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Abstract

Because of the incidental parameters problem, the fixed effects maximum likelihood esti-
mator in a nonlinear panel data model is in general inconsistent when the time series length
T is short and fixed. Even if T approaches infinity but at a rate not faster than the cross
sectional sample size n, the fixed effects estimator is still asymptotically biased. This paper
proposes using the standard bootstrap and k-step bootstrap to correct the bias. We estab-
lish the asymptotic validity of the bootstrap bias corrections for both model parameters and
average marginal effects. Our results apply to static models as well as some dynamic Markov
models. Monte Carlo simulations show that our procedures are effective in reducing the bias
of the fixed effects estimator and improving the coverage accuracy of the associated confidence

interval.
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1 Introduction

Panel data consists of repeated observations from different individuals across time. One virtue of
this data structure is that we can control for unobserved time-invariant individual heterogeneity
in an econometric model. When individual effects are correlated with explanatory variables, we
may use the fixed effects estimator, which treats each unobserved individual effect as a parameter
to be estimated. However, this approach usually suffers from inconsistency when the time series
sample size (T') is short. This is known as the incidental parameters problem, first noted by
Neyman and Scott (1948). Furthermore, even if T approaches oo, the fixed effects estimator can
still have an asymptotic bias that is comparable to the asymptotic standard error. Statistical
inference that ignores the asymptotic bias may give misleading results.

This paper proposes using the standard parametric bootstrap and the k-step parametric
bootstrap to correct for the asymptotic bias. We consider a nonlinear fixed effects panel data
model with each time series following a finite order Markov process. We allow for static panel
data models as well as some dynamic panel data models. We employ the maximum likelihood
(ML) approach. Under some rate conditions on the time series and cross sectional sample sizes,
we show that the standard bootstrap-bias-corrected (BBC) estimators are asymptotically normal
and centered at the true parameter. The regularity conditions for BBC estimators are essentially
the same as those for the analytic bias corrections in the literature. We also establish the
asymptotic equivalence of the k-step BBC estimator to the standard BBC estimator. Like other
bias correction procedures, bootstrap bias correction reduces the asymptotic bias without inflating
the first order asymptotic variance!. So inferences based on the BBC estimators are expected to
be more accurate and reliable than the ones based on the original fixed effects estimators.

An advantage of the standard bootstrap bias correction is that the method is automatic to
a great extent. There is no need to derive the analytic bias correction formulae, which can
be quite complicated. The automatic nature is especially appealing in applied research. A
drawback of the standard bootstrap method is that it is computationally intensive, as it involves
solving R nonlinear optimization problems to obtain R bootstrap estimates. R usually needs
to be fairly large for the bootstrap method to be reliable. Unless the optimization problem is
simple, this would be a very time consuming task. Particularly, as the fixed effects approach
treats the individual effects as parameters, there are many parameters to be estimated, and the

computational cost can be excessive. For example, in our empirical application (not reported



here), there are 1461 individuals, which means that there are more than 1461 parameters to be
estimated.

We propose using the k-step bootstrap method to alleviate the computational cost of the
standard bootstrap. In the k-step bootstrap we approximate the standard bootstrap estimator
by taking k-steps of a Newton-Raphson (NR) iterative scheme. We employ the original estimate
as the starting point for the NR steps. Compared to the standard bootstrap method, the k-step
bootstrap procedure is computationally attractive because it involves only closed-form expres-
sions. The main computational cost of the k-step bootstrap is to compute the score and Hessian
functions, which is a relatively easy computing task. We show that when k > 2, the stochastic
difference between the standard and k-step bootstrap estimators is of smaller order than the bias
term we intend to remove. As a result, we can use the k-step bootstrap in place of the standard
bootstrap to achieve bias reduction.

In addition to model parameters, we apply the standard and k-step parametric bootstrap
bias corrections to the average marginal effect estimation. We also develop a double bootstrap
procedure for confidence interval (CI) construction. To rigorously justify our bootstrap proce-
dures, we use the following strategy repeatedly. For an asymptotic result of interest, we first show
that it holds uniformly over an open set in the parameter space. Using the fact that the ML
estimator, which is the true parameter in the bootstrap world, lies in this set with probability
approaching one uniformly, we show that the asymptotic result also holds in the bootstrap world
with probability approaching one uniformly. More details of this type of argument are given in
the appendix of proofs.

Several papers have discussed the difficulties involved in controlling for the incidental para-
meters problem in nonlinear panel data models, and have suggested bias correction methods.
Lancaster (2000) and Arellano and Hahn (2006) give an overview on the subject. Anderson
(1970) and Honoré and Kyriazidou (2000) propose estimators which do not depend on individual
effects in some specific cases. However, their approaches do not provide guidance in general cases
to eliminate the bias. More generally, Hahn and Newey (2004, denoted HN hereinafter) propose
jackknife and analytic procedures for nonlinear static models, and Hahn and Kuersteiner (2011,
denoted HK hereinafter) propose analytic estimators in nonlinear dynamic models. Both expand
the estimator in orders of 1" and estimate the leading bias term using the sample analogue. Bester

and Hansen (2009) propose a penalized objective function approach and Ferndndez-Val (2009)



develops bias correction for parametric panel binary choice models. Dhaene and Jochmans (2012)
consider split-panel jackknife estimation for the dynamic case. Compared to the analytic and
jackknife methods, the bootstrap procedure has gained relatively little attention in this setting
even though the latter is a natural method to bias estimation. From this point of view, this paper
makes an important contribution to the literature, providing the BBC estimators for nonlinear
panel models and establishing their validity.?

Hall (1992) introduces general bootstrap algorithms for bias correction and for the construc-
tion of CI’s, which we adapt in this paper. Hahn, Kuersteiner and Newey (2004) examine the
asymptotic properties of a bootstrap bias corrected ML estimator with cross sectional data and
show that it is higher order efficient. The k-step bootstrap procedure first appears in Davidson
and MacKinnon (1999) and Andrews (2002, 2005), who prove its higher order equivalence to
the standard bootstrap. Our paper in particular builds on Andrews (2005), who considers the
standard and k-step parametric bootstrap methods for Markov processes. For papers that aim to
reduce the computational cost of bootstrap procedures and simulation experiments that involve
bootstrap estimators, see, for example, the fast double bootstrap by Davidson and MacKinnon
(2002, 2007) and the warp-speed bootstrap by Giacomini, Politis, and White (2013).

The rest of the paper is organized as follows. Section |2 discusses the incidental parameters
problem in a nonlinear panel data model with fixed effects. Section [3| describes the standard
bootstrap bias correction procedure and the k-step bootstrap bias correction procedure. Section
establishes the asymptotic properties of our estimators. Some extensions are given in Section
Section discusses bias correction for average marginal effect estimation, and Section
introduces the double bootstrap procedure for CI construction. Monte Carlo simulation results
are reported in Section [l The last section concludes. For easy reference, we provide a list of

selected notations before presenting technical proofs.

2 Incidental Parameters Problem

In this section, we introduce the incidental parameters problem and discuss the asymptotic bias
of the fixed effects estimator in a nonlinear panel data model.

Throughout the paper, we maintain the assumption of cross sectional independence. To
specify the nonlinear panel data model, we only need to describe the data generating process for

each time series {W; : Wi, ..., Wir} where Wy € R9W i =1,2 ... ,n and dy is the dimension



of W. We partition Wj into Wy = (Y}, X/,) where {X;;} are strictly exogenous, and hence can
be conditioned on or taken as fixed, and {Y;;} form a k-th order Markov process for some finite
integer k. To simplify the presentation, we ignore X;; so that Wj; = Yj;. In the presence of { X;;},
our results hold conditional on {X;;}.

We assume that the density and distribution functions of Yj; given Yj;_1,...,Y;1 are
JCWi1, o Yiw; 0, 00) and F(:[Yi—1,. .., Yk 0, i)

respectively, where § € R% is a vector of parameters of interest and «; is a scalar capturing
individual heterogeneity. We assume that the initial observations {Y,...,Yj1_.} are available
in which case there are T'+ k time series observations. But our inference will be conditioned on
the initial observations, so the effective time series sample size is 7T

Let v, = (9’, oaz-)/ be the parameter that governs individual time series, and denote the para-
meter space for v; by I' = 'y x [',.> The true parameter v, = (96, Oéi[))/ belongs to a subset I'g
of T. Let Ziy = (Yit, Yir—1,..., Yir_x) and 1(0, ai; Zit) = log f(Yit|Yie—1, - .. Yit—n; 0, ;). When we
need to emphasize the dependence of Z;; on the true parameter ~y,y, we write Zjz = Z (7,0) - The
objective function for the fixed effects estimator, 9nT, is the concentrated log-likelihood function

based on &;(6). That is, we obtain 0,1 by solving

n T
I — arglré%xzzl(e,@z(e),zzt)a (1)

¥ =1 t=1

where T
Ai 0) = l 97 laZZ ’ 2
a;i(0) argg?eaé;( i; Zit) (2)

and Ty and T', are assumed to be compact. We denote & () = (a1(0),...,&(0),...,a,(0)),
o = (10, -+ ., g, - - ., (o) and & = d(énT).

It follows from equation ([2) that &;(0) is based on only 7" time series observations (Z;1, . . ., Zi1).
Therefore, if T is fixed, &; does not converge to ;g even though n — oo. The estimation error
in &; leads to the inconsistency of 9nT7 ie. plim,_, énT = 6y. This is known as the incidental
parameters problem first noted by Neyman and Scott (1948). From the standard asymptotic

theory for extremum estimators (e.g. Amemiya, 1985), we have 0,7 —P 07 as n — oo with T



fixed, where 7 = argmaxy E [Zle 1(0,a;(0); Zit)] and*

T

PRICRACO

t=1

E (3)

T
> 10, 64(0); Zin)
t=1

1 n
= Jim 2B

Since #p maximizes B[ [, 1(6, cio; Zit)], which is different from & {23;1 1(0,0;(0); Zit)] , 1t is
usually the case that 07 # 0y. As a result, 9nT is inconsistent as n — oo for a fixed T.
As T — oo, we can show by stochastic expansion that

9T290+B(9;:a0)+0<11-,> (4)

for some B(fp, ) that is not zero in general. So the asymptotic bias is of order O(1/T") and
approaches zero as T increases.

The above asymptotic analysis, which is first discussed in HN, is conducted under the sequen-
tial asymptotics under which n — oo for a fixed T followed by letting 7' — oco. This approach is
also employed by Hahn and Kuersteiner (2002) who consider dynamic linear panel data models.
The basic intuition on the incidental parameters bias holds under the joint asymptotics where
n and T' go to oo simultaneously. When n and T grow at the same rate, the asymptotic bias is
of the same order of magnitude as the asymptotic standard error, which is of order O(1/v/nT).
In this case, the asymptotic distribution of \/ﬁ(@nT — 6p) will not be centered at zero. More
specifically, when n — oo and T' — oo simultaneously such that n/T — p € (0,00), we can write:

\/’Iﬁ(énT — 00) = AnT(eo, Oéo) + \/anT(QO, Oé()) + op (1) (5)

for some A, 7(0y, o) and By, r(0p, o) that satisfy
At (00, 00) 2 N(0,9) and By (0o, ag) —P B(6o, ) (6)

where Q = Q (g, o) is the asymptotic variance matrix. The expressions for A,r and B, are
given in Section 4l So the asymptotic distribution of v/nT (@nT — ) is centered at |/pB(0o, ap),
which is in general not zero. Statistical inference that ignores the nonzero center may result in
misleading conclusions.

