is:
0;(k, ) — CVI'l x Qo (k, 0)/VN, 0;(k, £) + CVITl Q@j(k,z)/\/ﬁ] . (36)

General bootstrap theory suggests that the symmetric percentile-¢ confidence band
has the most accurate coverage probability among the three bootstrap confidence bands
considered here. See Hall (1992). An extensive simulation study in a previous version of
this paper supports this qualitative observation. So we focus on the symmetric percentile-
t confidence band hereafter. Depending on how Q@j(k,f) and its bootstrap version are
computed, we obtain two different symmetric percentile-t bootstrap confidence bands: the

naive bootstrap confidence band and the variance-corrected bootstrap confidence band.
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4.2 Simulation Results

Figure 1 graphs the empirical coverage of different confidence bands against the forecasting
horizons when N = 100, T' = 5,T; = 1. The confidence bands considered are: the naive
CLT band, the variance-corrected CLT band, the naive symmetric percentile-t bootstrap
band, and the variance-corrected symmetric percentile-t bootstrap band. Here we focus on
the case (A1, A2) = (0.1,0.6), which is representative of other cases. We will refer to this
parameterization as our base case hereafter. The empirical coverage of the CLT confidence
bands is the coverage rate based on 5000 rounds of Monte Carlo simulations. For the
bootstrap confidence bands, we compute their empirical coverage based on 999 bootstrap
replications in each of 5000 simulation replications.

Several patterns emerge from the figure. First, the empirical coverage of the variance-
corrected CLT is closer to the nominal coverage probability than the naive CLT confidence
band. For some scenarios, the variance-corrected CLT confidence band dominates the naive
CLT confidence band by a large margin. Across all the subplots in the figure, we find that
the empirical coverage of the naive CLT band is considerately lower than the nominal
coverage. A direct implication is that the naive asymptotic variance under-estimates the
sampling variability of the impulse response. As a result, inferences based on the naive
asymptotic variance may lead to the finding a statistically significant relationship that
does not actually exist. Second, similar to the findings for the CLT bands, the advantage in
coverage for the variance-corrected bootstrap band over the naive bootstrap band is visible,
although the margin of improvement is smaller than the CLT case. Third, the bootstrap
confidence band has a more accurate coverage than the corresponding CLT confidence
band. The larger coverage error of the CLT bands may reflect the limitation of the delta
method in capturing the finite sample distribution for the IRFs. On the other hand, the
coverage of the bootstrap band is very close to the nominal level for all forecasting horizons.
This superior performance suggests that the bootstrap approximation may provide a high
order refinement to the first order normal approximation. This is an interesting theoretical
question for future research.

Figure 2 shows the median widths of the confidence bands reported in Figure 1. It is
clear that the variance-corrected confidence bands, for both the asymptotic and bootstrap
ones, are wider than the corresponding naive band. From this figure, we can see that the
widths of the confidence bands ranked from high to low are: variance-corrected bootstrap
band, naive bootstrap band, variance-corrected CLT band, and naive CLT band. This is
generally true for all the other cases that we consider. The next figure, Figure 3, shows

the average and median of the relative biases of the IRFs. The biases are measured as
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percentages of the true IRFs. We can see that the biases of the one-period-ahead IRF can
be either positive or negative, ranging from 8% to almost 50% of the true IRFs. For longer
horizon IRFs, the mean biases fall within the 10% range.

We do not report the figures for other parameter configurations but summarize the main
results here. We have considered a DGP with higher persistence. In our high persistence
case, the eigenvalues \; and Ay of A are set to be 0.1 and 0.85. Since \g is closer to 1,
the process is more persistent. The rest of the parameters, N, T and Ty, remain the same
as in the base case. Compared to the base case, the coverage of the bootstrap band is in
similar range but the coverage of the CLT bands improves for this case. A contributing
factor to this improvement is that the median bias for this high persistence case is much
lower than the base case. When the process becomes more persistent, the signal-to-noise
ratios, as measured by var(ym,it)/var(um,it), become higher but the instruments become
weaker. These two offsetting forces have opposite impacts on the coverage accuracy. When
Ty is small and the variance of the fixed effects var(u;) is relatively large, the instruments
remain relatively strong. The effect of higher signal-to-noise ratios dominates that of weaker
instruments, leading to improved coverage accuracy. Simulations show that for large Ty
and small var(p,;), the coverage accuracy may deteriorate as the process becomes more
persistent.

