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Abstract

In this paper, we develop asymptotic F' and t tests for nonlinear cointegrated
regression, where the regressors are asymptotically homogeneous transformations of
I(1) processes. These transformations encompass a broad class of functions, includ-
ing distribution-like functions, logarithmic functions, and asymptotically polynomial
functions. Our asymptotic F' and t test theory covers both the case with exogenous
regressors and the case with endogenous regressors. For the exogenous case, we con-
struct a novel set of basis functions for series long-run variance estimation, effectively
accounting for parameter estimation uncertainty. For the endogenous case, we extend
the transformed-augmented OLS approach developed for linear cointegrated settings.
Monte Carlo simulations show that our asymptotic F' and t tests outperform competing
tests, including the asymptotic chi-square test based on the fully modified OLS estima-
tor and the non-standard fixed-b test based on the integrated modified OLS estimator.
Furthermore, our theory extends to accommodate cases where the processes driving
the regressors are nonstationary, fractionally integrated processes.
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1 Introduction

Cointegrated systems have been extensively studied in econometrics due to their impor-
tance in modeling long-term relationships among integrated variables. While much of the
focus has been on linear cointegration, recent advancements have explored nonlinear dy-
namics. Nonlinear cointegration models are particularly useful for capturing nonlinear
relationships between nonstationary economic variables (e.g., [Park and Phillips| (2001)).
As might be expected, the asymptotic analysis of cointegrated regressions becomes more
complex when nonlinear transformations of unit root I(1) processes are introduced into
the system. Additionally, statistical inference faces challenges in accounting for nonpara-
metric autocorrelation in the cointegration errors and their potential correlation with the
regressors.

In this paper, we develop asymptotic F' and t tests for a triangular cointegrated system,
where the regressors are asymptotically homogeneous functions of I(1) processes. The class
of asymptotically homogeneous functions, introduced by [Park and Phillips (1999), encom-
passes a wide range of functions, including constant functions, distribution-like functions,
logarithmic functions, and functions that asymptotically resemble polynomials. Empirical
applications of asymptotically homogeneous cointegrated systems include smooth transi-
tion models (e.g., Saikkonen and Choi (2004))), the money demand function (e.g., Bae and
De Jong| (2007)), the carbon Kuznets curve (e.g.,(Chan and Wang| (2015)), and the multi-
factor translog production function (e.g., Vogelsang and Wagner| (2024))). Our asymptotic
F and t test theory applies to this class of nonlinear cointegration models in both exogenous
and endogenous settings.

We begin by examining cointegration under the assumption that the regressors are
exogenous and establish the asymptotic mixed-normal distribution of the ordinary least
squares (OLS) estimator. The conditional asymptotic variance depends on the long-run
variance (LRV) of the cointegration errors, which may exhibit autocorrelation of unknown
forms. It is standard practice to estimate the LRV using a kernel method and to construct
test statistics based on the kernel LRV estimator. The conventional approach employs
increasing-smoothing asymptotics, under which the distribution of the LRV estimator is
approximated by a degenerate distribution concentrated at the true LRV. As a result, the
Wald and t statistics are asymptotically chi-squared and normal, respectively. However,
these asymptotic approximations fail to account for the estimation uncertainty of the LRV
estimator and are prone to large size distortions in finite samples. See, for example, Kiefer
and Vogelsang| (2005), Sun et al.| (2008), and [Sun| (2014)).

In response, we propose using a series-based LRV estimator and approximating its dis-
tribution through fixed-smoothing asymptotics. This type of asymptotics is often referred
to as fixed-K asymptotics in the literature, where K is the smoothing parameter held
fixed in the limiting experiment. It has been utilized in prior studies, such as [Phillips
(2005), Miiller| (2007)), and Sun| (2013), albeit within frameworks involving only stationary
processes. For linear cointegration regressions with I(1) regressors, Sun (2023) adopts a
series-based method and shows that asymptotically pivotal inference is possible, although
the mechanics are different from those in the stationary setting. However, for cointegration



regressions with transformed I(1) regressors, as considered here, challenges emerge. Specif-
ically, if we employ commonly used orthonormal basis functions in L? [0, 1] to construct the
series LRV estimator, as in the stationary framework and Sun| (2023)), the resulting test
statistic will not be asymptotically pivotal.

To address this issue and develop asymptotically pivotal F' and ¢ test theory under
fixed-smoothing asymptotics, we construct a novel set of basis functions tailored for LRV
estimation in the cointegration framework. For any given set of basis functions in L2 [0, 1],
we first project the corresponding basis vectors onto the orthogonal complement of the
column space spanned by the regressors. We then normalize the projected basis vectors to
obtain a new set of basis vectors, which are subsequently used in series LRV estimation.
The use of these projected and normalized bases enables us to develop the asymptotic F
and ¢ test theory.

Our approach underscores the flexibility of the series-based method, as it allows us to
design customized basis functions or basis vectors to suit specific needs for asymptotically
pivotal inference. In contrast, a kernel-based method lacks such adaptability and requires
the imposition of a restrictive assumption, the so-called full-design condition, to achieve
an asymptotically pivotal limit under fixed-b asymptotics. This point was discovered and
highlighted by [Vogelsang and Wagner| (2024).

We extend the asymptotic F' and t testing framework to cases where the regressors
are endogenous. In a linear cointegration setting, it is well known that the OLS estimator
suffers from a second-order endogeneity bias, complicating asymptotically pivotal inference
(e.g., Phillips and Hansen| (1990))). This issue also appears in the polynomial cointegrated
system as studied in [Wagner and Hong| (2016|) and (Chan and Wang| (2015)). Unlike the
fully modified OLS method (e.g., Wagner| (2015) and Wagner and Hong (2016))), we use
an approach similar to those proposed by Hwang and Sun| (2018), and |Pellatt and Sun
(2023), beginning by transforming the augmented homogeneous cointegrated regression
using orthonormal basis functions.

Following Hwang and Sun (2018)), we estimate the parameters by OLS based on a
Transformed and Augmented (TA) regression model. We call the resulting estimator the
TA-OLS estimator. Extending the results of Hwang and Sun/ (2018)) for linear cointegration,
we establish the asymptotic mixed-normality of the TA-OLS estimator. Importantly, this
distribution is free from the second-order endogeneity bias that typically complicates infer-
ence in a cointegration model with endogenous regressors. Under fixed-smoothing asymp-
totics, we show that the test statistics based on the TA-OLS estimator are asymptotically
F-distributed or t-distributed. As in the case of exogeneity, our procedure is particularly
advantageous because critical values from the F' and ¢ distributions are readily available
in any standard statistical software. This makes our method practically convenient, espe-
cially when compared to the integrated modified OLS (IM-OLS) method of [Vogelsang and
Wagner| (2024), where the fixed-b limiting distribution is highly nonstandard, and critical
values have to be simulated.

As a special case of the asymptotically homogeneous cointegrated setting, [Vogelsang
and Wagner| (2014) study polynomial cointegrated regressions and impose the full-design
condition to achieve asymptotically pivotal fixed-b inference. The full-design condition



requires the inclusion of all possible transforms of the underlying I(1) processes, up to the
highest order specified in the polynomial cointegration equation, which can be restrictive in
practical applications. In contrast, our approach does not rely on the full-design condition,
yet it still achieves standard F' and ¢ limits under fixed-K asymptotics. This flexibility is
a key advantage of our method, as it does not restrict model specifications for the purpose
of asymptotic development. This is especially appealing when certain higher-order terms
are unnecessary in a polynomial cointegrated system.

In a Monte Carlo simulation study, we compare the finite-sample performance of our
asymptotic F' test in polynomial cointegration regressions to that of the existing tests based
on the fully modified OLS (FM-OLS) and IM-OLS. In both exogenous and endogenous
cases, the proposed F' tests outperform competing tests. In particular, for the endoge-
nous case, the F' test is shown to be more accurate in size than FM-OLS with chi-square
critical values and IM-OLS with non-standard critical values. The improved performance
is especially evident when the degree of serial autocorrelation is strong. These findings
are consistent with previous studies, such as Hwang and Sun| (2018]) and Pellatt and Sun
(2023), which support the accuracy of the F' test in linear cointegration regressions.

We use the TA-OLS method to estimate the carbon Kuznets curve (CKC) and employ
the proposed F' and ¢ tests for inferences. The CKC examines how per capita COs emissions
in a country depend on its per capita GDP over time. Our method is particularly suited
for this application, as a quadratic function of the logarithm of per capita GDP, which
is widely regarded as a unit root process, is an integral part of the model. In addition,
the logarithm of per capita GDP is likely to be endogenous. This setting aligns perfectly
with the design of our method under endogeneity, which enables us to test the inverted
U-shaped relationship between environmental pollution and economic activity with higher
accuracy than existing methods.

As an additional contribution, we extend our method to a more general setting where
the regressors are transformations of fractionally integrated processes. The generalization
of I(1) components to nonstationary fractional processes has been explored in studies such
as Robinson and Hualde| (2003) and [Hualde and Iacone| (2019) in the context of linear
cointegration. However, to the best of our knowledge, no existing studies have applied an
asymptotically homogeneous transformation in this context. By replacing first differencing
with fractional differencing in the TA-OLS regression, we show that the F' and t test
theory can be naturally extended to situations where the underlying driving process is a
nonstationary fractional process. Moreover, we introduce a feasible TA-OLS estimation
and testing procedure using a consistent estimator of the true fractional parameter, such
as those proposed by |Andrews and Sun/ (2004) and [Shimotsu and Phillips (2005), among
many others. We prove that the estimation error in the fractional parameter estimator does
not affect our asymptotic theory, and the standard F test and ¢ test remain asymptotically
valid with an estimated fractional parameter. This appears to be the first study to establish
the convenient asymptotic F' test and ¢ test in this generalized setting.