Since the mean of vnT (@nT — 6p) may not exist, \/n/T B, (0o, ) is not necessarily equal



to B[vnT (0nr — 0o)]. For any M > 0, define the truncation function gas () on R by

M, ifx> M;
gu (x) = z, if |z| < M; (7)
M, ifx<—-M.

Then §as () is bounded and Lipschitz-continuous. With some abuse of notation, for any 2 € R%
let gar () = (Gas (@1) 5, Gar (za,)) € R%. By construction, Egas[v/nT (01 —00)] always exists.

Under some rate conditions on M, we can show that
Egas | VT Oy — eo)} = /)T Bur(80, a0) + 0 (1) (8)

To correct the asymptotic bias of 6,7, we need to estimate Bgps[vnT (0 — 00)].

3 Bootstrap Bias Correction

In this section, we introduce the parametric bootstrap bias correction procedures. We maintain
cross sectional independence in the bootstrap world and generate each time series {Y;i}L, .
according to the conditional probability density function f(-|Y;;_q,... ,Y;fﬁ;énT,&i), which is
the same as the conditional probability density function for the original sample but with v,; =
(96, aio)l replaced by 4; = (éInT, &;). For the bootstrap sample, we use the same initial values
and other conditioning variables, if any, as for the original sample.

Let Z}, = (Y35, Y (..., Y}

it_ﬁ)/. Based on {Z,..., Z};}I",, we can obtain the bootstrap

estimators 6, and &(6, ) by conditional ML estimation. That is,

n T
Pur = s 0 2 NO-01 0 20 Q
where
T
a;(f) = arg max U0, i Zy). (10)
Oéie %
t=1

Under some regularity conditions, as n — oo and T' — oo such that n/T — p € (0,00), we

have

VAT @ = ) = A O @)+ 2B B ) + 0 (1) (1)



conditional on a set with probability approaching 1 (see Lemma |A.4)). Here A*,.(0,«) and
B (0, «) are defined in the same manner as A,7(0, o) and B,r (0, «) but the former are based

on the bootstrap sample rather than the original sample. We have

\/EB;;T(@”T, &) = Bgn VT Oy — bur)] + 0, (1), (12)

where E* is the expectation operator under the bootstrap probability distribution P* conditional
on the original sample.
Using /n/TB*,(0,7,&) or its asymptotically equivalent form B*gy [\/ nWT(0, 7 — Onr)| as

an estimator of \/n/T B, (00, ag), we can define the BBC estimator 0,7 by
VAT B — 00) = VT (Bnr — 00) — E*gus [\/nT(éZT - énT)] . (13)

Equivalently,

- N 1 A~k ~
HnT = enT — \/ﬁE*gM |:\/ nT(@nT — enT):| . (14)

To compute E*gps[vnT (9ZT — 0,7)], we generate R bootstrap samples and obtain R bootstrap

estimates {é:f;), r=1,..., R} and then let

- ~x o ~s(T) N
E*gar | VT (0, — enT)} == gu [\/nT(GnT — enT)} . (15)
We choose a large enough R so that the difference between E*gy/[-] and E*gys[-] can be made as
small as possible.

To reduce the computational cost, we use the k-step NR iterative procedure to approximate
9ZT. Let 9:Tk and aj = (@"{’k,...,ézz’k)l denote the k-step bootstrap estimators. We define

19:;71/,C and &;, recursively in the following way:

HnT k enT k— _
) *’ = X *’ ! — (sz—l) ! Si_1 (16)
A Qg1
where® T
1 " 82l 9 aza )
== Z : (17)
i=1 t=1 a( (0 ) 9:9;1,6,1,04:&271



n T
1 ol (0, a3 Z%) al,
Sp—1 = - E

Tz 1t=1 a ) (18)

and the start-up estimators are given by 9:T70 = O, G = Q.
Define the k-step BBC estimator as

- . 1, ok .

Ont ke = Onr — \/ﬁE aMm {V nT’ <9nT,k - 9nT)} ) (19)

which is analogous to the BBC estimator defined in (14). We will show that the k-step BBC

estimator is asymptotically equivalent to the standard BBC estimator when k& > 2.

4 Asymptotic Properties

In this section, we show that the standard and k-step bootstrap bias corrections remove the
nonzero center of the asymptotic distribution of \/ﬁ(énT — o).

Let v = (0’, at,... ,an)/ and vy = (06, a1g, - . ,ano)/. To emphasize their dependence on the
parameter value, we may use Py  and E, to denote the probability measure and its expectation
under 7. Similarly, we use 6,7 (7) and é&; (7,) to highlight their dependence on the observations
{Zit (vi0),t =1,..., T}, generated under the parameter value ;. When needed, we use similar
notations in the bootstrap world, for example, EZ, {Z}, (9;)}, ete.

Following HN (2004), we define

il(@,ai; Zit) (20)

d
wit(7;) = %l(ﬁ,ai; Zit) and vi(y;) = e

and let additional subscripts denote partial derivatives, e.g., Vi, (7;) = %l (0, a5 Zit). Let

Uit(7;) = wit (7;) — paovit (Vi) (21)
where .
Pio = B =1 Uitas (%’0)' (22)
E ZtT:1 Vito; (Vio)
Define

Vit (Vi0)
-1 T )
BT Vita, (71‘0)}

Vi (Vio) = — (23)



We suppress the arguments of the functions such as w;, v, and ;; when they are evaluated at
the true value ;5. For any function h(-; Z;) and p = 1,2, we let OPh(y;; Ziz) be the matrix of

p-th order derivatives of h(v;; Z;;) with respect to ;. Denote

G(’YiO?’Vz = IE};O*ZE’YO Yis zt (24)

assuming that the limit exists for each ;o and v, € I.

Let Ai(%o) = 0 (Zit(i0)> Zit—1 (Vip) » - - -) and Bg(%‘o) = 0 (Zit(vi0)> Zit+1 (V40) » - - -) be the

o-algebras generated by the respective sequences. Define the strong mixing coefficients

(87 (7i07 m) = sup Sup Sup ‘P’Yio (A N B) _P’}’io (A) P’Yio (B)‘ . (25)
t AeAl(vio) BEB;,, (Vio)
For some v > 0, let I'y = int{y; € I': ||7; — I'o|| < v} be a slightly larger set than I'g, where
ll7; — Tol| is the usual Euclidean distance between a point and a set, and int (S) is the interior
of set S.

To establish the consistency of &; and 9nT, we maintain the following assumptions:
Assumption 1 (i) (v;; Zit) is continuous in «y; € I'; (ii) T' is compact.

Assumption 2 For each i, {Ziy (7;9)} is a strong mizing sequence with strong mixing coefficients
satisfying

sup sup a; (79, m) < C1exp (—Cam)
i v;0€

for some constants Cq € (0,00) and Cy € (0,00).

Assumption 3 (i) As a function of v;, l(~;; Zit) is four-times continuously differentiable;

(13) There exists some function M (Zy) = M (Zit (v,0)) such that

omitme] - 7.
rvi 20| < b z)
8’72 Tla’yi,’rz
forally;, €T, 71,72 =1,2,...,dy and for my,mg =0,...,4, and my + mg < 4 where v, ., and

Yir, are the T1-th and To-th elements of y;, respectively.

(7i1) For some Q > dy + 12, SUp; ¢ SUPy_ 1, B, {[M(Z; (%0))]Q} < 00.



(iv) As T — 0o, T 'S, B, M (Zi) converges to limp oo T " ST E,, M (Zit) uniformly

overi=1,2,...,n and v, € I'1.

Assumption 4 For each n > 0, there exists 6 > 0 such that

inf in? G (i0s Vio) — sup G(Vi0,73) | = 6.
v oSl {valvi—rioll>n}

Assumption 5 n — oo and T — oo jointly such that n/T — p € (0,00) .

Assumption[I]ensures that the maximization problem is well defined. The mixing and moment
conditions in Assumptions |2 and [3| ensure that the ULLN and/or CLT hold for i(v;; Z;;) and its
derivatives. These conditions are similar to Conditions 3 and 4 in HK who have verified them for
some nonlinear panel data models. Assumption [3{iii) maintains that M (Z; (7)) has enough
moments. We note that the existence of higher moments of M (Zj (v,0)) is typically assumed in
the literature. For example, HN assume that B, {[M (Z; (7o)} < 00 and HK assume that
B+, ({{M (Zit (74))]}¥) < oo for Q > 42 in the case when d,, = 2. The minimum value of @ in
HK grows with the dimension of ~; with 42 as the lower bound. Assumption[d]is the identification
assumption for extremum estimators. It is similar to Condition 3 in HN and Condition 1 in HK.
Assumption [5] specifies the asymptotic sequence we consider.

In Assumptions we have assumed that the conditions hold uniformly over ~,, € I'; and
. The reason for the uniformity requirement over ~,; € I'y is that in the bootstrap world the
true parameter value is 4;, which is random but falls in a shrinking neighborhood around I'g with
probability approaching one at a certain rate. So 4, € I'; with probability approaching one at this
rate. We use the uniformity assumption to ensure that the approximation errors in the bootstrap
world are small. For more discussion on the uniformity requirement, see Andrews (2005). The
uniformity requirement over ¢ = 1,2,...,n controls the degree of cross sectional heterogeneity.
If there is no heterogeneity beyond what is reflected in ,,, then this uniformity requirement is

satisfied trivially.

Theorem 1 Let Assumptions[IH3 hold. Then for any n > 0,

sup Py, (‘
Yo€TY

N 1 . 1
Onr (70) — 00H > 77) =0 <T> and sup P, <mzax | (7g) — ol > 77) =o0 (T) ,

Yo€TY

10



where F? = {7 = (9',041,...,04”), : (9',0@)’ € Fl}.

The proof of the theorem is based on a modification of standard arguments for the consistency
of extremum estimators. The modification is needed as the dimension of the parameter space
increases with the cross sectional sample size n. We also need the uniform consistency of &;.
Pointwise consistency of &; for each 4 is not sufficient for our stochastic expansion. It is clear
from the proof that the theorem still holds if Q > dy + 12 in Assumption (iii) is replaced by
Q@ > dg + 5 but we require the stronger condition to control the remainder term in the stochastic
expansion given in Theorem

Let w;.9,7;.9 and v;.o, be the time series averages of g, vitg and vita,, respectively. We make

additional assumptions to establish a stochastic expansion of our estimator.
Assumption 6 v, = (05, oy)' is an interior point in T® = {fy = (¢, a1,..., an)/ :0eTly, o € Fa}.