The next case we consider contains more observations with N = 200, the only deviation
from the base case. The coverage probability for both the CLT bands and the bootstrap
bands increase under larger N. In particular, the coverage of the bootstrap bands closely
tracks the 95% nominal coverage probability for all four IRFs and for all forecasting hori-
zons. As one would expect, the mean and median of the relative biases of the IRFs remain
the same as in the base case, which confirms that the biases come from the time series
dimension rather than the cross sectional dimension.

We also examine a case in which the time series are close to be stationary. The parameter
configuration is the same as the base case except that T} is now equal to 50. The margin of
improvement from using the variance-corrected confidence bands shrinks a little comparing
with the base case but remains positive and visible in the omitted figure.

The basic qualitative observations are the same for other (N,T") combinations and ini-
tialization schemes and for 90% confidence bands. In an overall sense, the bootstrap bands
have smaller coverage errors than the corresponding CLT bands, and variance correction is

effective in reducing the coverage errors.
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5 Conclusion

The paper establishes the asymptotic distribution of the orthogonalized impulse response
function for short panel VARs. Due to the correlation between the demeaned regressors and
the demeaned error term, the estimator of the autoregressive coefficients and that of the
error variance are not independent, even in large samples with a fixed time series dimension.
The dependence calls for correction for the asymptotic variance of the orthogonalized im-
pulse response function. In this paper, we have developed the corrected asymptotic formula
for both reduced form VAR and structural VAR for short panels. We also have proved the
asymptotic validity of the bootstrapped confidence bands in this context.

Our simulation analysis shows that the proposed variance correction leads to confidence
bands that have smaller coverage errors. In practical applications, we recommend using the
corrected variance to studentize the t-statistic and employ the bootstrap approximation to

construct the confidence bands.
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Figure 1: The Empirical Coverage of Different 95% Confidence Bands of the Orthogonalized
IRFs for the Base Case with N = 100,7 =5, and T; =1
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Base Case with N = 100,7 =5, and Ty =1

b. Response of Varl to One SD Shock in Va2

‘ - &8 — Median Biases
01 —©— Mean Biases

d Response of Var2 to Ore SD Shock in Var2

‘ - 8 — Median Biases
01 —©— Mean Biases

-——a o
01 T esay
~~ﬂ
0 1 2 3 4 5



6 Appendix

Proof of Theorem 1. To establish the asymptotic distribution of &gpsas, we only need
to verify the conditions for the LLN in (9), (11), and the CLT in (10). Under the cross
sectional independence, a sufficient condition for the LLN in (9) is

max F {HZ{AXZ'HQ} < 00
7
But for a generic constant C, which may be different for different occurrences,

miaXE[HZZ{AXZ-Hz} < Cmaxtzr?’aXTsHllaX EHAX”th SH

< leax nf,a}fTsHiaXtTIan,pEHAy” rym s”

< C Ellyi, Il < C.
mgxt:rgﬁfT( lyiell®) <

The last inequality holds by Assumptions 2(i) and 2(ii). Similarly, we can show that the
LLN in (11) holds under Assumptions 2(i) and 2(ii).

To verify the Lyapunov condition for the CLT, we use the Cramer-Wold theorem. Let
Zyi = K'vec (Z!Au;) for any fixed vector K and 0? = var (Zy;) . Under Assumptions 2(i)
and 2(ii), we have

maXE(‘Zui|2+6) = maXE(|K’vec Z(Aui)‘2+6)
< CmaXEH(ZA )H2+6
< cmax (£)27)" (B 10u*) " <c

So Efil E(]Zm|2+5) = O(N). Under Assumption 2(iii), we have

N 1 N
<Z a§> =NK'E %@ > ZiGz;
=1

i=1
for some constant C and large enough N, as plim N~! Ef\i 1 ZIGZ; is of full rank. This
—1-6/2
implies that (Zf\;1 a?) =o0 (N_1_5/2). As a result,

K >CN

N—oo

N —-1-56/2 y

lim (Z aﬁ) > E(|1Zul) =0
i=1 i=1

That is, the Lyapunov condition holds.