Our study contributes to the existing literature by introducing more accurate and re-
liable statistical tests, thereby broadening the scope of econometric analysis in contexts
involving nonlinearity, nonstationarity, and cointegration. Building on foundational works



for linear cointegrated systems, the literature on nonlinear cointegration has expanded to
encompass both parametric and nonparametric approaches; see, for example, |Chang et al.
(2001), |Saikkonen and Choi (2004),Wang and Phillips (2009), Chan and Wang] (2015, and
Dong et al.| (2021)). In particular, the asymptotically homogeneous cointegrated system
considered in our paper includes finite-order polynomials as special cases. Consequently,
our framework encompasses the cointegrating polynomial regressions of [Wagner and Hong
(2016) and |Vogelsang and Wagner| (2024). Transforming nonstationary variables using
basis functions has also been adopted in recent cointegration literature (e.g., Muller and
Watson| (2013)), [Hwang and Sun| (2018), and [Sun et al.| (2024))). Our approach and findings
are expected to resonate with empirical researchers in macroeconomics and finance who
frequently encounter nonlinear dynamic relationships among integrated variables.

Finally, we note that the TA-OLS method presented in this paper, along with that
of Hwang and Sun (2018), is closely related to the high-dimensional trend instrumental
variable (TTV) method, originally proposed by Phillips| (2014), and further studied recently
in Phillips and Kheifets| (2024)) and Sun et al.| (2024). In the linear cointegration setting,
Hwang and Sun| (2018) show that under the large-K asymptotics, the TIV estimator and
the TA-OLS estimator are asymptotically equivalent, and both are semi-parametrically
efficient; see also Sun et al.| (2024). While homogeneous cointegrated systems with more
general nonstationary fractionally integrated processes have not yet been explored from
the perspective of the TIV method, our fixed-K asymptotic framework, combined with
easy-to-use F' and t tests, is expected to provide more accurate approximations for the TIV
method as well.

The rest of this paper is organized as follows. Section [2] introduces the asymptotically
homogeneous cointegrated system and develops asymptotic F' and ¢ tests under exogeneity.
Section [3| addresses the case with endogeneity and establishes the asymptotic properties
of the TA-OLS estimator and the corresponding F' and t tests. Sections [4] and [5| present
Monte Carlo simulation results and an empirical application to real-world data, respectively.
Section [6] extends the results in Section [3] to the case with nonstationary, fractionally
integrated regressors. The final section concludes and outlines directions for future research.

We use the following notation throughout the paper: For any symmetric and positive
definite matrix Q, Q1/2 is defined to be a symmetric and positive definite matrix such that
QL2012 = Q. unless stated otherwise. We define Q12 := (91/2)_1 and let O be a matrix
of zeros with dimensions that may change from each occurrence. For a matrix M with dys
rows, Py is defined to be M(M'M)~1 M’ and Qyy is defined to be Iy,, — Pys. N represents
the set of all positive integers (natural numbers), and [a] denotes the greatest integer less
than or equal to a (the floor function). The notation “=" indicates the weak convergence
of a sequence of stochastic processes and random variables.

2 Cointegrated Homogeneous Regression under Exogeneity

We begin by describing the process X; that drives the regressors in the cointegration model.
We assume that X; = (X4, Xoy, ..., Xg, ) follows a d;-dimensional unit root process (i.e.,



X is integrated of order one, I(1)):
X = X1+ ugy

for some stationary I(0) process uy; € R% . Next, we consider the following cointegration
model:
Yi = ZiBo + uo.s, (1)

where Y; € R, up; € R is a stationary I(0) process with zero mean, and each element of
Zy = (Zvt, ..., Zq, ) is driven by X; according to:

dy
Zi,t = fi,o <t> : Hf’t,] (X],t) for i c {17 cee 7dZ} y
7=1

with f; o () being a locally Riemann integrable function, and f; ; (-) belonging to the class of
asymptotically homogeneous functions as defined in |Park and Phillips (1999). We formalize
the requirements for f;o(-) and f; ; (-) as an assumption below.

Assumption 1 (i) fio(-) : R = R is locally Riemann integrable, and for some positive
function ki (), the following

fio(t) = ki (T) fip <;> (1+0(1))

holds uniformly over t, as T — oo.
(it) For j € {1,...,dy}, the function f; ;(-) : R — R is asymptotically homogeneous in
the sense that for any A > 0,

fig (AT) = Kij (N) Hij (2) + Rij (A, @),

where ki j (A) > 0, H; ; (z) is locally Riemann integrable, and R; ; (A, x) satisfies one of the
following two conditions:

(a) [Ri; (A )| < aij (N)Pij(x), where limsupy—ooaij (N) /Kij (A) =0 and P;j (x) is
locally Riemann integrable;

(0) |Rij (N x)| < bij(N) Qi (Ax), where limsupy_oobij (X) /i (A) < oo and Q;j ()
is bounded and vanishes at infinity (i.e., Q;j (x) = 0 as |x] — o0).

Assumption (1) ensures that, after appropriate normalization, we can convert the dis-
crete time trend into a continuous time trend. Assumption ii) states that f;; (Ax) is
approximately equal to x; ;j (A) H; j (x), with a remainder that is asymptotically negligible.
For example, each f; ; (-) can be one of the following functions (with parameters that may
vary for each i € {1,...,d,} and j € {1,...,dz}):

(a) Homogeneous functions, such as 2 with parameter § > 0, in which case, & (\) = \?
and H (z) = 2?; and sign (z), in which case, & (\) = 1 and H (z) = sign (z);



(b) Finite order polynomials, given by z* 4+ a12*~1 + - - - + a; with parameters k € N and
(a1,...,a;) € R¥ in which case, x (\) = \* and H(z) = 2¥;

(¢) The logarithm function log (|z|), in which case, x (\) = log(A) and H (z) = 1;

(d) The cumulative distribution function of any random variable, in which case, k (A) = 1
and H(z) =1{z > 0}.

Economic applications of polynomial transformations in Examples (a) and (b) can be
found in |Chan and Wang (2015) and |Vogelsang and Wagner| (2024)) in the contexts of
estimating carbon Kuznets curves and multifactor translog production functions. The log-
arithmic transformation in Example (c) is applied in Bae and De Jong (2007) for money
demand analysis. The application of Example (d) includes smooth transition models, as
considered in |Saikkonen and Choi (2004). Remark 4.3 in [Park and Phillips| (1999) provides
more detailed descriptions of the above asymptotically homogeneous functions. See also the
discussions in the more recent monograph Wang (2015). Additionally, we note that an in-
tercept can be included in our cointegration model given in by setting f10, fi,1,---, fi,ds
to be constant functions.

Remark 1 Assumption[]] can be replaced by the following more general multivariate ver-
sion: each Z;; is an asymptotically homogeneous multivariate transform of the vector
(t', X])' € Ré=H1 that is, Z;, takes the form of fi (t,Xy), where fi (1,%) is asymptotically
homogeneous in the sense that for any Ay € R and Ay € R X%

fi (M7, Aox) = k; (A1, Ao) Hi (1,%x) + Ri (A1, A2, 7, %),
where R; (A1, Ao, 7,X) satisfies either (a)
|R’L (A17 As, T, X)‘ < a (Ala AZ) Pi (7_7 X) ’

where limuyin(a, || Az|)—0@i (A1, A2) /ki (A1, A2) = 0 and P; (7,%) is locally Riemann inte-
grable; or (b)
IRi (A1, Ao, 7,x)| < b; (A1, A2) Qi (A7, Aox),

where limmyin(a, | As|)—0bi (A1, A2) /K (A1, A2) < o0 and Q; (7,x) is bounded and vanishes
at infinity (i.e., Q; (7,x) — 0 as min (|7|, ||x]|) — o0).

With some modifications of Dy and Z(-) defined later, our asymptotic theory still holds
under the above assumption; but for simplicity, we maintain Assumption[]]

We turn to the assumption we impose on the initial value Xy and the error processes.
Denote the long-run variance of u; = (ug,u}, ;)" and its submatrices by

00 ?0? Qoz

Q= g Eutug_j = x 1xdz
- QxO Q:m:
J=—0 dex1  dzpXdg



Assumption 2 (i) Xo = 0,(VT).
(ii) The Functional Central Limit Theorem (FCLT) holds:

VT &= Ui Bu(-) )
where B(+) := (B{(+), BL(+)) is a (dy + 1)-dimensional Brownian process with a positive

definite variance 2.
(i) {uo} = {uoy : t € N} is independent of {uy s} = {uzs :t € N}.

Assumption [[(i) ensures that the initial value of the I(1) process X; will not affect our
asymptotics. Assumption [2f(ii) holds by the standard FCLT under well-known primitive
conditions. The positive definiteness of {2 ensures that its submatrix €2, is also positive
definite, thereby implying that X is a full-rank I(1) process.

Assumption [2(iii) assumes that {ug,} is independent of {us;}, so that Qo = 0. We
will address the case of dependence in the next section. Under Assumption [2(iii), we can

represent B(-) as Q(1)(/)2 0) Wo ()
BO=1 "0 qu <Wx(-)>’

where W (-) := (W{(-), W.(:)) is a (d, + 1)-dimensional standard Brownian. Note that

By(-) = Qéé W (-) is a one-dimensional process, which corresponds to the weak limit of the

process T-1/2 [ ]UOt

When each element of Z; is an I(1) variable, with no transformation applied to X, the
model reduces to the triangular representation of a linear cointegration system as con81dered
in Phillips (1991). When each element of Z; takes the monomial form #*i.0 H 1 X J;” , the
model corresponds to the cointegrating polynomial regressions considered, for example,
by Wagner| (2015)), [Wagner and Hong| (2016)), Wagner et al| (2020), de Jong and Wagner
(2022), [Stypka et al. (2024)), and Vogelsang and Wagner| (2024). Our model is linear in
parameters and, hence, easier to estimate than the nonlinear cointegration models that are
nonlinear in parameters (cf. [Wang| (2015)).