Assumption 7 There exist constants d > 0 and C' > 0 such that whenn and T are large enough:
(4) inf; 5 ery [Eviq, (vi0)| = 0 and sup; . er, [|BUig (7o)l < C5
(14) 5P, cre Amin {1 Sy (B0 (vi0) — (BT ()] [ETias (vi0)] ™ (B (i0)]) } > 8 where

Amin (A) denotes the smallest eigenvalue of A.

Assumption [6]is standard. Assumption [7]maintains the full rank condition on the information
matrix. Under Assumption [7) we can obtain a rate of convergence result for 0,7 and &.
To simplify the presentation, we introduce some new terms and notations. For a random

(1) and write enr (79) = oV

variable e,7 (), we say that e,r (7,) is of order o¥ "

" (1) if for any

1 >0, sup, re Py, (llent (o)l > n) = 0(1). We say that enp (yp) is of order OY (1) and write
ent (79) = OF (1) if for any & > 0, there exists a K > 0 such that sup, cre Py, (llenT (v0)l| > K) <

€ when n and T are large enough.

Let
1 n T
HnT = HnT (")/0) = ﬁ Z ZEUit,G (70) )
i=1 t=1
1 n T
Sar = Sar (’70) = Z Z Uit (70) ) (26)
\/ﬁ i=1 t=1

11



and

n

T ¢ T
1 1
bnT = bnT 70 ﬁ Z Zszs ZtOéz o Z < ZEUztocLal> (T ZE¢?t> . (27)
1=1 t=1 s=1 t=1
Define
Anr (7o) = —H, . (70) Sur (7o) and Bur (o) = —H,7+ (o) bt (Vo) - (28)

Theorem 2 Let Assumptions[IH7 hold. Then

N 1 1 1
Onr — 00 = WAnT (7o) + TBnT (7o) + T 7 (vo)
1 1 1 1
a;p— oy = —C; + —D; + —F; + —e
0 JnT (7o) JT (7o) T (7o) T nT (7o)

where €f,7 (7o) and max; |epi (v0)| are of order o) (1) and Awr (7o), Bur (70) » Ci (70)  Di (7o)
and E; () are of order OF (1).

The expressions for C; (7q), Di (79) and E; (7,) are not important here. They are given in
the appendix of proofs. See (A.21)). In the special case when {Z;;} are iid across ¢, we have
bt = 23 [Bln) + & (BUie) (B3) (29)
n n 4 - tYitay 2 itag o it .
1=
Let Vait = v2+v;tq. Using the Bartlett identities, we can show that b, = —% S E (VairUsi) JE(0Z),
which is the same as what HN obtain for iid data.

Theorem 3 Let Assumptions [1H{7] hold. Assume that M — oo such that M = O (T). Then
(1) SUp, e E%gM[\/nT( nwr — 00)] — /n/T B (79 H = of
(19) ’ EggM[\/nT(@ZT —0p7)] — \/n/TBur (5 H = 0p(1) umformly over v € I'y;
(i17) V/nT (B — 600) 4N 0,92 (70)] for each vy € Ty where

rg .= {fy = (¢, a1,...,a n), : (Ol,ai), € Fo} and 2 (yg) = — [ lim H,p (70)] -1 .

(n,T)—00

Theorem (iii) gives the pointwise normal approximation for each 7, € FSQ. In the proof, we

obtain the following stronger and uniform result: for any ¢ € R% and 7 € R,

sup_ [P (VAT G = 00)/ /2 a)e < 7) = 8 (7)] = o (1)
Yo€lp

12



where ®(-) is the standard normal CDF. The above result implies that the asymptotic size of a

normal or chi-square test is well controlled.

Theorem 4 Let the assumptions in Theorem[3 hold. Then for all k > 2,

~ A~k ~

B {gulVnT O = 0a)] = gas VAT (0 = b))} = 0p (1)

uniformly over v, € Fg—z).

When k =1, EZ {gM[\/ﬁ(ész — 0pr)] — gu VT (0, — 9nT)]} = Op (1) . In this case, the
difference between the two bias estimators is large enough to affect the asymptotic distribution.
Therefore, condition k& > 2 is necessary for the k-step bootstrap method to achieve effective bias
reduction.

Combining Theorems [3] and [4] we get the following theorem immediately.

Theorem 5 Let the assumptions in Theorem[3 hold. Then for all k > 2,
/ > d
nT(‘gnT,k - 90) — N [0’ Q (70)] .

As in Theorem (iii), Theorem [5| holds uniformly over v, € I'§. It provides the usual basis
for asymptotic inference. Both asymptotic normal and chi-square inferences can be conducted.
As an example, suppose that we are interested in testing Hy : ¢y = r against H : 6y # r for
some ¢ € R%. We construct the t-statistic as follows:

vnT (c’énﬂk - r) vnTd (énT,k - 90)

tnr = tar (70) = = (30)

v QnTc v QnTc

where o .
Qur = Qur (énT,kv @i,k) = <—an ; ; Uit (OnT i, di,k))
and
G = & — 1TE*gM VT (@5 - &) (31)

is the k-step BBC estimator of cg. The consistency of dy, is proved in Lemmal[A.5|in the Appendix.
Using the standard arguments, we can show that Q7 is a consistent estimator of Q (7o) under

Assumptions and So tnr 4N (0,1) under Hi.
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5 Some Extensions

5.1 Bias Correction for Average Marginal Effects

In this subsection, we suggest bias correction for the estimator of an average marginal effect
using the k-step bootstrap procedure. In nonlinear models, the average marginal effect may be as
interesting as a model parameter because it summarizes the effect over a certain sub-population,
which is often the quantity of interest in empirical studies.

There are several different average marginal effects. The first average marginal effect, which
we refer to as “the fixed effect average” or simply the average marginal effect, is the marginal
effect averaged over a;o. It is defined as® py(w) = n=1 31 | A(w, 6, o), where w is the value
of the covariate vector where the average effect is desired. For example, in a probit model,
A(w, 0o, cvio) = Oo(;)P(w'0o + aig) where 0y(;) and ¢(-) are the coefficient on the j-th regressor
of interest and the standard normal density function respectively. The second average marginal
effect, which we refer to as “the overall average marginal effect”, is the marginal effect averaged
over both a; and the covariates. It is defined as py = (nT) ! Yoy Ethl A(Zit, 00, o). See also
Fernéndez-Val (2009). The third average marginal effect, which bridges the first two definitions,

can be defined by
n T

w(w) = %ZZA(U},Z#,@O,%O), (32)

i=1 t=1
where we set some covariates at the fixed value w and take an average over the rest of covariates
Zi; and the fixed effects. The third definition includes the first two as special cases. So without
loss of generality, we can focus on the third definition.

A natural estimator of p(w) is

n T

f(w) = LZZA(waZitaénT,di)- (33)

As in the case for the estimation of model parameters, we construct a BBC estimator of p(w) as

follows
f(w) = p(w) — \/i—TE*QM W?TT (2" (w) = p(w)) (34)
where
1 s
pr(w) = = 33 Aw, Zh, O, ) (3)
i=1 t=1

14



and the expectation E*gys (+) can be computed by simulation. Similarly, our k-step BBC estimator

of p(w) is
- . 1 . .
) = ulw) = B gus [V (i (w) — (o) (36)
where .
~ % 1 g % ¥ A~ %
fir,(w) = T Z A(w, Ziy, 0k, G5 k) (37)
i=1 t=1
Let T
1 — - -
Lt (70) T Z ZE |:A9(w7 Zit;Yio) — Piola, (W, Zit, Vo) | - (38)
i=1 t=1
Define
AZT (vo) = L%T (7o) Anr (70) (39)
and
1 n T 1 n T
B::T (7o) = ZEAe w, Zm%o) nt (Vo) ZZE{ a; (w, Zzt,%o)Ei (70)}
i=1 t=1 i=1 t=1
1 n 1 n T
+ﬁz 1 tZS:E[ o w Zztv'YzO %S} QTLT < 1;E[ oo w th,’)/lo)D ( )]

(40)

where Ag (), Aq, (+) and Ag,q, (+) are the partial derivatives of A (-).

Theorem 6 Let the assumptions in Theorem@ hold. In addition, assume that (i) A(w, Zi,~;)

is a twice continuously differentiable function in ~y;; (ii) there exists some function Ma(Z;) such

that |0™ M2 A (w, Z,t,’yz)/ﬁfyﬂl@’yl el

< MaA(Zi), for mi,ma =0,...,3 and my +mg < 3; (4i7)
Sup; ¢ SUp, er, By, {[Ma(Zit (7i0)))°} < 00. Then

(i) VAT [((w) — p(w)] == N [BB" (70) 2 (70)] ;

(i) VAT [ji(w) — p(w)] = N [0, 2" (7))

(i) VT iy (w) = p(w)] = N [0, (10)] for k > 2
where B* (vq) = hm(n,T)—n)o B,/;LT (v0) and Q* (vo) = — 1im(n,T)—»oo L;LT(’YO)H;% (Yo) Lnt (70) -

The asymptotic bias of fi(w) comes from three different sources. The first term in comes
from the asymptotic bias of 0,,7. The second term in 1) comes from the asymptotic bias of
&;. The last two terms in capture the nonlinear bias originated from the fact that j(w) is

nonlinear in & and that & is random.
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5.2 Distributional Approximation by Double Bootstrap

The normal approximations in Theorems [f| and [6] may not work very well in finite samples. As an
alternative, we can approximate the distributions of vVnT(f,7 ) — 00) and V/nT [fi,(w) — p(w)]
using double bootstrap. We focus on vnT (énTk — 6p) and the results can be easily extended to
VT [y (w) — p(w)].

The double bootstrap sample is generated under the same DGP but using 4* = (QZIT, &™) as

the model parameter. Define

~k

% 1 A%k A%k
enT,k = enT - \/ﬁ ?f;gM [V nT <9nT,k; - 0nT>:| (41)
where @:}k is the k-step estimator based on the double bootstrap sample and using 4* as the
starting point, and E};’i is the expectation operator with respect to the randomness in the double
bootstrap sample, conditional on 4*. The above definition is entirely analogous to the k-step
BBC estimator given in 1} The mechanics behind énT,k and é:;T,k can be illustrated by the

following chart:

~

o N .
bo — Onr— O — Onrk = Onr —

1, Y
\/ﬁE&gM [V TLT <0nT,k — anT)i| s

~ % Ak 1 % kK A%k
Onr — Opp— enT,k — ‘9nT,k =0, — \/ﬁ if,*gM [V nT’ (9nT,k - HnT)} . (42)

)

where, for example, “0y — 0,1 signifies that 0,7 is the MLE based on the sample governed by
the model parameter 0y (and o). We will show in Theorem [7| below that the distribution of
VnT (é;Tk — 0,7) is consistent for that of vnT (8,7 — 6o)-

While éZTk is the bootstrap analogue of énT,k, it involves the standard bootstrap estimator
4* which is computationally intensive. To alleviate the computational burden, we use the k-step
estimate 45 = (9ZT7,€, Gr) as the model parameter to generate the double bootstrap sample. We

call this sample the double k-step bootstrap sample. We define our double k-step BBC estimator

as

~ % A% 1 £k A kok Ak
HnT,kk = enT,k - ﬁEﬁgM [V nT’ <9nT,kk - enT,k)} (43)

where 9:}% is the k-step estimator based on the double k-step bootstrap sample and using 7

as the starting point. Similar to the chart in , we can use the chart below to illustrate the
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mechanics behind é:LTkk and the corresponding quantity énT,kk :

~ A~k ~ ~ 1 % ~ % ~
bo — Onrk — Opr e — Onr ke = Otk — \/ﬁE%gM [V nT (GnT,kk - 9nT,k)] :

~ A A ko A ko A%

~ % A~k 1
Onr — Oprk — Onrie — Onrr = Onr ik — ﬁE%gM [V nT <9nT,kk — gnT,k)} .