It remains to establish the asymptotic distribution of Seyvm and its relationship with
aamnv- Writing Ygaras in terms of the unobserved error term, we have

N N _ N / _
Soau = NTZZ[%—W A (Xig— %) - (A-4) (Xi,t—Xi,.)]
i—1 =0 _ A , .
X |:th _yz /(Xz'ﬂg _Xi,~) — (A—A) (Xi,t _Xi,~):| s
= So+h+L+1
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where

N T
ho= (A-4) R (e ) (- %) (4-4),
) - i=1 t=0 _ .
I, = _NT;;(UM uz)(th Xj) (A_A)’
. 1 ML )
s = _<A_A) WZZ(XM_X@-) (uiy — i)
i=1 t=0

In view of A — A = 0,(1/V/N), we have VNI, = 0, (1). As a result,
VNEaum — %) = VN(E0— %) + VNI +VNI3 + 0, (1). (37)

To evaluate Iy and I3, we note that

1 _
WZZ st — Ui, M—X)—B—i-op(l)
where the oy, (1) term follows from Assumptions 2(i) and (ii). Therefore,
A~ ~ !
VNI = —BYN (A= A)+0,(1), VNI = ~VN (A= 4) B +0,(1).  (38)
Combining (37) with (38) yields
N ~ ~ N /
\/N(EGMM—E) :\/N(zO—Z)—B\/N(A—A) —W(A—A) B +0,(1).

To derive the limiting distribution of v N (EA)GM M — %), we consider each of the three
terms. First,

T
Z(u@t—u D) (uie — )—E]

1 d ,
= WZZ(%%—E) \ﬁ T Z Z uirttis  (39)

i=1 t=0 1=1 s,t=0,s7#t

) 1 N T /
VNvech(X - %) = wech (\/N(T—i—l) Z Z (wi,eug, — 2)) (40)
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where A2 = var[vec(u;u;,)]. It is easy to see that the Lyapunov condition holds under
Assumption 2(i). Similarly,

N T T
vech \FT T+ 1) ZZ Z ultuzs

1:1 t=0 s=0,s#t
1

= N (0» mD:Z (E®%) (2 + Kpnm) (D;;),) '

As a result,
V' Nvech (f]o — Z)
1 1 /
+ +
= N <0,Dm [T+ 1Am2 + TT 1) (%) (1,2 + Kmm)} (DY) > (41)

where we have used the asymptotic independence between the two terms in (39).

Next, using the properties of the commutation matrix: K, (E ® BQle’) = (BQle’ ® E) Kpmm

and Ky i Ky, 1, = 12, we can show that
vech [BVN (A= 4)| = N (0,0}, (2@ BQ™'B') (Df)') .
and
. /
vech [\/N (4-4) B’} = N (0,0}, (BQ7'B @) (D))
In addition,
cov (U@Ch {B\/N <A — A)} ,vech [\/N (121 — A)IB’})
= D} (2®BQ 'B) K}, (D})".
Therefore,
~ ~ /
BVN (d—A) + VN (A—4) B' = N(0,Vap),
where
Vap = Df(X®@BQ7'B) (D)) + D (BQ™'B @%) (D) (42)
+D; (2 ® BQ'B)K}, ., (D)) + D K (S © BQ'B') (D).
We proceed to prove that vN (39— X) and N (A — A) are asymptotically independent
under Assumption 2(iv). We write

N

fvec(A A) 1N Zvec (Z (wit — um_l)) +0,(1)
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for some matrix M. Note that

T T
/ ! !
E E vec (ui,tum — E) E [vec (Zi,t_zuz‘,t)]
=0 t=1
T T T T
= F vec (umu” E vec Zt 2u,t =F g g Uit @ Ujt) uhs & Zis_g)
=0 t=1 t=0 s=1
T T T T
/ i
= K § § (wigus s @ uipZis—2) = E E E (wius s @ wipZis—2)
t=0 s=1 t=1 s=1
T T
/ /
= EY ) (wiguj, @ uigZis—2) + B Y (uigufy @ uigZis—2)
s=1 t#s t=1
T T
!/
= F E (ui, #uh @ i Zip 2) =F g uz,tui7t ®Uiy) ® Zig—2] =0
t=1

W
Il
—_

by Assumption 2(iv). Similarly,

T T
/ /
EE vec (ui,tui’t E vec ” QWi t— 1)] =0.
t=0

t=1

Hence the first term in (39) is asymptotically independent of v N(A — A). It is easy to see
that the asymptotic independence also holds for the second term in (39).
As a result,

VNvech (EGMM - z) s N(0, o), (43)

where ., is defined in the theorem.
Finally, we examine the asymptotic covariance between vech[v N (Xgyn — )] and

vec[VN(A — A)]. Since VN(3y — %) is asymptotically independent of v N(A — A), the
asymptotic covariance is given by