Under Assumptions [1f and 2 we have, for Dy = diag((v1(VT),...,ve. (VT))') with

vi(A) = kio (A?) - H;l 1 Kig (A)s
Dy Zipn = Z (1), (3)

where Z (1) is a vector of continuous-time processes defined on 7 € [0, 1]. Specifically, the
conditions outlined in Assumptions [1] and [2] along with the continuous mapping theorem,
allow us to establish the joint weak convergence of the vector-valued process D, 1Z[TT} =



D;I(ZL[TT}, -+ Zg_ 7). The marginal convergence for each component is given by

Vi(l\fT)Zi,[TT] = yi(\lﬁ) kio (T) Hio <[1;]> ~1d_1[1m7j(\/T)Hi,j (X\J}[;T]> +0p(1)
=m0 (T) (T (2 ) 0

j=1
da

= Hio(r) - | [] Hij(Bej(7) | := Hi(r, Ba(7)),
j=1

fori e {1,...,d.}, where B, ;(-) is the j-th component of the vector By(-) = (Bz,1(-), ..., B4, ().
When the i-th element Z;; of Z; takes the monomial form ¢¥i.0 (H?il Xjkf ), we have

fio(t) = tF0, H;o (t) = th0, k0 (T') = T";
fijla) = a*i, Hj(x) = 2™, ki j(TV?) = T2 for j € {1,...,dy},

so v;(VT) = T% with ¢; = ki o+ (ki1 +. ..+ ki a,)/2, and the weak limit of I/Z-(\/T)_lZMTT]

can be written as
dg

Hy(r, Bo(m) = 70 | T (Buy(r))

j=1

Given the observations {X, Yt}f:l, we estimate By by the OLS estimator:

T -1/
BoLs = (Z ZtZt'> <Z Zth> = (Z’Z)f1 7'y,
t=1 =1

where Z = (Zy,...,Zr) and Y = (Y3,...,Yr). Using the continuous mapping theorem
and other standard arguments, we have:

T LT
VTDr(Bors — Bo) = <; ; (D' Z1) (D¥1Zt),> (; (D7' ) %)
1

1 1

st [ zz0ya] [ 2@,
0 0

provided that fol Z (1) Z (1)’ dr is positive definite almost surely.

Given some p xd, matrix R = [R (i, j)], where R (i, j) represents the (7, j)-th component
of R, and a p x 1 vector r, we are interested in testing:

Hy : RBy = r against Hy : RBy # 7.



When p = 1, we may be interested in testing a one-sided alternative. For example, we may
test

Hy : RBy = r against Hy : RBy > r.

Different elements of Rf3 may converge at different rates. We assume that there exists a
p X p diagonal matrix D7 such that limp_, o DTRD:F1 = A for a matrix A € RP*% with
full row rank p. Then, the rate of convergence of RS to R is given by (Drv/T) ™1, as

DrVTR (BOLS — ﬁo)

- (orror) (1 Z e ovay) (Soora %)

t=1

L 0l%a Uolz(T)z(T)’dT]_l/OlZ(T) dWo (1)
= Q) /0 ' (1) dWy (1), (4)

where .

Z*(T)_AUOlZ(T)Z(T)’dT] Z(r).

The above asymptotic theory forms the basis for testing Hy against Hy, but we still need
to estimate the long-run variance {)g9. Here we employ a series method for this estimation.
For a set of K basis functions {¢; (-)}., in Ly [0,1], with K as the tuning parameter, the

series long-run variance estimator, e.g., Phillips (2005), Miller (2007), and Sun| (2013,
takes the form of

Qoo = % i(@ﬁy = [1( i [\/1?@ (;) %t} 2,

i=1 i=1
where 4y = (Goy,...,u0r) =Y — ZBors is the vector of the OLS residuals and o, =
(¢ (1/T),...,¢; (T/T)) is the basis vector corresponding to the basis function ¢; (-).
For each i € {1,..., K}, we have, for ugp = (ug1,...,uor) :
1,
b
\/T¢z 0
1Y 1 / / 1\~ L 1
= —=¢,Qzup = —= | Qw0 — P, Z (Z£°Z)  Z'u
\F@QZ 0= (cbz 0— ¢ Z(2'Z) 0)
1 -1
1/2/ i (1) dWy (T (/ &; (s ) (/ Z(s)Z(s)'ds> / Z (1) dWq (1)
0 0
—ay? [ g amo ), 5
where



In the linear cointegration setting with Z; = (1, X})’, Sun| (2023) shows that ¢; (-) in
does not depend on any nuisance parameters, such as {2;,. As a result, the long-run
variance estimator Qo /Q00 weakly converges to a random variable that does not depend
on any unknown parameters under fixed-K asymptotics, making the Wald inference based
on Qoo asymptotically pivotal. However, due to the non-standard limiting distribution,
simulated critical values are necessary.

Although asymptotically pivotal inference applies in the linear cointegrated case, pivotal
inference based on Qoo cannot be directly extended to cointegrated nonlinear homogeneous
regressions. This is because nuisance parameters that govern the limiting process Z (-)
will retain their effect in QBZ () in the nonlinear case, which implies that Qoo /00 is not
asymptotically pivotal. Consider, for example, d, = 2 and Z; = (X12t, X22t) . We have the
following representation of Z (-), which is also considered in [Vogelsang and Wagner| (2024):

W21 ()

) = Bf%,l(') — Wi Wiy 2wnwi % ‘ _ '
Z()—(Bga(.) > _(0 @2, 0 > Wx,?(/-x)%[(fx)g(-) =TW,(-) (7)
= J
=W,

where w11, w12, and wos are defined according to

/2 _ | W11 W12
o= | |

and W, is free from any nuisance parameter. Let I' = UDV’, for U € R?**? and V =
(V1, V2) € R3*2 be the singular value decomposition of I'. Some simple algebra shows that

-1

b =00 (| 1 () VW (5] ) ([ WL (s)] W, @) ds) W]

where
VWe () = [ () ]

and V; € R? and V, € R? are orthonormal column vectors. This representation shows that
éi (+) is a function of the orthogonal projection of W, (-) onto the proper subspace spanned
by V1 and Vs. The orientation of this subspace depends on V. This is important because
the distribution of W, (-) is not rotation-invariant, so the distribution of V"W, () depends
on V, which in turn depends on I' and €2;,. Since V is not a square matrix, there is no
way for its effects on the second term in the definition of ¢; () to cancel out. Therefore,
the distribution of (;3, (-) depends on €2;,, and as a result, Qoo /00 is not asymptotically
pivotal.

To enable asymptotically pivotal fixed-b asymptotic inference in polynomial cointe-
grated regressions, Vogelsang and Wagner| (2024)) impose the so-called full-design condition,
which requires the inclusion of all monomials of {X;} in Z;. In the example above, this
requires Z; = (X%t,th,XltXQt), so that both quadratic terms and the cross-product are
included in the regression, and I', defined in , becomes a square matrix. The full-design

11



condition guarantees a one-to-one mapping between Z(-) and the vector process W, in-
volving all monomials of {W, ;(-)}; see (7). This ensures that the effects of I' (or V) cancel
out and that ¢; () does not depend on nuisance parameters. However, the full-design con-
dition can be restrictive when a more parsimonious specification is desired, or when some
monomials of {Xj;} have no effect on Y;. Our aim is to develop an asymptotically pivotal
inference method that does not impose the restrictive full-design condition while achieving
standard F' and ¢ limits under fixed-K asymptotics.

The idea is to transform any candidate basis functions in an initial step in order to
“preempt” the estimation error so that the long-run variance estimator is invariant to the
use of the estimated g or the true wg. This, combined with an orthonormalization step,
yields a new set of basis vectors that can be used to construct a new LRV estimator ng,
ensuring the asymptotic pivotality QOO /Q00-

We now describe the details. For a given set of basis functions {¢; ()}fil and the
corresponding basis vectors {d)i}fil ,we let @ = (¢p,...,¢x) € RT*E be the matrix that
concatenates {qﬁl}fi - Projecting each column of ® onto the orthogonal complement of
the space spanned by the columns of Z yields the new matrix b =QuP:= ((51, R J)K)
Normalizing @ yields

('i)*:(i)(&)/(b) V2 = (¢17-"7¢K>(¢/ ) 1/2

This step may also be referred to as an orthonormalization step, as P*d* = [ and
S0 (I>* is an orthogonal matrix. Let qb be the i-th column of ®*; then we can write
(¢1,...,¢*K) QzP (P'QzP)” /2 We then replace the original basis vectors {(l)i}fil

used in Qoo with the transformed basis vectors {qb }X . This yields the following estimator

for Qoo :

A 1 %, ]2

Qoo = 4= Z [(d%-) Uo] - (8)
In a matrix form, Qoo can be equivalently expressed as

Qqo = kS (4pQz®) (‘I’/QZ‘I’Y1 (®'Qzio) -
K

In essence, we have transformed the original basis matrix @ into the new basis matrix
Q7 (9 QZ<I>)71/ % and used the transformed basis vectors in constructing the long-run
variance estimator.

Based on Qog, we construct the Wald statistic:

Fr =

(RBOLS - r)' [R (22)”" R’} o (RBOLS — 7“) . 9)

Qoo

When p = 1, we construct the t-statistic:

Rfors —

tr = —= .
QR (2'2) R
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To derive the asymptotic distributions of Frr and t7, we impose the following assumptions
on the stochastic process Z(-) in , the basis functions {¢; ()}fil , and the corresponding
transformed (random) basis functions {¢; (-)}X,.

Assumption 3 The stochastic process Z(-) satisfies the condition that fol Z (1) Z (1) dr
1s positive definite almost surely.

Assumption 4 (i) For each i € {1,..., K}, ¢; (-) is contmuously dzﬁerentiable (ii) For
S € REXK with the (i,7)-th element given by Sg(i,7) fo (;SZ (1)dT, Sg is of the
full rank K almost surely.

Theorem 1 Let Assumptions hold. Assume further that limp_, . [)TRD;l s of full
row rank p. Then, for a fited K as T — oo, we have that

Fr = F, kg and tr = tg under Hy : Ry =7,

where F, i is the standard F distribution with degrees of freedom (p, K), and tg is the
standard t distribution with degrees of freedom K.