Here énT,k is the k-step ‘estimator’ starting with 6y and ag. It is a theoretical and infeasible
object. For this reason, @ZT% and hence énT’kk are infeasible, but they are useful in analyzing
the asymptotic properties of é:LTkk

The following theorem establishes the consistency of the bootstrap approximation.

Theorem 7 Let the assumptions in Theorem @ hold. Let ¥ be a vector in R%, then for any
0 >0,

(1) sup,, cre Py, {supﬁ )P; [\/ﬁ(é:ﬂk —0,7) < 19} - P, [\/ﬁ(énT,k —6p) < 19} ‘ > 6} = o(1);
(if) sup., o Py, {Supﬂ ]P; [\/ﬁ(éfﬁ,kk —Dr) < 19} ~ P, [\/7? O — 00) < 19] ( > 5} = o(1).

The proof of the theorem shows that v/nT (énTk — 60g) and vVnT (énTkk — 6y) have the same
limiting distribution. Therefore the distribution of \/Tﬁ(énTk —0p) can be approximated by the
distribution of either v/nT (éZTk — 0,7) or nT(éZTykk —Op7).

Theorem [7] can be used to construct confidence intervals or regions. As an example, let ¢ be

a vector in R% and suppose that ¢/ is the parameter of interest. Let de1—a be 1 —a quantile of

V nTc’(éZT’k — 0,7, ie., Py [ nTc’(é:LT’k —O,7) > qc71_a] = «. In the appendix, we show that

sup P, {\/ nTc’(énT’k —6y) > QC,l—a} —a=o(l). (44)
Y0€r§
Similar results hold for the approximation based on the distribution of v/ nT(ézTﬁk — Our).
We can also approximate the distribution of ¢, defined in using double bootstrap. We
define 3 X
V nTc' (GnTJfk — HnT)

1O)* n* ~ %
\/C Qr <9nT,kkv akk) ¢

Then under the assumptions in Theorem [3] we have for 7 € R,

ES

tnT, k=

(45)

sup Py, {sup ‘P;: (t’TLT,k (3) < 7) = Py, (tnr (70) < 7')| > (5} = o(1).
fyoel"g@ T7€R
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The proof is similar to Theorem [7] and is omitted.

6 Monte Carlo Study

In this section, we report our Monte Carlo results. We consider both the static model and

dynamic model. The number of simulation replications is 1000.

6.1 Static Model

We consider the following probit model:

Yie = H{Xibo + i — € > 0}; €i~N(0,1), a;~N(0,1/10?),
Xt =Bt + Xi1-1/2 + vis; Xio = vio, vie~U(—1/2,1/2),
n=100; T = 4,8,12; 6y = 1.

This design is based on the DGP used in Heckman (1981), Greene (2004), HN, and Ferndndez-Val
(2009). The only difference is that we simulate a; using N(0,1/102) instead of N(0,1) to reduce
the chance of each time series Yj; (t =1,...,T) being constant over time.

If there is no trend component in X, i.e., 8 = 0, the above probit model fits within our
framework. While X;; is correlated over time, our framework accommodates the conditional
MLE with strictly exogenous regressors. On the contrary, even if g = 0, it does not fit within
the theoretical framework employed by HN where (X, Yj;) is assumed to be independent across
1 and t. As we discuss in Section [4] the bias expression in the presence of serial dependence is
different from that with iid data. Thus, their analytic bias corrections are not valid in this case.
However, we still employ their estimators here for the purpose of comparison. We note that there
is no correlation between X;; and «; in the model, and this is different from the usual condition
under which the fixed effects estimator is used. However, the incidental parameters problem is
still present, as it has nothing to do with whether there is a correlation between X;; and «; or
not. As an empirical model, Heckman (1981), Greene (2004), HN, and Fernandez-Val (2009)
consider § = 1/10. For comparison purposes, we consider 5 = 1/10 as well as § = 0. We report

the results for § = 1/10 only as the results for § = 0 are qualitatively similar.
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The original ML estimator of model parameters is

(Onr, &) = arg max rT 2} ; i 10g ®(Xi10 + o) + (1 — Vi) log(1 — ®( X0 + oy)]

and the estimators of the average marginal effect and overall average marginal effect are

ﬂl (X Z anTQb XenT + az MQ = Z Z 0nT¢ 1t9nT + az)

21 zltl

where X is the sample mean of {X;}.

For the k-step bootstrap, we use the fixed regressor bootstrap and use 9nT and {&;}7, as
the true parameters to generate bootstrap samples. We obtain 9;Tk using the NR iterative
procedure given in . We repeat this procedure 999 times (R = 999). Then, we construct the
bias corrected k-step bootstrap estimator using . To implement the bias correction, we need
to choose the truncation parameter M. While the rate M = O(T) is theoretically interesting,
it does not give us any practical guidance. In practice, we suggest selecting a large M to avoid
imposing a too tight restriction on bias estimation. For example, we can set M equal to Cv/nT
with C being an integer multiple of the typical value of the individual model parameters. The
multiple can be set equal to the (rounded) average standard error of 0,,7. In the simulations, we
set M = 1000. We examine the sensitivity of bootstrap bias estimation to the choice of M. The
simulation results, which are not reported for brevity, show that the performances of the BBC
estimators do not change across the values of M = 50, 100, 500, 1000, 2000 in all cases.

We compare the performance of our bias corrected estimator with four alternative bias cor-
rected estimators: the jackknife and analytic bias corrected estimators by HN and the analytic
bias corrected estimator by Fernandez-Val (2009). The jackknife bias corrected estimator is de-
noted ‘JK’. For the analytic estimators by HN, there are two versions: the analytic bias corrected
estimator using Bartlett equalities, denoted ‘BC1’; the analytic bias corrected estimator based
on general estimating equations, denoted ‘BC2’. Ferndndez-Val’s estimator is denoted ‘BC3’.
In this static setting, we ignore the serial dependence and choose the bandwidth to be zero in
implementing BC3.

For each estimator, we report its mean, median, standard deviation, root mean squared error,

and the empirical size of two-sided nominal 5% and 10% tests. The tests are based on symmetric
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CI’s, that is, we reject the null hypothesis if the parameter value under the null falls outside
the CI’s. For the jackknife and analytic bias correction procedures, the interval estimators or
the testing methods are based on normal approximation using the standard errors evaluated at
the bias corrected parameter estimators as those given in the respective papers. For the k-step
procedure, the CI's are constructed based on the double bootstrap approximation as well as the

normal approximation. The double bootstrap CI’s are

S T A TR
Onte — Ti_0 )2 ﬁQ(QnT,ka k) Onrk + 110 o ﬁanT,ka Oék)}

where Ty, is the (1 —/2) x 100% percentile of [ty | defined in . We also employ the
double bootstrap procedure to construct CI’s for the average marginal effects. The standard
errors for the bias corrected estimators of the average marginal effects and the corresponding
bias corrected estimators in the bootstrap world are evaluated at the bias uncorrected parameter
estimator (énT, &) and its bootstrap version (é:ﬂ 1> 0) respectively. In the simulation experiment,
we set the number of double bootstrap iterations to be 100. We do so in order to reduce the
computational burden. In empirical applications, we should use a larger number.

Table (1| reports the performance of the standard and k-step BBC estimators. From this table,
we see that there is no sacrifice of accuracy by using the k-step bootstrap procedure in this
setting. When k > 2, the k-step bootstrap bias correction tends to reduce the bias significantly
as the standard bootstrap does. Results not reported here show that the one-step procedure is
not effective in bias reduction. This result is consistent with our Theorem [5] which shows that
the order of bias is reduced from O (1/T) to o (1/T) when k > 2. As discussed before, for each
k value, we can use either the observed Hessian or expected Hessian in the NR steps, leading to
two versions of the k-step procedure. In terms of the MSE, the 2-step bootstrap estimators with
expected and observed Hessians are the best when T' = 4. When 7' = 8 and 12, there is little
difference in performances among the standard and k-step BBC estimators.

Table 2] compares different bias correction methods. We choose the 2-step bootstrap with
observed Hessian as our benchmark. First, we see that the original estimator without bias
correction is severely biased when T is small. As T' gets larger, the bias gets smaller, but there
is still no improvement in the coverage accuracy of CI’'s. When T' = 4, the bias of the original
estimator is 35%. When T = 12, the bias is reduced to 14%. But the empirical null rejection

probability is 35.5% for the two-sided 5% test, which is even more inaccurate than the one
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with T = 4. Second, the k-step bootstrap performs well in finite samples compared to the other
methods. In particular, when T' = 4, the bias of our estimator is 9% and RMSE is 0.213, while the
bias of the jackknife method is 24% and its RMSE is 0.319. The analytic method by Fernandez-
Val (2009) has a bias of 4%, but its RMSE is 0.240, which implies that its variance is larger
than ours. As T becomes large, all the bias corrected estimators we consider tend to have similar
RMSEs. Third, in terms of coverage accuracy, we see that our bootstrap bias corrections (double
k-step bootstrap approximation and normal approximation) and BC3 yield more accurate CI’s
than the other methods.

Table |3| presents the ratio of the estimators of the average marginal effect to the true value.
As HN and Ferndndez-Val (2009) show, the bias of the original estimator is negligible, even
when T = 4. Its bias is less than 1%, and in terms of RMSE, it performs as well as the bias
corrected ones. However, the CI’s based on the bias uncorrected estimator are inaccurate when
we have a small T. When T = 4, its error in coverage probability for the 95% CI is about
5%. Inaccurate CI’s are not just the problem of the bias uncorrected estimator. The CI’s using
normal approximations with the bias corrected estimators still suffer from large coverage errors.
When T = 4, the errors in coverage probability for the 95% CI from jackknife and analytic
estimators are 13% and 4-7% respectively. It is 4.6% for the k-step BBC estimator with normal
approximation. In contrast, the coverage error of the 95% CI constructed using the double k-step
bootstrap is 2.7%. Compared with the normal approximation, the improvement from the double
k-step bootstrap approximation is not large but exceeds the margin of simulation error.