Quo = —cov(vech |[BYN (4 4)],vec |[VN (4~ 4)])
—cov <vech {\/N (A- A)' B’} vee [V (A - A)D
= -D}(I,®B)(20Q ")~ Dl Knn(ln®B) (Z2Q™"). (44)
Combining (43), (44) and v'N (agmar — @) = N(0,Q4q) completes the proof of the

theorem. m

Lemma 1 Let the assumptions in Theorem 3 hold, then for any conformable vector c :
P <C/ ( ‘/N(aG’MM - OéGMM) > < x)

= (¢ i) <) +o)

uniformly over x € R as N — oo for a fized T.
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Proof of Lemma 1. The result is on the joint convergence of VN (&fpar — Gammr)
and VN (X% — Zemar). We prove only the convergence of the marginal distributions,

as the joint convergence follows easily from the same argument we present here. The proof
consists of two parts.

Part (a) Proof of VN (&5 — damnr) = N(0, Qua).
By construction, we have

v — Gamm

N N -1/ N
= vec (Z(AXf)/Z;*) (Z GZ*) ( (Z;‘)’AX;‘)
=1 =1 =1

N N -1 N
X (Z(AXj)'Zj) (Z GZ*) > (Z) Au (45)

=1 =1

-1

Define the set of samples &, as

Ea= {I11(@), - yn (@)

(i) N 121 1AXZ — 5%,

(“) 121 IZ,GZ _>SZZa

(iii) N2 Z L vee [(AX;) Z] {vec [(AX;) Zi] Y — 0,
(iv) N—2 Z ., vec ({’S%Z i) {vec[ZIGZ;]}'} — 0,
(U) [Zz 1 |Zm| ] Zi:l |Zm'|2+6 — 0
(vi) A—>A}

In the above definition, S, = (S%)" and Z,; = K'vec(Z!Au;) for any fixed vector K.
Under the moment conditions in the theorem, we have

P ( > E)
N=1

et ez s
3 =0 (Z ) < o0 (46)

N
'Nl > (AX]Z; - S%,)

=1

Nt N2e4
N=1 N=1

It follows from the Borel-Cantelli lemma that N1 Z i AX!Z; — S, almost surely. So
condition (i) in the definition of &, holds almost surely. Smnlarly, we can show conditions
(ii)-(iv) and (vi) hold almost surely. To show that condition (v) holds almost surely, we let
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Zyi = |Zui|2+6 - F (\Zm-|2+6> and note that

)« 58

=

N

D Zui

=1

IN

(|

1

N=1
© E(> o Zz]\i EZZi i
“(n i), & [ o)

0 N 72 2
 $rEm) 5 (e

|
HM

< o0

Mz T

2
)

where the last line follows because
_ 4
B (Zél) - E <‘Zui’2+6 _ R ’Zui|2+5> -0 (E ‘Zui‘8+46) -0 <E HZZ‘H16+85E HuiH16+8(5) _ O(l)

using the moment conditions in the theorem. So Zf\i 1 ]Zm-|2+5 = Og.s. (). Similarly, we

~1-§/2
can show that [ZZ]\; 1 ]Zm-ﬂ = Og.s. (N —1-¢/ 2) . Consequently, condition (v) indeed
holds almost surely. We can conclude that P (&,) = 1.
Conditional on the sample in &,, (AX})' Z; is a triangular array of rowwise iid random
variables and a law of large numbers gives

N
1
i Y (AXD) Z - EF[(AX)) ZF] = op (1) (47)
i=1
where E* denotes the expectation with respect to the bootstrap distribution P*, and op+ (1)

denotes a sequence of random variables that converges to zero in probability under P*. By
definition,

N
* * * 1 oo
E*[(AXY) Z{] = ;AX{Zi — 5%
Combining this with (47) yields

N
Y (AXD) ZF = 5%, +0,(1). (48)

i=1

==

By the same argument, we have, conditional on &,,

1
NZ )Y GZF = SF, + ope (1). (49)
Therefore,
L L -1 L !
(szxgyz;) (NDZ:)’GZ:) <Nz<z:>’AX:> — Q4o (1). (50)
i=1 i=1 i=1



1 & 1 & T
(N > o (axy) Z;) (N >z GZ*) N > (Z) Aup =1+ I
; =1

B [(Z)) Aug]

{(Z}) Au; — E* [(Z7) Auf]}.