Remark 2 Define (¢} (-),...,¢% ()] = [¢1(),-.., 0K (- )S5 S=Y2 Then, Qo is a series
LRV estimator using the new set of basis functions {gbf (- )}fil As in |Sun (2023), each
(;3;" (1) is a random function, as it depends on the trajectory of Z (-), which is a random
element. Note that Qoo = (1)®) (P'Qz®) " (¥'dg) /K and Qoo = (a)®) (P'tio) /K have
similar forms and can both be written as (uy®) G (®'4g) /K for a matriz G, which is equal
to either (<I>’QZ<I>)_1 or Ix. Therefore, we may also interpret Qoo as a weighted version
of Qoo using (@’qu))_l as the weighting matrixz. The series method to LRV estimation
offers flexibility in crafting the basis functions or reweighting them when necessary. The
kernel-based method does not have such flexibility, and the full-design condition has to be
imposed in order to obtain an asymptotically pivotal limit under the fixed-b asymptotics;
see |Vogelsang and Wagner (2024) for more details.

3 Cointegrated Homogeneous Regression under Endogene-
ity
We consider the same model as before:

Y = o+ Z;fo + uoy, (10)
Xy = Xp1 + ugy.

In the above, we explicitly include an intercept in the model because X; is now allowed to
be endogenous, and thus it cannot accommodate a deterministic constant regressor. We
allow {ug¢} and {u, .} to be arbitrarily correlated, in which case their long-run covariance
Qo can be a non-zero vector. With a slight abuse of notation, we now let Z; denote the
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vector of nonconstant regressors, and let d, be the number of elements in Z;, that is, the
number of non-constant regressors in .
We still maintain Assumption [2{ii) but now

Q1/2 —

Q2 Q00
0 oz

where Qqo. := Qoo — Q022,,1Q0, and B (-) can be represented by

Lot [ 2005 Wo () + Qa0 Wa ()
B(:)=Q W()-( 00 Q2w ()

with Wy (-) being independent of W, (-). As in the previous section, we assume that
D;IZ[TT] = Z (1), where Z (1) satisfies Assumption

Given that g, may not be zero, there may be a long-run correlation between {ug;}
and {uy+} . To remove this potential correlation, we perform a long-run projection. Define
the long-run projection coefficient vo = Q,.1Q,0 and let

UQ-z,t = U0t — le,ﬂo-
We can then represent Y; as
Y; = oo+ Z, B0 + AX}y0 + oa it (11)

where the long-run variance of wg.; ¢ is Q0o., and the long-run covariance between {ug., ¢}
and {ug} is 0.

It is well known in the time series econometrics literature that the OLS estimator based
on still exhibits a second-order endogeneity bias, which hinders asymptotically pivotal
inference. To remove the bias, Phillips and Hansen (1990) introduce the fully modified
method for linear cointegration regressions with I(1) regressors. When the regressor is a
quadratic transform of an I(1) process, |[Liang et al. (2016|) provide an explicit expression
for the second-order bias and use a fully modified approach to conduct inference. Here we
take a different approach and use an estimator that is free of second-order bias.

As in [Hwang and Sun| (2018), Sun (2023)), and Phillips and Kheifets (2024), our esti-
mation method begins by using some basis functions to transform (L1). Let {¢; (-)}22; be
a set of complete basis functions in L?[0, 1]. For each i € {1,..., K}, we define

L ' 1 & '
ZAXt¢i <T> s Vo, = ﬁ;l&o-x,tfﬁi (T> . (12)
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We then obtain
VY,Z' = Va,iQ0 + Vé,iﬁﬂ + VAZ,’L”YO + ‘/Om,i (13)
for i € {1,..., K'}. This can be viewed as a cross-sectional regression with K observations.
We assume that K is fixed but sufficiently large so that the number of observations is larger
than the number of regressors (K > d, + d,).
We make the following assumptions on the basis functions, which are identical to the
corresponding assumptions in [Hwang and Sun (2018)).

Assumption 5 (i) For every i € {1,. K} @i (+) is continuously differentiable. (ii) for

every i € {1,...,K}, ¢;(-) satisfies fo ¢; (T)dr = 0. (i31) the functions {¢; ()}l | are
orthonormal in L*[0,1].

Under Assumption (i, ii),
Vi = ﬁ/l ¢i(T)dr +VTO(1/T) = O(1/VT) = o(1).
0

Thus, fori e {1,..., K},
Vi = VB0 + VAo + Vi (14)
where
Vozi = Voai + Vaico = Vo +0(1).

Our estimation and inference will be based on equation 1) treating V', ; as the regres-
sion error. Following [Hwang and Sun| (2018), we refer to as the Transformed and
Augmented (TA) regression, and the associated OLS estimator as the Transformed and
Augmented OLS (TA-OLS) estimator, denoted by (BTAOLSKAYTAOLS)-

Define V3 = (Vy71, ey VY,K), S RKXl, Vy; = (VZJ, .. .,VZJ()/ S RKXdZ, and similarly
define Va, € RE*d and Vi € REXL Then, we have

W = VzBo + Vaeyo + Vol
Clearly, the TA-OLS estimator BTAQLS of By satisfies

~ _1 a
Braors — Bo = (VzQva,Vz) VzQua, Ve

6= /asz P)dr, 1= /asz )dB, (r), vi = /@ ) dWo (7).

and denote & = (&1, &9, ...,¢x)" € REX4 with n € REX% and v € REX! defined similarly.
Under Assumptions [1} [2[i, i), and [5{i, ii), we can use summation by parts, the contin-
uous mapping theorem, and integration by parts to obtain

Define

TYV2DIWy =€ Vag =1, and VY, = v
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holds jointly, and this implies that

VT Dr(Braows — Bo) = Qs (€Qne) " €Quv. (15)

It is important to note that v, which is a functional of Wy (-), is independent of ¢ and
n, which are functionals of W, (-). Additionally, the full-rank condition imposed on €,
and Assumption [3| together with K > d, + d,, ensure that {'Q,¢ is positive definite
almost surely. As a result, conditional on (£, 7), the limiting distribution in is normal
with mean zero, and the limiting distribution is mixed normal. There is no second-order
endogeneity bias in the TA-OLS estimator.

To make inferences on RSy, we estimate 9. by

. 1 . R 2
Q0o.z = e HVY — VzBraoLs — VAHTAOLSH

where ||-|| denotes the usual Euclidean norm in R¥. Based on the above estimator, we
construct the Wald statistic:

F(BraoLs) = [RBTAOLS - 7‘}/ [R (VoQua, V) R/] B [R,BTAOLS —r|, (16)

P00z

and the t-statistic when p =1:

RfraoLs — 7
t(Braors) = —
\/Qoo 2R (V,Qua,Vz) R

(17)

As in the previous section, we assume that there exists a diagonal matrix Dy € RPXP such
that limp_,oo DTRD;1 = A for a matrix A € RP*% with full row rank p.

Theorem 2 Let Assumptions @(i,ii), @ and@ hold. Assume further that limp_, o DTRD:F1 =
A is of full row rank p. Then under the fixed-K asymptotics where K is held fixed as T — oo,
we have the following:

(1) ﬁDT(BTAOLS —Bo) = Qéé?x (f’an)_l §'Qnv, where v is independent of (§,n), and
vV~ N(O, IK)
(1) Under the null hypothesis of Hy : RBy = r, we have that

L K—d—d, -
F*(BraoLs) = TF(ﬁTAOLS> = Iy K—d.—dy;

K—d,—d,

% t(Braors) = ti—d.—a, forp=1.

t* (BTAOLS) =

4 Monte Carlo Simulations
We consider the following data generation process (DGP):

= Z,fo +ugs for t € {1,...,T}
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with

(1): Zy = (1, X4, Xot, X3y, X5, X4 Xor)'s (18)
(ii): Zy = (1, X1g, Xor, X3, X3,.), (19)

where X; = (X4, Xo¢)' satisfies Xy = Xy 1 + uz+ and Xy = 0. The I(0) component of the
cointegration model, i.e., uy = (uo,t,ugvt)/, is generated as follows:

Ut = @Ut_l + €4, (20)

where

€ ..

€x,t

d; = 2, and J, 4 is the p X ¢ matrix of ones. The parameter p controls the persistence of
individual components in u; € R3 while the parameter ¢, which is equal to the pairwise
correlation coefficient between the elements of u; for the above model, characterizes the
degree of endogeneity. We set the values of p € {0.05,0.25,0.50,0.75,0.90}.

For the true coefficients 5y for (i) and (ii), we set them as (0,10,10,0,0,0,0)" and
(0,10,10,0,0)’, respectively, so the (unknown) true cointegrating relationship is assumed to
be linear. Without loss of generality, we set the intercept parameter to be zero. Considering
quadratic and interactive specifications for (i) and (ii) in and ([19)), we test whether the
elements of [y associated with the nonlinear regressors are jointly zero. The corresponding
null hypotheses are formulated as Hg : RSy = r, where

(i): R = (O3x3, I3x3) € R¥*5 with r = (0,0,0)’; (21)
(ii): R = (Oax3, Irx2) € R¥*® with r = (0,0). (22)

In the following two subsections, we examine cointegrated regressions with exogenous and
endogenous regressors and evaluate the finite-sample performance of the procedures devel-
oped in Sections 2] and [3] We also compare the finite-sample performance of our methods
with several existing methods in the literature, using a nominal significance level of 5%.

4.1 Cointegrated homogeneous regression with exogenous regressors

This subsection considers the case where the parameter ¢ equals 0, indicating that there is
no endogeneity in the cointegrated homogeneous regression. Based on the OLS estimator
Bors, the first group of tests, referred to as “OLS-HAC”, employs the following Wald
statistic:
1 3 ! P 5
Faacr = ——— <RﬁoLs - 7") {R (2'Z) R] (RﬁoLs - T) ;
PEHAC,00

where QHAC,OO is the standard kernel estimator for the LRV (g := Z?’;_oo Eluosuo,t—j),
using either the Bartlett or Quadratic Spectral (QS) kernel. The subscript ‘HAC’ on
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QHAC,OO signifies that it is a Heteroskedasticity and Autocorrelation Consistent (HAC)
LRV estimator, which converges to the true LRV Qg9 under the conventional increasing-
smoothing asymptotics. The critical values for the “OLS-HAC” test are from the chi-
squared distributions Xz% /p with p = 3 and p = 2 for (i) and (ii), respectively.