To save space, we do not report the table for the overall average marginal effect, but we note

that the qualitative observations for Table [3] remain valid.

6.2 Dynamic Model

We consider panel logit and probit models for the dynamic case, but we report only the results

for the panel logit model here. Using the simulation design of HK, we have

Yio = oy + Xlofx — €5 > 0}, Yie = 1oy + XL,0x + Yi_10y — €5 > 0},
Xit ~ N (0,(5°/3) - Lamx,p) » i~ £(0,7°/3),
dim (%) =12, 5= () + X0+ X+ 3

i=1,...,n, t=1,....T—1; n=250; T =8,16; 0y =0.5, Ox =1,[1,1],
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where £ denotes the standardized logistic distribution and Xi(tl) is the first component of Xj;.
We report the bias and RMSE of 6y and 0x for each estimator.

Table [] presents the simulation results. Here we employ the analytic bias corrections by Hahn
and Kuersteiner (2011, HK) and Fernandez-Val (2009), which are denoted by ‘BC1’ and ‘BC3’
respectively. We also consider the bias correction by Honoré-Kyriazidou (2000). For BC1 and
Honoré-Kyriazidou, we replicate the Monte Carlo results in Hahn and Kuersteiner (2011). In
contrast to our bootstrap bias correction, the alternative methods depend on bandwidth choices.
HK use the bandwidth 8 for Honoré-Kyriazidou, and use a bandwidth around 1 for BC1. In our
simulations, we set the bandwidth to 1 to implement BC3. Table [d]shows that our bias correction
performs best in an overall sense. Honoré-Kyriazidou performs well only when the dimension of
Xt is low. The performance of BC3 is comparable to our approach for the two sample sizes given
in the table. Simulations results not reported here show that BC3 does not perform as well as

our approach when the time series sample size reduces to T' = 4.

7 Conclusion

In this paper, we establish the asymptotic validity of parametric bootstrap bias correction for
fixed effects estimators in nonlinear panel data models. In particular, we propose using the k-step
bootstrap procedure to alleviate the computational cost of implementing the standard bootstrap
and show that it is asymptotically equivalent to the standard parametric BBC estimator when
k > 2. We also apply the k-step bootstrap procedure to average marginal effect estimation and to
the double bootstrap for CI construction. In the simulation, we show that the k-step bootstrap
bias correction achieves substantial bias reduction. The CI’s based on the double k-step bootstrap
tend to have smaller coverage errors than the other CI’s especially when 7' is small.

The possible higher order refinement of double bootstrap CI is not studied here, which is an
interesting topic for future research. Also, the fact that we employ the parametric bootstrap limits
the applicability of our bias correction procedures. It will be interesting in future to consider a

nonparametric approach to bootstrap bias correction.
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List of Some Notations

v = (Gl,ai)/ el=Ty xTy,

vio = (0h, o) € Tg

Y= (9,,0[1,...,0[n)/

Yo = (967 a10, - - - 7an0)/

7@7L(0)), @:(@17"'7@7:7"'16471,),

& (0) = (&1(0),...,a(0), ...

N ) ~t ~

ﬁ/i = (enTvdi)lv ’3/ = (enTaa )/
Iy =int{y; € |lv; = Tol < v}

r® = {fy = (9/,a1,...,an)l : (0',0@)’ € F}

Table 1: Finite Sample Performance of Standard and k-step BBC Estimators (n = 100; 6y = 1)

Estimator Mean Median SD RMSE
T=4
k=2, E 0.97 0.97 0.206  0.208
k=2, O 0.91 0.91 0.193 0.213
k=3, E 0.84 0.84 0.164 0.232
k=3, O 0.82 0.82 0.158 0.241
Standard  0.81 0.81 0.157  0.249
T=28
k=3, E 0.96 0.96 0.099 0.106
Standard  0.96 0.96 0.099 0.107
k=2, E 1.00 1.00 0.107  0.107
k=2, O 0.98 0.97 0.106  0.109
k=3, O 0.96 0.95 0.101 0.110
T=12
Standard  0.98 0.97 0.073  0.076
k=3, O 0.98 0.97 0.073  0.077
k=3, E 0.98 0.98 0.075  0.077
k=2, O 1.00 1.00 0.079  0.079
k=2, E 1.01 1.01 0.078 0.079

)

Notes: We use ‘E’ to indicate the use of the expected Hessian in the k-step bootstrap while we
use ‘O’ to indicate the use of the observed Hessian in the k-step bootstrap. The estimators are
ordered according to their RMSE.
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Table 2: Finite Sample Performance of Different Bias Corrected Estimators of 8 (n = 100; 8y = 1)

Estimator Mean Median SD p;.05 p;-10  RMSE

T =

Probit 135 133 0311 0265 0363 0468

2step-BBC 091 091 0193 0038 0.073 0.213
(0.032)  (0.071)

JK 0.76 0.76 0.215 0.112 0.195 0.319

BC1 1.09 1.07 0.262  0.054 0.103 0.276

BC2 1.17 1.15 0.284 0.094 0.166 0.331

BC3 1.04 1.03 0.237  0.030 0.068 0.240
T=8

Probit 1.16  1.15  0.132 0260 0357  0.209
2-step-BBC  0.98  0.97 0106 0.040  0.083  0.109
(0.051)  (0.087)

JK 0.95 0.94 0.108  0.059 0.111 0.120

BC1 1.04 1.04 0.121  0.068 0.126 0.129

BC2 1.05 1.04 0.120  0.065 0.118 0.128

BC3 1.01 1.01 0.113  0.040 0.085 0.114
T=12

Probit 114 114 0.096 0355 0477 0.171
2-step-BBC  1.00  1.00  0.079 0.036  0.078  0.079
(0.040)  (0.091)

JK 0.97 0.97 0.080 0.074 0.129  0.086
BC1 1.04 1.04 0.089  0.088 0.148  0.098
BC2 1.03 1.03 0.087  0.063 0.126  0.092
BC3 1.01 1.01 0.083  0.044 0.102 0.084

Notes: ‘Probit’ denotes the bias uncorrected fixed effects MLE based on the probit model; ‘JK’
denotes HN Jackknife bias corrected estimator; ‘BC1’ denotes HN bias corrected estimator based
on Bartlett equalities; ‘BC2’ denotes HN bias corrected estimator based on general estimating
equations; ‘BC3’ denotes Ferndndez-Val (2009) bias corrected estimator which uses expected
quantities in the estimation of the bias; p;.05 and p;.10 denote empirical rejection probabilities of
two-sided nominal 5% and 10% tests. The numbers in the parentheses indicate empirical rejection
probabilities of the 2-step bootstrap bias corrected test using the normal approximation.
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Table 3: Finite Sample Performance of Different Bias Corrected Estimators of the Average Mar-
ginal Effect (n = 100; true value = 1)

Estimator Mean Median SD p;.05 p;-10  RMSE

T=4

Probit 099 098 0218 0103 0.184 0218

2step-BBC  0.99 098 0219 0.077 0.132  0.219
(0.096) (0.164)

JK 1.08 1.06 0.273  0.181 0.250 0.283

BC1 0.99 0.99 0.233 0.115 0.184 0.233

BC2 1.03 1.03 0.227  0.104 0.178 0.229

BC3 0.93 0.93 0.202  0.095 0.156 0.214
T=8

Probit 1.00 1.00 0.105 0.068 0.122 0.105
2-step-BBC  0.99 099  0.104 0051 0.110  0.105
(0.051)  (0.103)

JK 1.00 0.99 0.107  0.071 0.126 0.107

BC1 1.01 1.01 0.108  0.073 0.137  0.108

BC2 1.00 1.00 0.105  0.067 0.124 0.105

BC3 0.98 0.98 0.102  0.075 0.122 0.104
T=12

Probit 1.0l 1.01 0070 0.065 0.121  0.070
2step-BBC  0.99  0.99  0.069 0064 0.109  0.069
(0.046)  (0.096)

JK 0.99 0.98 0.072  0.065 0.128  0.074
BC1 0.99 0.98 0.070  0.058 0.111 0.072
BC2 0.99 0.99 0.070  0.053 0.106  0.070
BC3 0.98 0.98 0.069  0.060 0.120  0.072

Notes: See notes to table 2.
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Table 4: Finite Sample Performance of Different Bias Corrected Estimators of the 0y and 0x
(n=250; 0y =0.5,0x =1,[1,1])

Oy 0x Oy 6y
Bias RMSE Bias RMSE Bias RMSE Bias RMSE
T=28
Logit -0.75 0.77 0.26 0.27 -0.69 0.72 0.33 0.34
2-step-BBC 0.07 0.17 0.01 0.06 0.10 0.20 0.00 0.07
BC1 -0.25 0.29 0.08 0.11 -0.24 0.30 0.09 0.13
BC3 -0.05 0.15 -0.02 0.06 -0.06 0.17 0.10 0.14

Honoré-Kyriazidou -0.07 0.18 0.02 0.08 -0.29 0.32 -1.09 1.10

T =16
Logit -0.30 0.31 0.10 0.11 -0.28 0.31 0.12 0.13
2-step-BBC 0.02 0.09 0.00 0.04 0.02 0.10 -0.01 0.04
BC1 -0.06 0.11 0.01 0.04 -0.06 0.12 0.02 0.05
BC3 -0.01 0.09 0.00 0.04 -0.02 0.10 0.00 0.04

Honoré-Kyriazidou -0.08 0.13 0.00 0.04 -0.49 0.26 -1.04 1.04

Notes: ‘Logit’ denotes the bias uncorrected fixed effects MLE based on the logit model; ‘BC1’ de-
notes HK bias corrected estimator; ‘BC3’ denotes Ferndndez-Val (2009) bias corrected estimator;

‘Honoré-Kyriazidou’ denotes Honoré-Kyriazidou (2000) bias corrected estimator. 9&? denotes
the first element of 0 x.
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Appendix of Proofs

Proof of Theorem We first prove the result that SUp, e P,y (

Onr (7o) — 90H > 77) =
) (T‘l). For 1 and § given in Assumption 4| we have

Py, ( 7 (70) 90” >77> Py, (H(é;T,é‘i),_(ef)aaio),H >77f0ri:1,2,...,n)
= Py, (I = violl > m for i =1,2,...,n)
< Py (G (Vios 1i0) — G(igs7s) = 6 for i = 1,2,...,n)
< By, (:L Y16 (riosvi0) — G (vios 4] = 5) : (A1)
i=1

Under Assumptions ii) and |3, we have

T
1
sup sup |G (v40,73) — T ZEWOZ (Vi Zit)| = 0 (1)
i y,€l t=1
as T' — oo. Using this and the definition of ¥;, we have

sup Py, ( Ont — 90” > 77>

Yo€TY
< Sup® P’yo ZG 7107720 Zl 710, zt +7Zl wa Zt ZG 77,0)’)/7, -

Yo€l'