For 1, we use (48) and (49) to obtain:
1 & 1 & T g
I, = (N;AXZ(ZH—O;;(U) (N;ZmZﬁo;(l)) (\/N;ZQAm)
— o (1)

where the second equality holds because
-1

1 & 1 & 1 U
NZAX{Zi (NZZ{GZl) WZZ{AQZ- =0,
=1 =1 =1

by the definition of the GMM estimator &garas-
For I5, we have, using (48) and (49) again:

_ o0 * o0 * -1 1 al *\/ * * *\/ *
Is = [S%, + 05 (1)] [S3% + 05 (1)] \/NZ;{(Z” Auf — E*[(27) Auf]}

By the Lyapunov CLT for triangular arrays, we have

N
ec {\/%Z ((Zl*)/ Au; — E* [(Zz*)/ Au;‘])}

- \FZ{ vee(aup) = B ([In @ (20 vee(aup))

= N(0,X®S5%,).

Define Z, = K'vec [(Z}) Au}] for any conformable constant vector K. Then the Lyapunov
condition is

1
+5/QZE*] =270 = 0 for some § > 0.

=N, B (122)]

1
(2, 1ZaP]

That is

N
5/ Z | Zyi| ¥ — 0 for some & > 0.
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This condition holds conditional on the sample in &,. Therefore

Iy = N(0, 5%, [S5%] ' [S¥2]) = N(0,Q).

As a result,

vee (1 i (AX-*)’Z*) < i GZ*) R 1%(2*)’ Aut
N =1 Z Z =1 \/N =1 l '
= N (0, [In @ 5%, (557)7"| (T2 55%) [In ® (552" (5%2)])
= N(0,Z®Q).
Together with (50), this leads to

VN (&G — daun) = N[0,(In2Q ) (E®Q) (In®Q "))
= N(O,E@Q_l)

conditional on &,. Equivalently, for any conformable vector c,,

* ~ % N x
P (\/Ncla (aGMM - aGMM) < 33|(€a> — O <Cgé [E@Qfl] Ca) .

Since P(&,) = 1, the above conditional result implies the following unconditional almost
sure convergence result:

X
Pt

P* (\/chl (GG — Gamm) < x) — <I>< Tc ) a.s. as N — oo
(0%

for all z € R. This and the dominated convergence theorem imply

T
— (b(C& [E®Q‘1]ca> for all z € R,

or equivalently
VN (&gnm — devm) — N (0,2 @Q71) .

Thus, the unconditional asymptotic distribution of the bootstrap statistic VN (&g — Gaarar)
is N (0, Y ® Q_l) , which is the same as that of the original-sample statistic v N (damm — @) .
Part (b): Proof of vV N(X&,,1, — Sanr) = N0, Qoo ).

Note that
@?,t = (yz*t ) (Xz*t Xz*)
= (W) - (X;*t X)) = (A =AY (X, - XT)
= uf’t — ul — (A — A) (X:t — X'Z*) ,
we have
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where

. oo S .
I = _<A _A) WZZ(Xi,t_Xi,) (upy —u;.)

As in the proof of part (a), we first derive the asymptotic distribution conditional on an
event that occurs with probability one. Define £ = £,NE, where

&= {ly 1(): )]
(0) (NT)™ 30 Yo (Xiw = Xio) (Koo = Xi)' = S%x,

(ii) (NT)~ Zl 1 S -0 (Uzt @) (Xie — X;,.) — B,
(iid) (NT) S0 S [(uie = i) (i = 0,)] = 2,
(iv) Vi — D, [T Wy + [T (T + 1] (B @ F) (e + Kmam) | (D7),

(v) N -1 ZZ 1 Zt o vech [(uzt Ui ) (wip — ﬂi7.)l] vec(ZiAu;) — O}
and

T
Vv = TzNZ”eCh[Z (wip = ) (i = u">]

t

T /
{vech [Z (wip — @) (wig — 4 )] }
t=0

N T
1 — _
—TaNE Z vech [Z (Ujﬂj — uiw)/ (uj7t — ul7)]

t=0

N T !
vaech [Z Uit — i) (Uir — Uy )] .

t

Under the moment conditions in the theorem, a strong law of large number implies that
P(&) =1.
In view of part (a), we have I = o;‘,(l/\/N). So

VN(E& i — Seum) = VNES — Saum) + VNI + VNI + 05 (1) (51)
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Conditional on &,

Therefore,
1 N ~ A\ /
5 (= ) 0, VR W (- A P o
Combining (51) with (52) yields
3 3 N S ~ ~ ~ N/
\/N<Z*GMM_ZGMM) = \/N(ZS_ZGMM)—B\/N (A* — A) _\/N <A* _ A) B/_'_O; (1) '
Now