The second test, referred to as “OLS-HAR”, is the asymptotic F' test proposed in
Section [2] for an exogenous cointegrated homogenous regression. The method replaces
QHAC 00 by Qoo, as given in , which is constructed based on the transformed Fourler

basis functions. The Fourier basis functions are given by {1/2sin (27jr) , v/2 cos (27jr) } i 1,

assuming K is even. In the literature, an LRV estimator like ng is often referred to as a
Heteroskedasticity and Autocorrelation Robust (HAR) LRV estimator when it converges
to a random variable in distribution, as is the case under the fixed-smoothing asymptotics.
For notational symmetry, we will rewrite QOO as QHAR 0o from now on.

For both OLS-HAC and OLS-HAR, smoothing parameters are required. The smoothing
parameter for On AC,00 is the kernel bandwidth, while the smoothing parameter for On AR,00
is the number of (transformed) basis functions. We use data-driven smoothing parameters
for QHAC,OO and QHAR,OO that minimize the asymptotic mean squared errors (AMSE), as
developed by |Andrews| (1991) and |Phillips (2005), respectively. In both cases, we apply a
parametric plug-in approach using AR(1) to compute the unknown parameters. See Section
4 of Sun| (2023) for the formulas and implementation details.

Table [1] reports the empirical rejection probabilities of OLS-HAC and OLS-HAR under
the null hypotheses in and , using data-dependent smoothing parameter choices.
To conserve space, for OLS-HAC, we report only the results using the QS kernel. In all
our Monte Carlo simulations, we consider two sample sizes, T' € {100,200}, with 10,000
simulation replications. The results demonstrate that the empirical size distortion of OLS-
HAC with chi-square critical values can be substantially higher than the nominal size level,
namely 0.05. The over-rejection of OLS-HAC is due to neglecting the estimation error
in the LRV estimator Qg Ac,00- In contrast, except for cases where the degree of temporal
dependence is high (i.e., when p > 0.75), our proposed OLS-HAR test, which uses standard
F critical values, has significantly lower size distortion, with the null rejection probabilities
much closer to the nominal level of 0.05. The results in Table[T] are also consistent with the
numerical findings in Sun (2023)), which demonstrate the accuracy of the asymptotic F' test
in a different setting. Our results confirm that the asymptotic F test in linear cointegration
regression can be successfully extended to cases where regressors are polynomial functions
of I(1) variables. We also note that our asymptotic F' test exhibits appealing finite-sample
performance for testing both and (22)), as it allows for flexible polynomial functions
without requiring a full-design condition.

4.2 Cointegrated homogeneous regression with endogenous regressors

This subsection considers the case of an endogenous cointegration regression with ¢ = 0.75.
We compare the asymptotic F' test based on the TA-OLS estimator, which we propose in
Section |3 against existing approaches, including the integrated modified OLS (IM-OLS)
and fully-modified OLS (FM-OLS) methods. We first describe the FM-OLS of |Phillips and
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Hansen| (1990), which has been extended to cointegrated polynomial regression in \Wagner
and Hongl (2016)). Define the one-sided long-run variance:

> Aoy Aoy
A:ZEut Jut]—<Azg AL)'
Jj=

The estimator for A takes the following form:

~{ Ag AOI 1 s—tl\ . .
s (B &) amm () &

:t::): s=1 t=s

where u; = (710 £ U ;t)/ and tg s = Y;— Z{BOLS In the above, k(-) is a kernel function, such as

the Bartlett and QS kernels, and By is the bandwidth parameter. We partition AAa:o and Ay,
as Ayo = (Axl O,sz 0) and Ayy = [(Am xl,Ax z) . Also, we define A+0 = (AF At o)

xl,O’ 2,
as R
A A A oA g A A Al Q Q
Afy = Apo — Mg Qg0 = | 700 T
z0 0 TT 0 ( Ax%o A;: I2Q Qa: s
where .
A Qoo Qo;z ) 1 ( 5 — t)
O=|( - R

is the kernel LRV estimator.

In the context of our DGPs, the FM-OLS method in Wagner and Hong] (2016) covers
only case (ii) given in (19)), where only the quadratic terms of X1; and X, but not their
interaction, are included in Z;. In this case, the FM-OLS estimator is

Bryveors = (Z2'2)H(Z'Y + — AY),

with Y* = (Y{",...,Y}) and ;T = — AX}Q1Q,0. The additive correction factor A*
is given by
TA%LO
TA
*x 0 5 * 220 R 4
A[M*]E]R and M* = 2Et:1X1t 'A;,O € R%,

230 X ) - AL,
The corresponding FM-OLS Wald statistic is defined as
WrM-OLS = (RBFM-OLS - 7“>/ [58.90R(Z'Z)_1R']_1 (RBFM-OLS - 7“) ;
where 62, = Q00 — Q0202220 Wagner and Hong| (2016) show that Wrnors is asymp-

totically chi-squared distributed with p degrees of freedom. A key assumption behind this
chi-squared limiting result, similar to [Phillips and Hansen| (1990)), is that the amount of
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smoothing increases to infinity as the sample size grows (i.e., By grows with the sample
size but at a slower rate). Consequently, Q, A, and 00 ., converge to their respective true
values 0, A, and 03, regardless of the choice of the kernel function or bandwidth Br used
in the nonparametric estimators.

To describe the IM-OLS method in [Vogelsang and Wagner (2024), we let Sto =
Z; 1 O;, which represents the integration O; up to period ¢, and SO =[SO, ... ,SQQ]’.
Also, denote S7 := [(S7), X]) and % = [S7,...,S%] = [SZ, X]. The IM-OLS estimator
of Oy = (5),7,)" is then defined as

éIM—OLS _ [(SZ)/SZ]_l(SZ)/SY.

Let R = [R, O] € RP*(d=+ds)  The IM-OLS Wald statistic is then formulated as

-~ A '~ A ~1—1
Wim-oLs == (RHIM-OLS - 7‘) [RVIM,MR} (RHIM OLS — ’f’)
where o
VIMM = 60001 [(SZ) S71terel(s7y st

SZ fort e {1,...,T} andS{?Z:O

with C :=[c1,...,er]), ::S%Z—S S’ : Z] 155

The estimator 5(%.;1; M s constructed as

sz <'T “) NGV

72t2

where Bp = bT for some b € (0, 1], ASA't“M = S;LM — SA';“‘_LM, and S’Z‘M is a modification of
the IM-OLS residual ¢ := S) — éfM-OLsth . The modification is required to obtain the
asymptotically pivotal fixed-b limiting distribution of Wn.oLs. See [Vogelsang and Wagner
(2024)) for the detailed formulation of the modified residual S’t“M The non-standard fixed-b
critical values are simulated by extending the algorithm in Hvx}ang and Vogelsang (2024)) to
the cointegrated polynomial regression setting. It is noteworthy that the fixed-b inference
using IM-OLS imposes a full-design condition to establish the asymptotically pivotal fixed-b
limit of Wiy.ors. Thus, the application of Wiyrors rules out case (ii) in .

In both FM-OLS and IM-OLS, we use the data-driven values of Brp, adopting the
formulas from |Andrews| (1991)). Similar to the exogenous case, the unknown parameters in
the data-driven formulas are estimated using the plug-in method, with VAR(1) serving as
the approximating model for {a; = (¢, Az})'}. For the TA-OLS method, we apply the
same approximating model for {4;} and implement the data-driven smoothing parameter
K.

Table [2| reports the empirical rejection probabilities for IM-OLS, FM-OLS, and TA-
OLS under the null. It is clear that for all values of p and sample sizes T' € {100,200}, our
proposed F test based on TA-OLS outperforms the tests based on FM-OLS and IM-OLS,
particularly when p is greater than 0.50. These findings are consistent with previous stud-
ies, such as Pellatt and Sun| (2023) and [Hwang and Vogelsang (2024)), which support the
accuracy of the F' test based on the TA-OLS estimator in linear cointegration regressions.
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In fact, the results in Table [2] indicate that combining a data-driven smoothing parameter
with F' critical values enhances the size accuracy of the TA-OLS method for cointegrated
homogeneous regressions. Practically, our TA-OLS framework with endogenous I(1) vari-
ables does not require assumptions about how to specify the regressor vector Z;, which
contrasts with the existing FM-OLS and IM-OLS methods.

5 Empirical Application to Carbon Kuznets Curve

In this section, we apply the TA-OLS method developed in [3] to real data and compare it
with existing methods for a quadratic cointegration system under endogeneity.

We examine the long-run relationship between each country’s per capita COs emissions
and per capita GDP. The carbon Kuznets curve (CKC) hypothesis suggests an inverted
U-shaped relationship between these two variables, observed across time for each country
(e.g., Holtz-Eakin and Selden| (1995))). To test this hypothesis, we consider the model:

log(et) = ag + Bo,1log(we) + Bo2(log(ws))? + uoe (24)

fort € {1,...,T}, where e; and x; denote the per capita COy emissions and the per capita
GDP in period ¢, respectively, and ug; is an I(0) error term, which is potentially corre-
lated with the (log) per capita GDP. The specification in follows the same quadratic
formulation as in |(Chan and Wang (2015]), which uses a least squares (LS) method. While
the LS approach in |Chan and Wang| (2015) becomes the nonlinear least squares when the
cointegrated system is nonlinear in parameters, we note that their LS approach applied
to is equivalent to the OLS, as the model is linear in parameters, with log(x;) and
(log(z¢))? as the regressors. |Chan and Wang| (2015) simulate the non-standard limiting
distribution of the OLS estimator based on consistent estimators of the LRV and half-LRV
of the I(0) components of the cointegrated system.