1 s 1
< sup Py | sup...sup |— (Vi3 Zit) = By Ll(vis Zit (vio))] | 2 5 | +0(5)
1 & 5 1

< swp Py, <sup sup fz (733 Zit) — Bl (53 Zut (320)] | = 3) +o(z) (A.2)

70€l? bomEl T g

= 1+ § 1
< ZWSUGIIZ‘ PVZ-O (Sup Tzllt ’YzUv’Yz) > 3> +O(T)

i=1 Tio=+1 i t=1

for Is(vi0,v;) = (V4 Zit) — B, ! (745 Zit (74)) - Since I' is compact, it can be covered by a union
of balls szl’...,J((S){B(’yZ ,5/\/>)} where the number of balls is J (§) = O((v/T)%*1). We have
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T
1 -
Py | sup | D Lie(ios vs)
Yio0 (’yiEF T tz:; 7 0 14

< Py, [ max sup
7 y,eB( 5/VT)

>

)

zf: { it(Vios Vi) lt(’YiO?’Yz(j))}

Wl >

5)
> 2
-6

J(5) 5
+ Z P%o ( Z ’710? ’77, - 6) (A?))
j=1 t=1
Under Assumption [3| we have
iit(%‘oa Vi) — Zit(%ofn(j))‘ < C[M (Zi(vio)) + EM (Zit(7vi0))] - ’Yz(j) H

A

< CO M (Zi(vi0)) + EM (Zit(v,0))] /VT,

and so

T T
max  sup Z[ (ios%2) = b (vi0s 1] sT—Z (Zit(vi0)) + EM (Zin(i0))] -
T yeB(@ oV 1T =1 t=1

As a result,

1ieBe s |1 i
< P, (\C/;; tTl (M (Zit(vi0)) + EM (Zit(v40))] = g)
< P, (3; ;i[M (Zit(vi0)) —EM(Zz‘t(%o))]‘ > g)
+P, (3% ;;EM (Zit(vio))| = g) : (A-4)

Since % 2 ZtT:l EM (Zit(fyio))‘ is deterministic and approaches zero, the second term in the
above equation goes to zero at an arbitrarily slow rate. For the first term, we use Assumptions 2]

and the strong mixing moment inequality of Yokoyama (1980) and Doukhan (1995, Theorem
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2 and Remark 2, pp. 25-30) to obtain

p

E., < OTP/?

M*ﬂ

Zit(7vi0)) — EM (Zit(v;0))]

Yi0

t:l

where C'is a constant that does not depend on 7v;, and p > 2. Invoking the Markov’s inequality,

we have
T
cs |1 5 T/
P, | —=|= M (Zit(7vi0)) — EM (Zy(7y; > — =0 (TP

e (G B - s o] ) -0 (5) -0

Hence
T B)
sup P%_0 max sup Z [zt ’Yzoa% l (%0»%0))} > 6 O(T_p)' (A 5)
Yio€T 7 yeBaP sV 1T =1

Using the strong mixing moment inequality again, we have

g) —o(r-

This, combined with (A.3)) and (A.5)), yields

[N
N———
Q
/N
~
I
5
m‘ )
N—
I
Q
7N
S
o
<
+
=
N—

J(9) T 5
sup ZP710< Zl (Y057
Vo€l =1

p—(dp+1)

B (o) — eOH > 77) — 0T~ %) o(T1). Letting p € (dg +5,Q),
< Onr (7o) — 90H > 77) =o(T71).

Next, we prove the second part of the result. For any ¢ = 1,2,...,n, we have

Therefore SUp, cp® P, (

we have SUp,, o P,

Py, (max|ai (vo) — aiol > 1)

IN

Py, (m?X{G(%o,%o) — G0, Vi) } = 5>

IN

Py, <mzax {G (Yios Vio) — G (’YiO» (é;Ta aiO)’)} 2 5/2>

+P, <m?X {G (%’0, (éInTv 042‘0)/) - G(’Yz'of%)} 2 5/2> : (A7)
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But for 8,,7 between 6, and @nT,

sup Py (mgx {G (Vios Yio) — G (%’07 (é:ﬁ,az‘o)l)} > 5/2>

Y€y
G (v, (0 1, cio)) || 11+
< sup P’Yo (max (7@0)( nTaazO) ) H ‘ QnT _ HOH > 5/2)
€9 i 00
< sup P, (max sup CE,, M(Zit (7i0)) Onr — 00H > 5/4) +0(1/T)
’yOGF(lg’ v vio €1

= o(1/7T).
In addition, using ({A.6)), we obtain

sup Py, (m?X{G (%0» (é;TaOéiU),) - G(%‘oﬁi)} 2 5/2> :

Yo€TY

T T
~l R ~ ~
= sup Py <m?X {G (%‘Oa (0> io)) — T Zl(%; Zit) + T Z V35 Zit) — G(%’o,%)} 2 5/2>

Yo€l'? ) t=1 =1
~1 1 T ~
< sup Py <max {G (%0’ (O, 0@'0)') ~7 > U0y, vio; Zit)
Yo€l'Y ’ t=1
1 s
+ 7 ; UOnr b Zir) G(%o,w} > 6/2>
1
< sup Py <max sup | — Zl(%; Zit) = G(vio,Vi)| = 5/4>
® i ~yoep|T
’yOEFl ’Y’Le t=1
- 1 1 _(p_daty 1
= Z sup P, | sup Tzlit(’%o?%’) >0/8]+o T =0 <nT 22 ) +o 7 (A.8)
4 ® er
i=1 Yo€l'y i t=1

_dot1

If we choose p € (dg 4 5,Q), then nT—(27"2 ) = o(T~1), and as a result

sup P, (max|d&; — aio| > 1) = o(1/T) (A.9)
70€lf ’

forany n > 0. m
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To prove Theorem [2, we first establish a lemma, which employs the convention that

3m1+m2l(%§ it (Vio))

am1+m2l(%§ Zit (7i0))

i My

o™ 0

ma |%:’~Yi7
’yi77—2

1, T1

m1+mso .7, .
Ea l(’Yw it (720)) _ E
i My

Lemma A.1 Let Assumptions[IH7 hold. In addition, let my,ms =0, ...

4, and let ¥ = (é/, &' satisfy

sup Py,
Yo GF

for any n > 0. Then
() for any § > 0,

O™ ™2 (Y5 Zit (740))

(o= o0 > n) =01/, s P,

o o2,

oM™ (y,: Ziy mo))]
Yi="i

,4 such that mq+mgy <

<maX & — ol > n) = 0(1/T)

sup —
i

sup Py, (
Y€y T

(13) there exists K < oo such that

pa VLoV

B E(‘)m1+m21(%0; Zit (’Yz‘o))]

> 6) =o0(1/T).

OV 02,

T
1 O™MEM2(3: Zit (vi0)) >
sup Py, | sup — E S > K | =0(1/T).
Y0€rY 0( ¢ Tt:l 87”187”22

Proof of Lemma Part (i). Given the assumptions on ¥, we have sup

ypere P (Vi € T1) =

0(1/T). It thus suffices to focus on the event that ; € I';. Note that for ,y;r between ¥; and 7,

am1+m2l ’Yza Zit (710)) _

1
pfz

t=1

o o2

1, T2

oV o2

1, T2

am1+m2l(%0; Zit (’Yio))] ‘

T
< swpsup |23 O3 2 (1)) _ ™ 05 Zi (o))
= Ip sSup T 9oL g2 57 5
7 %-61“1 t=1 ,yZ ,T1 77/77-2 ’}/’L T1 'Y,L 7_2
T dy,
1 i am1+m2+ll(,y 7Z't (’7'0))
tsw ) Y Bl m g \% T
¢ t=1 T3= 1 71 ,T1 717’2 717’3 y= 7
T
< sup sup ! Z O™ 2U(y5; Zi (Yio)) 7E8m1+m21(%; it (7i0))
- i viEh t:l 71 T1671 T2 8’71 7'1871 T2

+d’y Sup sup EM( zt(%O maxb/z T3

it v;0€M
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Under Assumption the second term 7y satisfies sup, e P 0 (T2 > 3) = 0(1/T). It remains

5 1
sup Py qmax sup |T1| > - =0 <> .
7061—\(18 Z ’Y EF]_ 2 T

But this can be proved using exactly the same argument in showing

to show that

T
=3 U0 Zit (o)) — Blis Zie (7))
t=1

1) 1
> 2) = 0(?)

in the proof of Theorem (1} See (A.2)). The differences are (i) I(7;; Zit (740)) and El(v;; Zit (7i0)

sup Py | sup sup
Yo€TY i el

m2
1,72

are now replaced by 0" "21(~,; Zit (7,0))/ Ov;:} 072, and its expectation (ii) the sup inside the
probability is taken over a smaller set I'y C I'. In view of Assumptions 2] and [3| this replacement
does not cause any problem in our argument.

Part (ii). Again, we focus on the event that 7§, € I'y, which happens with probability
1—0(1/T). Observing that

T T
Z ™I (Y5 Zie (vio)) | 1 3
v ¢ < — M(Z; ;
— af)/z 7—187;717—22 =T — ( t (’77,0))7

we have, for K > limp_ o, max; T~1 Ethl EM (Zit (v:0)),

>K)

™25 Zis (Yio))

sup P, (maxlz

'yoel“? T t=1 872 Tlafyl T2
n T 1 T
< Z sup_ ( Z Zit (7i0)) — BEM (Zit (7:0))] > K — max - ZEM(Zit (’YiO)))
i=1 Yo€TP t=1 t=1
6
_ v B{SL M () ~ BM (Za (o)

sup 6
i=1 7€'y 16 [K — max; % ZtT:1 EM(Zy (%‘0)}

- 0 (%) -0 <1}2> S (;) . (A.10)

Proof of Theorem Following the arguments similar to HK(2011), we can establish the
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following representations

. 1 - 1 - 1
HnT — 00 = \/ﬁAnT + anT + Og <T>
1 =~ 1 = 1 -~ 1

where AnT, nT, C’Z, D; and F; are matrices of order OU( ). To determine these matrices, we

first take a second order Taylor expansion of thl vit(QnT, &) = 0, leading to

bﬁ}

3\

1 1 - 1 - 1
Og (T> = Ui+ Vg |:\/ﬁAnT + TBnT:| + Viay [Fc
1

. ~ 1 ~
+ ['Ui-OBnT + Vi, B + 'UiuiaiDiz]

2 T’

where ¥;. is the time series average of v;; and other notations are similarly defined.
Since the above holds for all n and T, the coefficients for 1/v/T, 1/v/nT and 1/T must be zero

or approach zero at a certain rate. So

- Tv;. 1

D; = _\_fvz +of <ﬁ>7
Ui~0é7; T

. Ui.0 Bt + L0i.0,0, D?