\/N(i* — iGMM)
= }T ; ZO {ure =) (uiy —a1) = B* |(ui, - a5) (ufp = 5)| b+ 05 (1)

Conditional on &, the first term is a normalized sum of iid random variables with mean
zero. By the Lyapunov CLT for triangular arrays, we have

vech [\/N (23 - 2GMM)} — N(0,V)

where

T
V = lim %var* {Zvech[(uf’t —a; ) (uf, — uz)/]}

N—oo
t=0

T /
= ]\}Enw T2 N Z vech [Z U ¢l t] {vech [Z ﬁi,tﬁ%t] }

t=0
T /
- g s 3 v ] { s [t |
and var* is the variance operator under P*. By definition,
(X’Lt ) (A A)

Uit = Ui — U, —

) )

so conditional on &, we have

T T
vech g ai,ta;,t = vech E (wie — @) (wis — @)
t=0 t=0
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Consequently,

V = lim Vy =D}

1 1 /
— A — (oY) (I Kpm)| (D).
Novoo [T+1 m + gy & O E) Une + Ko )]( m)

We have therefore shown that, conditional on &,
vech [\/N (26 - 2GMM>}

1
= V(005 | e+

T+1 T SO Ume + Km:m)} (D$)'> :

Next, using part (a), we can show that
B\/N(A* >+W( ) B' = N(0,Vap),
where V4 p is defined in (42).

Finally, we prove that v N (X§ S — S M) and V/ ( ) are asymptotically indepen-
dent conditional on £. That is, we need to show

N T
1 * — % * — %
JN > vech [(“i,t — ) (uj; — “z),}
i=1 t=0

is asymptotically independent of

1 N *\/ * * *)/ *
m;vec{(Zi) Au; — FE [(Zz) Aul]}

Their covariance is

T
cov™ (Z vech [(u:t — a;‘}) (uf’t — a;‘?,)’] , vec [(ZZ*)' Auf])

t=0

N | X

Z vech(t;a; ) vee(Z; Aty;) — [ Z vec(t [N Zl vec(Z;Ad;)
vech [(wip — @) (wip — Ui..)' | vee(Z; Auy)

2|~
i

7

Il
1=
)=
M= 10~

7
1 Sh 1
[N Z (uip — (wip — .. ’] [N ZUGC(ZiAUi) +o(1)
i=1 t=0 i=1
As a result, conditional on £, we have
VNuech (i’g;M e E:GMM) = N(0,%,). (53)

Using the same argument as in part (a), we can show that this conditional convergence
result implies unconditional convergence. That is, for any conformable vector ¢,,

P {\/Ncgvech (i*GMM - i]GMM) < 93} — ® <x> .

/
c QyoCo
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In this result, the randomness with respect to both the bootstrap sample and the original
sample is taken into account.

Part (c): Proof of Uniformity over z € R.

It follows from parts (a) and (b) that

(o (| LN G ) ) )
\/N’UGCh(EZMM — ZGMM)

- p (e o0 ) <o) voq

for any given x € R. By Polya’s theorem (see DasGupta, 2008, p. 3), the above pointwise
result holds uniformly over x € R. m

Proof of Theorem 3. Part (a) For any conformable vector ¢, we can write

dvec|(®})] = F;(A*) and c'vec|(®;)'] = Fj(A)

where Fj is a continuously differentiable function. By the Delta method, we have

P{c'vec[VN(®} — ;)] < z} = IP’{FJ.(l)(A)vec[\/ﬁ(fl* — A<z} +o(1)

and
P{cvec[VN(®; — ;)] < x} = }P’{Fj(l)(A)vec[\/N(A —A))<z}+o0(1)

where Fj(l) (A) = OF}; (A) /Ovec(A)'. Combining the above two equations with

OF; (A OF; (A
WMZA:W‘F%(U?

which holds by the consistency of A and the continuity of F j(l) (+), yields

P{c'vec[V N (&}

P —0;)] <2} =P{cvec[VN(®; — ®;)] <z} +0(1).

Invoking the Polya’s theorem gives the desired result.

Part (b). The same argument for part (a) applies. Details are omitted.

Parts (c)(d). It is sufficient to show that Qap; = Qa; + 0, (1), Qe; = Qe; + 0, (1),
ng = Qpj +0,(1), and Q’&)j = Qg + 0p (1). The proof is straightforward and details are
omitted here. m
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