Since the logarithm of per capita GDP is widely known to exhibit nonstationary behav-
ior over time, the issue addressed in this paper becomes relevant when applying a quadratic
transformation to the logarithm of per capita GDP. Wagner| (2015) and |(Chan and Wang
(2015) provide detailed statistical evidence on the nonstationary I(1) properties of log(e;)
and log(x¢) in . These papers also investigate the CKC hypothesis, using time-domain
methods such as FM-OLS and LS. Our TA-OLS method, combined with Fourier basis
functions for a fixed-K specification, estimates the cointegrating vector by focusing on only
K low-frequency components of the underlying time series. In this sense, our approach
closely aligns with the empirical questions posited by the CKC hypothesis regarding the
nonlinear long-run relationship between the two I(1) variables.

Following (Chan and Wang] (2015, we analyze 13 early industrialized countries over the
post World War II period from 1951 to 2008. The CO4 emission data are sourced from the
Carbon Dioxide Information Analysis Center (Boden et al. (2010))ﬂ For per capita GDP,
we use data from Maddison| (2003), adjusted to 1990 Geary-Khamis dollarsﬂ The list of

"https://www.osti.gov/biblio/ 1389324
?The data are available from Angus Maddison’s archived website:
https://www.rug.nl/ggdc/historicaldevelopment /maddison/
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country names and their codes is summarized in Table [3| Figure [I] plots the logarithm of
per capita COqy against the logarithm of per capita GDP for selected countries: France,
Germany, UK, and USA.

In our application of the TA-OLS method, the choice of K is necessary. Given the
limited time span of 58 years of data, we use a fixed K € {8,12} instead of a data-driven
approach. These choices align with recent HAR literature using low-frequency transforma-
tion techniques, which recommend selecting K values that reflect business cycle frequencies.
Hwang and Sun| (2018) also show favorable finite-sample performance with these K choices
in linear cointegration regressions. To save space, we report only the results with K = 12,
as the results with K = 8 yield similar qualitative and quantitative implications.

In addition to the TA-OLS method, we present estimation results for the parameters
(Bo,1,B0,2)" and their asymptotic confidence intervals using the LS from |Chan and Wang
(2015) and the FM-OLS from |Wagner| (2015) and \Wagner and Hong| (2016). The FM-OLS
uses the QS kernel with AMSE-based data-driven bandwidth selection method in [Andrews
(1991).

The results are presented in Figures [2| and [3] and Tables [@H{7] The figures and tables
show that all three methods — TA-OLS, FM-OLS, and LS — indicate the presence of a
significant nonlinear inverted U-shaped cointegration relationship between log(per capita
COg emissions) and log(per capita GDP) for most countries. These findings are supported
by a highly significant negative coefficient for the quadratic term (fp2). Therefore, our
empirical analysis confirms|Chan and Wang| (2015)’s finding, which provides strong evidence
of inverted U-shaped patterns for the selected 13 countries in the post World War II period,
from 1951 to 2008.

While the coefficient estimates from all three methods indicate statistically significant
non-zero coefficients, the results in Table [d]show that in most countries, the implied turning
points, calculated as exp(— ,5’0,1/ (2,5’0,2)), based on TA-OLS estimates are lower than those
obtained using the LS and FM-OLS approaches. Specifically, with the exception of Belgium,
France, and Italy, the turning points calculated using TA-OLS estimates are lower than
those from FM-OLS estimates, ranging from $48 to $2,668, and lower than those from LS
estimates, ranging from $60 to $6,970.

Our results in Tables and Figures 2] and [3] also show that the confidence intervals
for the linear cointegration coefficient from the FM-OLS and LS methods are substantially
narrower than those from the TA-OLS method for all countries. These findings can be at-
tributed to the fact that both the LS method from |Chan and Wang| (2015) and the FM-OLS
method assume the consistency of nonparametric estimators of the nuisance parameters,
such as the LRV and half LRV. Consequently, their confidence intervals may fail to account
for significant variability in parameter estimates in finite samples. In contrast, our TA-OLS
procedure, along with the corresponding confidence intervals derived from fixed-K asymp-
totics, indicates that estimation uncertainty can be substantial in the CKC analysis when
long-run endogeneity and serial dependence of an unknown form are present.
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6 Extension to Fractionally Integrated Regressors

This section explores how our TA-OLS method can be extended to a more general homoge-
neous cointegration setting, where the regressors are driven by nonstationary, fractionally
integrated processes.

Let L be the lag operator and define A = (1 — L). We assume that each component
Xi . of X; now follows a fractional process of the form:

AP X = Ui, (25)

for i € {1,...,d;}, where 69 > 1/2, uz;; = 0 for all ¢ < 0, and for t > 0, ug;; is
stationary with zero mean and continuous and positive spectrum f,, () : [-m, 7] = R.
This formulation corresponds to a Type II fractional process, commonly used to model
a nonstationary fractional process in econometrics (see Marinucci and Robinson, (1999)).

Expanding the binomial A% in yields the form:
t
> a; (60) Xig—j = Uais,
j=0

where a; (§) is given by
I'(j —9)
(§) =
SR )
and I'(+) is the gamma function: T'(m) = [;° h™ ‘e "dh such that I'(m) = oo for m =
0,—1,-2,...,and I' (0) /T" (0) = 1. Equivalently, we define X;; as

t
Xiﬂg = Aitsouz’i’t = Z Qj (—50) Ug i t—7- (26)

For expositional simplicity, we have assumed above that all elements of X; share the same
fractional parameter dg, but our theory can be generalized to accommodate different frac-
tional parameters for each component of X;.

When 69 = 1, we have a;j (—dp) = 1 for all j, and simplifies to X ; = Z;:O Uz i t—js
so that X;; = X1 + uz ;¢ with the initial value X;o = 0. In this case, X;; reduces to
the I(1) process considered in previous sections. Similarly, when dy is equal to any other
positive integer, X;; follows the commonly defined I(dp) process with X; ¢ = 0. Therefore,
within the framework of Type II fractional processes, we have a unified definition of an I(dy)
process for any o € R*, but our focus of interest is on the case where X; is nonstationary,
so we restrict 6y > 1/2.

Taking an asymptotically homogenous transform of X; = (X14,...,Xq, ) yields Z.
We consider the model:

Y, = oo + Z{Bo + uoy, (27)

for t € {1,...,T}, where ug is a stationary I(0) process with zero mean and a continuous,
positive spectrum. [Robinson and Hualde| (2003|) and [Hualde and Iacone| (2019)) consider a
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similar model but with Z; replaced by X3, so no asymptotically homogenous transformation
is applied. On the other hand, they allow ug; to be fractionally integrated with an order
lower than that of X;. Our asymptotic F' theory will not directly apply in such a DGP for
up,¢, and we leave the extension to future research.

Within the framework of Type II fractional processes, the limit distributions involve
Type II fractional Brownian motion defined as follows:

W, (r:6) = — | /0 "(r — )Y 1AW, (s) with Wa(0;6) = 0

INQ)
where W,(-) is the standard d,-dimensional Brownian motion. Applying the invariance
principle for fractional processes, which is established, for example, in Wu and Shao (2006)),
we have
Xirr]

T(So—l/?
where By (7;00) = (Bz1(7560),- -+, Br.a,(7;6)) is a d,-dimensional fractional Brownian
motion. This, together with the continuous mapping theorem, implies that for

= B,(7;00) := Q%ZWI(T; o), (28)

dy
viT (50) = Ki0 (T) H Hi’j(T(So—l/Z)’

j=1
we have
! T (T X
mzi’[TT] = Hio <T> ' ]l_IIH” <T5o—1/2> +0p(1)
do
= Hipo(T) HH”(BIJ(T,(SO)) = H;(7, By (7;80))
j=1

which holds jointly for ¢ € {1,...,d.}. This indicates that our previous definition of Dy
can be suitably modified to Dy = diag((v1,7(00), - - -, 74, 7(d0))") so that

D' Zipy = Z (1) (29)

holds, where Z () = [H1(+, Bz(+;00)), ..., Ha. (-, Bz(:;60))] is a full-rank vector process.
Under the high-level conditions in and , our TA-OLS framework can be natu-

rally extended as

Vi = Vaico + Vz,:80 + V&softﬂo + Vozi, (30)

)

where the augmented term Vas, ; is defined as

T
Vins= g2 (3% (7)

forie{l,...,K}.



Denote (BTAQLS,iTAoLS) as the (infeasible) TA-OLS estimator from , assuming
that ép is known. Note that Vs, with 69 = 1 is equal to Va, in the I( ) regressor
case, and (ﬁTAOLS, AtaoLs) is equal to the feasible estimator (BTAQLS, A1aoLs) for the I(1)
cointegrated system in Section [3] Invoking summation by parts, the continuous mapping
theorem, and integration by parts, we can obtain

T71/2D%1VZ = 57 VA‘SOz =1, and ‘/Oaz =V (31)

holds jointly, where 7, v, and £ are the same as defined in Section [3| but the stochastic
process Z(-) in £ is now defined using a functional of B,(-;dp). A careful inspection of our
proof for Theorem [2]indicates that the asymptotic F' and ¢ limit results for the TA-OLS test
statistics do not depend on the order of fractional integration dp € (1/2,00). Therefore, the
TA-OLS estimation and inference framework can be extended to a more general fractionally
integrated system as in .

For the practical implementation of the TA-OLS method, knowledge of the fractional
parameter g is required to construct Vs,,. After obtaining a consistent estimator § of
0o, we can implement the feasible TA-OLS, (/BTAOLS; ATAOLS), using Vas, in place of Vs,

with
Vs —1§mﬁxw<q
Bt T HY\T )"

To establish the asymptotic equivalence between the feasible BTAOLS and its infeasible coun-
terpart Sraors, we impose the following conditions, which are analogous to Assumptions
3(i, ii) of [Robinson and Hualde| (2003).

Assumption 6 |6 —do| < C for some C < oo, and 6 — 8y = Op(T~Y) for some 1 € (0,1/2).

The conditions in Assumption |§| are also imposed in |Robinson and Hualde, (2003)) and
Hualde and Iacone| (2019)), which consider fractional cointegration with unknown integration
orders. These conditions can be guaranteed if the parameter space for §g is compact,
which is commonly assumed when studying nonlinear estimators, such as the local Whittle
estimator.