EZ- _ _Uz@ nT i 2% a;o; 5 _1_01[7] (1) ' (A.12)

Vi-a;

. Vg ~ n
Ciz—_wAnT+Og< )»

Vi-q

The of (-) terms above can be absorbed into the remainder term of order oY (1/T) in (A.11). We
drop them from now on without loss of generality and redefine D;, C; and E; as

5 N G - Ui B 10i-a,0 D?
D, = — Vo O it g fy = VieDeT T pUiaie (A.13)

Vi-a; Vi-a; Vi-a;

We use the above definitions hereafter. Let

T
Zt 1 Uzt
D; = -
\/>E [Uz oy Z

=1
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We can expand D; as follows:

D; = D

(A.14)

—1 T -1
1+ T Zt:l (Vita; — Bita,)
E [2_}7;‘062']

T [Zf: Uz‘t} [Zf: (Vita, —Evz‘tai)] 1
Dit+ = : E [l_}i.a;ﬁ +0J <T) .

Next, we take a second order Taylor expansion of > | Zthl uit(énT, &;) = 0, leading to

0 = Zzuzt—i-fzzuzta nr — 6o)

i=1 t=1 i=1 t=1
1 n T 1 n T
D> it 05 = ] + 5 D D i, (,84) 63 — ol
i=1 t=1 i=1 t=1
1 n T 1> T
+2nT ; ;fitw, &;) + T 2 ; [&; — io] Witga,; (0, &) (Onr — 00),  (A.15)

v

where &;4(0, %) = (&1, it - - - 7€it,d9), is a vector with r-th element
Eitr = Eur(0,85) = (O — 00) wit,0, (0, &) (Onr — 00)-
Plugging the definitions of C;, D; and E; into , we have
(st o)
TVT T

- ZZW+ZZW%IA B)

=1 t=1 =1 t=1
1 n T 1 ~ 1 n T 1.
nT Z Z Witay; [ T E} + T ZuitaiaiTD’?
i=1 t=1 i=1 t=1
< 1 n T 1 1 n 1 n Tio ~
S COR MR S T PR £ S e B
nt i=1 t=1 i=1 \/ﬁ n i=1 n i=1 Vi-a
- Zn: Bur + s, B + - D?
TLT - -0 DnT + Ujay 2u7, a;a; g
i
_ 1T T
(L [ (T B i) 25 ST
nI i=1 [E (5i~ai)]2 E (@mi) ’
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where

_ Z <Ui.9BnT + ﬁi-aiEi + ui.aiai[)?)
" =1 2
1 n aza ~ 1 n 1 1a2aﬁzaa ~
= — U;.0 — 0.0 | B — By A S A7 R B Y
nT ; (uz 0 Dia, Vi-0 nT + nT ; 9 raii 9 Bias i
_ 1 zn: (a 0 — Ui ; 9) Bur + 1 zn: [(a Ui Vi )} 71 EtT:l Zstl -
nd =1 Z. T)Z"ai ’ ! 2nT =1 e @i-ai (’Diui)2
Define
B 1 n T s
Hyr = — Uity — — vy | A.16
AR o
1 n T i
Sur = —— it — =it | A.17
= i o3 (e ) aan
l; 1 " (— ui-aiﬁiuiai > T_l 23:1 ZZ:I VitVUis
nT,1 — 5 Uiy — — - 5 ,
2n i=1 Vica; (vi'ai)
" Ui (T_lzT ST vy ) AT T
l~) o = 1 1 t=1 s=1 Yt Yisoy; B T Zt:l 28:1 Wite; Vis
" i3 B (Ti.a,)]” E (¥i.0;)

Then Ayg = —Ht Syr and Byp = ~H (burs + bura) -
It follows from Lemma [A.1] that

In addition,

. ET ST Uinio: | [ 1 !
bnT,l = 7% Z < Zt:l o Z) (T ZZWW@) + Og (1)? (A18)

T WV A
i=1 ET Zt:lvmi t=1 s=1
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_ 1 n i 1 T T 1 T T
bnT,2 = _E <E(z011 Zzwisvitai+TZZuitaiwis>

t=1 s=1 t=1 s=1

- uiaz vitai>
E (Ui‘Oéi)

Il
5|~
)=
HM’%
M=
&
— 3
§

i=1 t=1 s=1
1 n T
= E DD Uinathis +0f (1) (A.19)
i=1 t=1 s=1
and so
_ ~ 1 n T T
bnry +bur2 = DO Uitaithis + 05 (1),

=1 t=1 s=1

1 ET ST Unaa, | [ 1 o=
% < _Zt—Tl t > <TZZ'UZ'{(/}Z-S +OpU (1)

1 .
ET Zt 1 Vitay t=1 s=1

n T T
- % Z Z Z szs Ztaz (;TE Z Ui’TCYiCYi) %t Og (1)
i=1 t=1 s=
1 nl tT t 1 T
- = DD By Uisa, + Z ( ZEUMIQJ (T Z;E¢§t> +0Y (1)
=1 t=1 s=1 —
= bar+o0, (1)

Combining the above approximations, we have

. 1 1 g1
for A, = —Hg%SnT and B, = —H;%bnT. It is easy to see that A,7 = Og (1) and B,r =

oY (1).
For the stochastic expansion of &;, we can take
Ev;.¢

. 1 «
Ci(vo) = _FAnT7 D; () = ﬁZ%t
t=1

Vi

_ T T
(Bi6) Bur + } (Bioso) B (DF (10)) | T [ S0 Bt (v, — B
Ej.q, (B¥j.q,)* '
(A.21)
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Then by Lemma

; _ 1. 15 1z v(l
Q; — Q0 = ﬁcz (70) + \/TDZ (’YO) + TEZ (’70) + Op <T>

where all of C; (7) , D; (79) and Ej (7g) are of order OY (1) . Using the same argument for proving
(A.9), we can show that

max

T

= ain = (G (o) + = Di o) + 18 () ' —U (). (A)

To prove Theorem [3| and other results, we will use the following two lemmas repeatedly.
Lemma helps translate the asymptotic results for the original sample into the corresponding
ones for the bootstrap sample. Lemma [A-3] shows that the effect of nonlinear truncation can be

ignored in large samples.

Lemma A.2 Let \,r () be a sequence of real functions on T'C. If (i) Sup, cre AT (70)] =

o (anr) for some sequence aynr; (11) SUp, cre Py (17 =0l > v) = o(anr), then for any e > 0,

sup Py ([Anr (9)] = anre) = o(anr).
’Yoel—‘(é)9

Proof of Lemma In view of condition (ii), we have Sup, cre Py (7 ¢T%) = o(anr).

Now

sup Py, ([Anr (9)| 2 ante)

’Yoerg9
< sup Py (Par ()] > anre,y €TF) + sup Py, (5 ¢ IF)
WOGFG@ 'YOEF?
< sup Py | sup [Aur (7)] > anTé?) + o(anT)
YoETY very
= sup® P, (o(anT) = anre) + 0o(ant) = 0(ant), (A.23)
Yo€lg

where the last equality holds because P, (o(anr) > anre) = 0 when n and T' are large enough.
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Lemma A.3 Let J,r (y) and Jur (7) be two sequences of random vectors in R indexed by
v €T, Assume (i) SUp, cre P70(||jnT (Vo) — Jnt (Vo) || > 8) = 0 (car) for any § > 0 and some
cnr = o(1) as (n,T) — o0; (ii) sup,, r SUp,, <o (E%HJHT (v0) |?) < oo. Then as M — oo such

By gl ar (70)] = By [Jur (10)]| = o(1).

that M = O (1/cqr) , we have sup, e

Proof of Lemma Note that gas () is Lipschitz continuous. It follows from condition (i)
that

sgaxwfmm»wM@ﬂwwz®=mm.

Using this result, we have, as M — oo such that M = O (1/c,r) :

sup HE% [gM(JnT (70)) = 921 (Ju (70))} H

'yOEI‘
< sup By, |lo(ur () = g1 (e ()| 1{ ot e () = g (e ()| = 6}
Yo€ly
+ sup By [lnt (e (40)) = g (o) | {1 (v00) = g (o) | < 6}
< O(J\ZCan) +d =04 o(1),

By, [QM(jnT (70)) _gM(jnT (’Yo))} H = o0(1) as

for any § > 0. This implies that SUp,, cp®
(n,T, M) — oo such that M = O (1/¢,r). But

Boy o3t (Jur (70))] = By [Jur (20)] + R (70)

where R,7,1(70) = Eny [gM (jnT (70)> — Jur (’yo)} satisfies

sup [Ruzar(o)ll < sup By || Jur (30)|| 1{ | %wam
Y€l Y€l
2 1/2 1/2
< sup <E nT '70 H ) nT '70 H \/>M})
’Yoer(lg
2\ 1/2 1/2
< s (3 [ ool) < wwwwww
70‘51—‘(%9
< sup sup <E% Tt (VO)H )/(\/EM) < CO/M (A.24)

T yoerf

for some constant C' that does not depend on n,7T and 7,. Here we have used condition (ii) in the
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Byoga1 [t (10)] = Eng [t (10)]
By, [g

lemma. That is, SUp, cre (1), as (n,T, M) — oo such that

|| = o1
M = O(1/eyr). Combining this with sup, wur (10)) = anur (10)] || = 0 (1)

leads to the desired result. m

Lemma A.4 Let the assumptions in Theorem[3 hold. For any 6 > 0 and € > 0,

2= (3)

Proof of Lemma Let 0,7 () be the estimator of @ based on the sample {Zj (7)} =

sup Py, {23 [| VAT (8 = ) — 220 ) = 1320 )

Yo€lE

{Zi (v),..., Zivr (7)}i_, generated under the original DGP with parameter value v = (¢, o/)l.
Similarly let @:LT (7) be the estimator of § based on the bootstrap sample {Z7, (7)} generated under
the bootstrap DGP with parameter value v = (6, «). To apply Lemma with a,r = 1/T, we
define

A~

1 1 )
bur (4) = 0= (52 0))) = B (s 2 D) 2 1}

wr () =P, {

and

A%

) = 25 {0 ) = 0 - e (e 25 D) - 1B i Za )| 2 7}

Since the original DGP and the bootstrap DGP are the same, we have A,r (v;{Zi (7)}) =
A (vid{Zis (7)}) and Bur (v;{Zit (7)}) = Blr (v;{Zit (v)}) . That is, A,y and A’ have the
same function form, so do By,r and B},.. In addition, A7 (7) = Ay () -

It follows from Theorem [2| that Sup, cre AT (779) = 0(1) for any 6 > 0. Using the same
arguments as in the proof of Theorem [I] and with additional calculations, we can strengthen the

result to sup, cro Anr (79) = 0(1/T) for any 6 > 0. This stronger result requires @ > dy + 12.
By Theorem Sup, cre Py, (17 —voll = v) = 0(1/T) . Invoking Lemma yields:

sup Py (Ayr () =€) = sup Py (Anr (§) > €) = o(1/T).
7061_‘6@ WOGF?
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Proof of Theorem Part (i). We apply Lemma [A.3]| with

Jur (v0) = VT (Bur (v0) = 00 )+ Ju (1) = Aut (v0) + v/n/TBur (7o) .