Theorem 3 Let Assumptwnsl, @(z ii) for the cointegrated system in (E) and (.) and
Assumptions @ @ and@ hold. Assume further that limp_s . DTRD Y= A s of full row
rank p. Then, under the fired-K asymptotics where K is held fized as T — oo, we have the
following: R .

(i) VT Dr(Braors — Bo) = VI Dr(BraoLs — Bo) + 0p(1) so that

5 ~1
VT Dr(Braovs — o) = Qs (€Qn€) ™ €Qu,
where v is independent of (§,7n), and v ~ N(0, I).
(1) Under the null hypothesis of Hy : RBy = r, we have that
" K—d,—d, . -
F*(Braors) := TF(ﬁTAOLS) = Fp K—d.—dy;
K—-d,—d,

% t(Braors) = ti—d.—a, forp=1.

t*(Braors) =
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The result in Theorem [3| parallels those in Theorem [2| showing that the TA-OLS esti-
mator, based on a T~ ¥-consistent fractional parameter estimator, retains an asymptotically
mixed normal limit centered at the true parameter. Additionally, it shows that the scaled
Wald and ¢ statistics are asymptotically F' and ¢ distributed. Therefore, our asymptotic F
and t testing theory holds for asymptotically homogenous cointegration regressions when
the underlying driving process is a nonstationary fractional process. This appears to be
the first time that the convenient F' and ¢ asymptotic theory is developed in this setting.

7 Conclusion

The paper develops the asymptotic F' and ¢ test theory for cointegrated regressions, where
each regressor is an asymptotically homogeneous transformation of an I(1) process. Unlike
the fixed-b framework of Vogelsang and Wagner| (2024)) which considers the cointegrated
polynomial regressions, the asymptotic theory developed here does not require the full-
design assumption. Our theory has been extended to accommodate cases where the re-
gressors are driven by nonstationary, fractionally integrated processes of order dy for any
dp > 1/2, while the regression error is I(0).

Further extensions are possible. In the exogenous case, we only require that each of the
suitably standardized regressors converges to a continuous-time process (i.e., D:FIZ[T.} =
Z (+) for some Dr) and the (scaled) partial sum of the error process converges to a Brownian
motion. In the endogenous case, we further require that the endogeneity can be eliminated
by a long-run projection. The asymptotic F' and ¢ theory holds as long as these general
requirements are met. Another interesting extension is to consider fractional cointegration
when the regressor error is also fractionally integrated but of a lower order than the pro-
cesses driving the regressors. This would involve employing a consistent estimator for the
integration order of the regression error and transforming the original regression into one
with an I(0) regression error. This extension requires further technical development, which
we leave for future research.

8 Appendix of Proofs, Tables, and Figures

Proof of Theorem We prove only the case for Fr, as the proof for ¢t is similar. We
write

oo = ity (B Fic) @B) (1, i) i

Noting the invariance property: (Z)Qﬂg = (Z)ZQ ZUy = qxuo (since 19 = Qzup and Q Z(Ei = (ﬁl)7
we have, under Assumptions [LHd{i):

~/ ~ 1
\}Tcﬁmo - \}T@Uo - QL2 /0 3 (1) AWy (7) (32)
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jointly over ¢ € {1,..., K}, where ®; (1) is defined in @ This can be proved directly
or using the fact that (5;»&0 = (Qzd;) 1y = (¢;)Qzilo = (¢;) Uy, showing that the above
result is identical to . Furthermore, by the continuous mapping theorem, the (i, j)-th
element of ®'®/T satisfies

81029,
]' / !
= b, 1 2(22) 79,

1 1 -1 1
= /0 ¢i (1) ¢j (1) dT — (/0 i (T)Z(T)/dT) </0 Z(T)Z(T)/dT> </0 ¢j (1) Z (1)dr
= [ 6016 ) dr = 536.9),
where the convergence holds jointly for all pairs (4, 7). This implies that
v
T

where Sg is invertible almost surely under Assumption (ii). Let

= S&,, (33)

~%k

& (1= [h1()., - ox (1] ;%

which is a (row) vector of functions. By construction,

/ ¢ ) dr —S~ 1/2 / @ S;/zle. (34)
=53(0J) 1<i,j<K
The joint weak convergence results in and lead to
1 7+, -1 1=,= -1/
Ne [¢1U07--~7¢KUO} : (T(I) ‘I’>
1/2 [/ ¢1 ) dWo (T / QSK ) dWo (T )} 5&:1/2

= Qf? [/ & (1) dWy (1 /¢>K ) dWo ( )}

By the continuous mapping theorem, we then have that

Qoo = %fag (¢1, N .,¢K) (&)L (qu, N .,J)K)'ao
K 1 2
N KQOOE ( /0 &1 (7) dWo (7)>



Combining the above asymptotic results, we have

[z mawo @) {2 ) 2 () ar )~ i 25 (2) o (1)} /o

Fr= 5
S [ 6 (ryaw (n)] /¢

_ G%/p

N G/E &
where 12

1 - 1
Co = {/0 zZ*(n)Z* (T)/dT} /0 Z* (1) dWy (1),

and

Cim (s Cornens Cic) /¢> Y AWy (7).

Under Assumption [(ii), ¢ ~ N(0, Ix) and (o ~ N(0,1,) conditional on Z (). Also, condi-
tional on Z (+), € is independent of (y, as both are conditionally normal and their conditional

covariance is zero, since fol ¢i (1) Z* (1) dr =0 for all i € {1,..., K}. Thus, conditional on
Z () ) ,

Coo/p ~F

oK Tt

Given that the conditional distribution Fj,  does not depend on the conditioning variable

(i.e., Z (), COE%? ~ F, i unconditionally. Therefore, Frr = F, k. ®

Proof of Theorem [2| Since the result in Part (i) has been derived in Section [3} we only
prove the results in Part (ii). To prove Part (ii), note that under the Hy : RBy =,

VT Dr (RBTAOLS — 7") = (DrRD;YVTDr [BTAOLS - 50} = AQ(I)(/).QQE (ﬁlQné”)fl §'Quy.

Noting that

R 1 , 1 2
Qoo = 77 1Qvz,va. Voall” = 22 H (QVAI - PQVMVZ) Vo'

we have:

/ —1 4 ! / —1 407t ' —1
A€ Q] (A€ A [A€Que) Q] /p
1(Qy = Po,e) v]|* /5

/ —1 Y2 / —1 ¢ ?
H[A(wnf) AT A€ ey

/p
1(Qy = Po,e) v||* /K

F(Braors) =

)
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where
_ -1/ _
A€ 4] T A€ @ ~ 12

2 2
1(@n = Po,e) v||™ ~ Xic—d.—a,-
Conditional on (&,7), both (Q77 - PQné) v and Qv are normal and their conditional
covariance is

COU((QW - PQnS) v,§'Qnr) = (Qn - PQn&) Qn€ = Qn§ — Qn& = 0.

Hence, the limiting distribution of F*(BTAOLS) equals that of a ratio of two independent
(scaled) chi-square random variables, namely X;%/ p and X%7d27 o,/ (K —d,—d;), and is
therefore the F), g, _q, distribution. The case for p = 1 can be shown similarly, and the
details are omitted. m

Proof of Theorem We prove only Part (i) since the proof for Part (ii) is essentially
the same as that of Theorem 2| where the stochastic process Z(-) and (n, £) are now defined
as functionals of B,(+;dp). We first show that

T
1 ; t
Visps = Vasoss = —= D |A° X, — APX ¢-<>:0(1)
Adxi A°0z,q Vst t t| Pi D
Ttl[ ] T

for all ¢ € {1,2,..., K} for a finite K. Using ag (-) =1 and u, o = 0, we can write that, for
some ¢ satisfying |6 — do| < |0 — do|,
ASXt — A(SOXt = A(g_éo)ux,t — ux,t
t

t—1
= Zaj(g — (50)ux’t_j — Uyt = Zaj(g - 50)uw,t—j
- j=1

7=0
t—1 (M—1 ¢ :
(6 —350)™ (m (0 —60)M () <
= { Z Tag )(O)uac,t—j + Taé )(5 — 5O)ux,t—j
j=1 Um=1 ’ )
M—1 2 2
d—00)" (m 6 —0g)M ~
=Y O 004 L0000, s, a0)
m=1 ’ ’
for any M > 2, where
t—1
m m m d"a; (b)
g )(um,b) = j;ag- )(b)um —; with a( )(b) = dbi]m
Therefore, we have V5 . — Vaso,; = Ar + Br, where
T t—1
5 50 m) t
Z Apr, Apr DY a0 ua o <> ;
m= \/>t 1j5=1 T

(5 do)M

Br=—7, \F ZQ (t 6 = 60) i <;> :
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For notational simplicity, we have suppressed the dependence of Ap, A,,r, and By on i,
the index for the basis functions.

To proceed, we note that § — §y = O,(T~%) from Assumption @ Then, we can apply
the result (C.13) of Lemma C.4 in Robinson and Hualde| (2003) and obtain that

Q(M) (Uat, 0 — do) = Op(t1/2)v
which holds uniformly in ¢t € {1,...,T}. For a large enough M, it follows that

T
_ ANV (E
IBrl| = 0 (1744) x =32V (7)]

= 0, (1-1+) Hle ()

—o, (T ([ i ()l dr + o(1)) =, (1),

where the final equality follows from Assumption [5]

To prove that || Ar|| = o, (1) for any M > 2, we first establish a bound for A,,r for any
m € {1,... M —1}. We consider the scalar case with d; = 1 only, as the vector case can be
reduced to the scalar case by considering A,,,7 element by element. We have

Apr = \FZ Z 0"} (0)uz i <;>

s=1 t=s+1
T—1[T-s T-1
T+s 1
E 5 i ( T ) Ug,s = \/T ;:1 hi,sua},s'

::hi,s

Using the continuity and positivity of the spectral density f,, (-) of uz+, we can obtain that
for some positive constant C;:

1 T—1T-1 1 T—1 T—1
E (A?nT) - T Z Z hi»slhi,szE[ux,slucp 2] = T Z hi s hi s, fuz( )e' i(s1=52)A 7\
s1=1s2=1 s1=1s89=1
i,seiSA
C; [T T-1 2
iSA
ST/ﬂszlh”e d\ = 0( ) Zh

Next, it follows from Lemma D.4 of Robinson and Hualde| (2003)) that
al™(0) = 0 for 7 < m;

\a(m)(O)] < Crn(log (7 + 1)) 1

< for 7 > m,
T—m+1
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where Cp, < oo depends only on m. Using these results and Assumption |5, we obtain that,
for some positive constant C,, depending only on m,

00 (75 2

T-1 T-1[T-s

§ : 2
hi,s
s=1

I
NG
S
2

s=1 1
_ = [ ™ (0)¢, <T+ s) <é = [T_S log (7 + 1)]™*
s=1 Lt=m " T a s=1 LT=m T-m+1
~ T-1
< Cm Y [log(T)]*™ = O(T (log(T))*™).
s=1

It then follows that E[A2 ;] = O([log(T")]*™), and consequently A7 = O, ([log(T)]™). As
a result, for any M > 2:

M—-1 |(§ 5 |m
_ ) .
[Ar] < 32 B Al = O (T [log(D)]™) = 0, (1),
m=1 ’

We have therefore proved that

(A < |l Azl + | Br|l = 0, (1)

5;1:72' - VASOIE,?;
for all i € {1,..., K}. This, together with and Slutsky’s theorem, implies that
T_I/QDFElVZ =&, Vys, = n, and Vi, = v

hold jointly. Part (i) then follows straightforwardly by the continuous mapping theorem
and Slutsky’s theorem. m
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Table 1: Empirical Rejection Probabilities of the OLS-HAC-y? Test and OLS-HAR-F Test
in Exogenous Cointegrated Homogeneous Regression

T =100
Case (i) Case (ii)

p | OLS-HAC | OLS-HAR | OLS-HAC | OLS-HAR
0.05 0.0873 0.0511 0.0769 0.0539
0.25 0.1189 0.0671 0.1036 0.0672
0.50 0.1866 0.0908 0.1482 0.0823
0.75 0.3236 0.1332 0.2371 0.1016
0.90 0.5386 0.2122 0.4214 0.1563

T = 200
Case (i) Case (ii)

p | OLS-HAC | OLS-HAR | OLS-HAC | OLS-HAR
0.05 | 0.0659 0.0473 0.0636 0.0473
0.25 | 0.0971 0.0611 0.0836 0.0645
0.50 0.1341 0.0711 0.1053 0.0598
0.75 0.2208 0.1015 0.1671 0.0824
0.90 0.4040 0.1105 0.2962 0.0932

Table 2: Empirical Rejection Probabilities of the Tests based on IM-OLS, TA-OLS, and
FM-OLS for Endogenous Cointegrated Homogeneous Regression

T =100
Case (i) Case (ii)

p | IM-OLS | TA-OLS | FM-OLS | TA-OLS
0.05 | 0.0542 0.0532 0.0685 0.0520
0.25 | 0.0836 0.0629 0.0936 0.0648
0.50 | 0.1359 | 0.0591 0.1601 0.0567
0.75 | 0.2595 | 0.0617 0.3743 0.0591
0.90 | 0.3346 | 0.0781 0.7632 0.0841
T =200
Case (i) Case (ii)

p | IM-OLS | TA-OLS | FM-OLS | TA-OLS
0.05 | 0.0537 0.0517 0.0532 0.0514
0.25 | 0.0763 0.0643 0.0745 0.0629
0.50 | 0.0958 0.0621 0.1007 0.0623
0.75 | 0.1702 0.0607 0.1912 0.0623
0.90 | 0.3236 0.0598 0.4966 0.0627
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Table 3: Country Codes and the Corresponding Country Names

Country Codes ‘ Country Names
AUS, AUT, BEL, CAN, DEN, Australia, Austria, Belgium, Canada, Denmark,
FIN, FRA, HOL, ITA, JAP, Finland, France, Netherlands, Italy, Japan,
NOR, UK, USA Norway, United Kingdom, United States of America

Table 4: Estimation Results for the Turning Points (= exp((—(5o,1/260.2))) of Carbon
Dioxide Emissions

Turning Points ($)

Country | TA-OLS | FM-OLS LS
AUS 25,925 26,680 | 28,257
AUT 23,885 26,553 | 30,855
BEL 11,863 11,784 | 12,181
caN | 19,223 | 20,508 | 21,497
DEN 16,216 16,276 | 15,980
FIN | 17,556 | 17,935 | 18,163
FRA 11,893 11,781 12,105
HOL 17,698 | 18,424 | 17,746
ITA 22,150 21,624 | 22,221
JAP 19,198 19,442 20,872
NOR 32,345 34,567 | 38,378
UK 20,042 21,316 23,431
USA | 21,333 | 21,552 | 21,934
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GDP for selected countries.
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Table 5: TA-OLS Coefficients with 95% Confidence Intervals

Country Bo,1 95% CI for By 1 Bo.2 95% CI for f3y 2
AUS | 12.1629 | [8.6629, 15.6629] | -0.5985 | [-0.7824, -0.4146]
AUT 5.8547 [1.9911, 9.7182] -0.2880 | [-0.4967, -0.0793]
BEL | 9.4405 | [2.9312, 15.9497) | -0.5026 | [-0.8504, -0.1548]
CAN 12.9825 | [5.7404, 20.2246] | -0.6583 | [-1.0381, -0.2785]
DEN 23.9747 | [16.2082, 31.7412] | -1.2367 | [-1.6452, -0.8283]
FIN 20.2463 | [13.1517, 27.3409] | -1.0350 | [-1.4181, -0.6518]
FRA 19.4696 | [10.6470, 28.2922] | -1.0377 | [-1.5094, -0.5660]
HOL 16.6963 | [9.3788, 24.0139] | -0.8536 | [-1.2409, -0.4663]
ITA 15.8374 | [11.5176, 20.1573] | -0.8007 | [-1.0361, -0.5654]
JAP | 5.9537 | [3.3736, 8.5337] | -0.2855 | [-0.4289, -0.1421]
NOR 16.8327 | [10.0928, 23.5725] | -0.8491 | [-1.2047, -0.4935]
UK 4.3306 [-0.2112, 8.8723] | -0.2403 | [-0.4800, -0.0006]
USA | 11.3811 | [3.8142, 18.9481] | -0.5713 | [-0.9580, -0.1847]

Table 6: FM-OLS Coefficients with 95% Confidence Intervals

Country 5071 95% CI for 5071 ,8072 95% CI for 5072
AUS 11.8073 | [8.9543, 14.6603] | -0.6025 | [-0.8043, -0.4006]
AUT 5.6466 [2.5744, 8.7188] -0.3192 [—0.5422, —0.0963]
BEL 9.5546 [4.4767, 14.6325] | -0.5411 | [-0.9078, -0.1744]
CAN 10.7404 [4.8068, 16.6740] -0.6826 [—1.0686, —0.2966]
DEN 23.2411 [17.7675, 28.7147} -1.2630 [—1.6820, —0.8441]
FIN 19.6522 | [14.5893, 24.7151] | -1.0525 | [-1.4560, -0.6489]
FRA 18.6251 [10.7618, 26.4883} -1.0929 [—1.5849, —0.6009]
HOL 14.6872 | [8.8261, 20.5482] | -0.8866 | [-1.2764, -0.4969]
ITA 6.9044 [4.9938, 8.8149] -0.3399 [—0.4643, —0.2156]
JAP 16.0276 | [13.9593, 18.0958] | -0.8370 | [-1.0816, -0.5924]
NOR 9.7771 [3.61157 7.9426] -0.2985 [—0.4438, —0.1533]
UK 15.1188 | [9.6151, 20.6224] | -0.8733 | [-1.2395, -0.5071]
USA 10.2724 [6.2604, 14.2844] -0.5821 [—0.9734, —0.1909]
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Coeficient Estimates with 95% Confidence Intervals for (3,
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Figure 2: TA-OLS estimates and LS estimates (based on Chan and Wang (2015)) and the
95% confidence intervals with K = 12 for the quadratic cointegrated model in ([24])
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Figure 3: TA-OLS estimates and FM-OLS estimates (based on Wagner and Hong (2016))
and the 95% confidence intervals with K = 12 for the quadratic cointegrated model in
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Table 7: Chan and Wang (2015)’s LS Coefficients with 95% Confidence Intervals

Country Bo,1 95% CI for Bo,1 ,8072 95% CI for Bo.2
AUS 11.5200 | [10.8100, 12.2300] | -0.5620 | [-0.7300, -0.3940]
AUT 5.0755 [4.1930, 5.9580] -0.2455 | [-0.3890, -0.1020]
BEL 9.1160 [7.9220, 10.3100] | -0.4845 | [-0.7210, -0.2480]
CAN 9.2175 [8.1140, 10.3210] | -0.4620 | [-0.7320, -0.1920]
DEN 23.7235 | [22.2420, 25.2050] | -1.2255 | [-1.5860, -0.8650]
FIN 18.9670 | [17.2250, 20.7090] | -0.9670 | [-1.2560, -0.6780]

FRA 16.4430 | [15.0000, 17.8860] | -0.8745 | [-1.1900, -0.5590]

[ [- ]
[- |
[- ]
[- |
- ]
- |

(St Wt Bt Bt

HOL 14.9205 | [13.5790, 16.2620] | -0.7625 | [-1.0930, -0.4320
ITA 6.8160 [6.0620, 7.5700] | -0.3405 | [-0.4430, -0.2380
JAP 14.5015 | [13.6470, 15.3560] | -0.7290 | [-0.8820, -0.5760
NOR 5.4465 [4.6140, 6.2790] | -0.2580 | [-0.3650, -0.1510
UK 11.8025 | [10.5550, 13.0500] | -0.5865 | [-0.8220, -0.3510
USA 9.5360 | [8.4490, 10.6230] | -0.4770 | [-0.7680, -0.1860
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