It is not hard to verify the two conditions in the lemma. So HE% grr It (0)] — B, Jur (’yO)H =

o(1), and ‘ EvogM[jnT (7o)l = \/n/TBpr (%)H = o(1) uniformly over v, € T'{.
Part (ii). Let J* () = V/nT <@ZT (v) — 9) and define

AT (7) = E, [QM(JnT(’Y))_ BnT(W)]7

) = B ol o) - \[28ir ().

For the same reason as given in Lemma AT (7) = Arp (7). It follows from Part (i) that
SUp, r® AnT (79) = o(1). Hence, by Lemma SUp, cr® Py (Np(3) >e)=o0(1).

Part (iii). Following the same arguments in HK, we can show that A,,7(7,) 4N [0, (7g)] -
Under Assumptions [2] [3] and [7] the result can be strengthened to

sup ‘P%(C'AHT(%) INEQ () e <T)—®(r)| = 0(1) (A.25)

Yo€lY

for any conformable vector ¢ and 7 € R. In addition, it is easy to see that B, (%) — Bnr(vg) =

op (1) . Using these two results and part (ii), we have

P {\/ﬁ(énT — ) < 19}
- P{\/rTT(énT o) < 9,4 € r?} +P{\/rTT(énT ) < 0,4 ¢ r?}
= P{VaT [bur — 6] — Big [VaT (87— bur)| <0, 4 €T} +0(1)
= P [Aur(30) = VW/T [Bur () = Bur ()] < ¥, 5 € T +0(1)
= P[Aur(y) <9,9€TT]+0(1)
= P[Aur(v) <9 =P [Anr(yp) < 0,5 ¢ I¥] +0(1)
= PlAur(vo) < 9] +o(1) -5 N[0, (vo)]. (A.26)

Because of (A.25)) and that the o(1) terms in the above equation hold uniformly over v, € T'§,
/

Py (ENVNT (Ot — 00)//Q(g)c<T) = ®(T)| =0(1). m

we have for 7 € R, Sup, cpe
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Proof of Theorem We first consider the k-step ‘estimator’ for the original sample:

-1

Ak =h1 = [H (=13 2)] S (I5-132) (A.27)
where Z = {Zy,t =1,..., T},

n I 2(0, s Ziy)

Hp-1:2) = — ZZ S (A.28)
i=1 t=1 a 8(0/ ) 0=ék71,ai:di,k—l
n T

. 1 ol (0 041, it
S (f}/k—h Z) - TLT ; ; 8 ) i . (A29)
k—1,0i=Q; 1

and 4y = 7. While the k-step estimator is feasible for the bootstrap sample, the above k-step
estimator for the original sample is not feasible, as we do not know the true value ,. Nevertheless,

we want to show that there exists a constant K > 0 such that

k=1 . R
sup P, (T2 |5 =41l > K) =0 (1/T).
Yo€TY

That is, had we known the true value v, the infeasible k-step estimator 4, would be very close
to the MLE 4 when k is large enough. This result will be used in establishing the convergence
property of the k-step estimator in the bootstrap world.

Using a Taylor expansion and the first order condition S (¥; Z) = 0, we have

A== Ano1 — [HBr-1:2)] 7' S (Fr—1: 2) — 4
= HEe: 2)] S (35 2) =S (h—1: Z) — H(3i1: 2) (3 = A4r)] (A.30)

=5 [’H(’?k—ﬁz)]_lé (@L_l;Z>

—_

/
where fyz_l lies between 4 and 4;_q, & (@L_l; Z) = (fl, RV S ,fdw> is a vector with the

u-th element:
&u=6 (M 052) = (Guor —3) P, (G5 2) (Bor =)

and

iz - ] E”:i PUv; Zu) _ [ Mooy, (1:2)  Hoay, (73 Z) (A31)
Yu\ 75 T = ‘ '
nl e~ 0y, 9 Haor, (1:Z) Haary, (7 Z)
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Now

~

u (“7;2_1; Z) H < H2 <9k—1 — 9nT>,H90'yu (’?2_1; Z) (ék—l - énT)

+|[2 Gy — 6) Haan, (ﬂ_l; Z) (Gt — a)H

ot 2
<t )]

2 [ 1 &
+ H Z; T Z Hociozi'yu (&2_1; Zzt)
1=

t=1

[

(Qip1 — ay)?

)

where ||-|| is the Euclidean norm, that is, for a symmetric matrix A, |A|? = trace(AA’). So

‘2 + Copts (A.32)

5 = A1 < Cor || Onmr = bur

where

i

d-
Coimr = || [ Gae; 27| 2 [ o 515 2)
u=1

d~ n T
. -1 1 . . .
Coer = || [P G 2)) 7 |32 = D2 D Havarn, (34 Zie) (isr — @0
u=1 i=1 t=1
For k =1, we have for any K > 0,

Py (T3k =4l = K)

~ ~ 2
< Py <TC9,k—1 Hgszl — Onr ‘ +TChp—1 2 K)
~ N 2
< P, <T(9’k1 H‘g"“—l By ‘ > 0.5K> + Py, (TCo sy > 05K)
~ ~ 2
< P, <T Hak_l — O ‘ > 0.5K> + P, (gak_l > \/O.5K) + Py (TCopy > 0.5K) .

By Lemma [A.1} it is not hard to show that sup, cpe Py, (Cg,kq 2 \/0.5K) = 0(1/T) for a large

enough K. Similarly, using the expansions in Theorem [2] and Lemma we can show that
Sup, cre Py, (T¢4p1 = 0.5K) = o(1/T) for a large enough K. Therefore

sup Py (T[4, =4l = K) < sup P, (T Hék,l — Oy

"> m) T o(1/T) = o(1/T)

42



o 2 ~
using Sup, cre Py, <T H90 —Onr ) > 0.5K> =0(1/T) and 0)_1 = 0y for k = 1.

Using the same steps, we can show that the above holds for k£ > 2. Hence

k_ A A
sup Py, (T2 |44 (20) =4 (o) | > K) = o(1/T) for all k> 1 (A.33)
Yo€T]

where we have written 4, = 9, (7¢) and 4 = 4 (7,) to emphasize their dependence on the true
parameter .

Letting

Jut (0) = VT [Bur (v0) = 60|+ Ju (0) = Aut (30) + V/n/T Bur (0)

and invoking Lemma we have, for k > 2 :

sup HE’YOQM {\/ﬁ (énT,k (7o) — 90)} —\/n/TBur (70)” =o(1).

Yo€TY

Combining this with Theorem [3(ii) yields

sup HEVOQM [\/ﬁ <9nT,k' (7o) — 90)} —Ey9m [\/Tﬁ (9nT - 90)] H = o(1) (A.34)

Yo€TY

for k > 2.

Define A7 (7v9) = HE%gM [vnT (‘%Tk (7o) — HOH — By 90 [\/nT (9nT — 90)} H . Then for
k> 2, SUp, cre | Ant (70)| = 0 (1) . It follows from Lemma that when k > 2,

5 (o [V (s~ )] o [T (B )]} =

uniformly over v, € T'§. m

Proof of Theorem In view of Theorem we have v/ nT(énT,k —6y) =Vn (énT — 90> +
op (1) . The theorem follows from Theorem [3{iii). m

Lemma A.5 Let the assumptions in Theorem[3 hold. Then for anyn >0 and k > 1

sup P, (max |&i — cvio| > 77) = o(1).
Yol '
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Proof of Lemma [A.5l Note that
. . 1 . .
max |Gk — o] < max | — aol + max ﬁEifng (ﬁ(afk — ai)> )
Using Theorem [I] we have

sup Py (max | i, — cio| > 77)
7
’Yoeri@

= sup P,

1 1
—= maxBigy (VT (& — &) =),
JoeT? {ﬁ mpx g (VI (6 = &) >"}+O(T)

Let A\pr (70) = max; By gn (ﬁ (Q — )) /T, then for a large enough K, we have,

1 . . .
sup A\ (79) = Tmax sup B, gn (ﬁ(aik—ai)> 1{Tmax(|alk &il) > }
Y0€rY T Y0€rY ‘
1
+—=max sup E, gu (\/T(éxm - &Z)) {Tmax(|ozzk — &) < K}
\/T g ’Yoél—‘i@

M
—=max sup P, {Tmax(|dz~k — &) > K} +
7

VT i Yo€l®
() ) ()

where we have used (|A.33)). Invoking Lemma with a,7 = 1, we obtain

LK
VT VT

IN

1
sup P. { max E* gy, (\/T(&fk - é@) > 77} =o(1).
Yo€TY ’YO \/T ‘

As a result, sup, cre Py, (max; |&r — o] >1n) =o0(1). m

Proof of Theorem |§|. Part (i). Under the assumptions on A(w, Zi,;), we can use the same

argument for proving Lemma to obtain

8m1+m2A (w, Zzt, V)

1 X
sup Py, (sup Z

YoEIY t—1

> K) - 0(%) (A.35)

171 71 TQ

for some large enough constant K.
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i=1 t=1 =1 t=1
T n T ~
o7 - tzl Aas (W, Zig, vio) (i — aig)® + o (1).

Using Theorem [2], we have

n

T

1 & Ev
-0
- [nTzzA%wzmef

(2

n n 1

T nT
1
nT

1=

Lt
TnT

and

T
Z Ao, (w, Zit, vip) (i — cvig)
t=1

n T

\/ﬁT i=1 t=1

1t=1

n T
Z Ag; (0, Zit, 7i0) Ei (7o) +0 (1)
=1 t=1
T _ n T
Ev;.9 n 1 1
Ay, Z ! A —— —

Z Z Aai (w7 Zita WzO)Ez (’yo) + OI(’J (1) :

=1 t=1

T
oSS My, Ziu o) VT (B — o)

1
T
1 , ~
E A(,(w, Zita 720)

45

/ n T
VAT (b~ 00) + Y057 5™ A, Zi ) (6 - v)

T
L Z Z Aq, (w, Zit, %0)@

\/TEﬁi-ai

it T
Aai (w7 Z’it7 Vz[])
E’Ui.ai tzl vit

[AnT (7o) + \/?BnT (’Yo)} + Og (1).



So
VnT [ju(w) — p(w)) = Al (7o) + \/?BﬁT (7o) + €pr

J(|ebr| > 6) = o(1/T) for any & > 0. This holds because

) = 0o(1/T) and () As

n,T — oo such that n/T — p € (0,00), AL (7o) 4, N[0, Q" (70)] uniformly in the sense of
N d

A.25) and Bjiy (o) = B¥ (v9) + 0 (1) . Hence vnT [ju(w) — u(w)] = N [\/pB* (v0) , 2 (70)]

: ®
uniformly over vy € I'{.

,_L . .
for some e satisfying Sup, cpe P.

Sup, cre on(’esz‘ > 0) = o(1/T), Sup, cre P, (max; |ezlf

Part (ii). Using the same argument for proving Theorem [3[(ii), we can show

. n
sup B gar VAT ((w) = p(w)| = | ZBliz (10)| = 0 (1). (A.37)
Y0¥
This, combined with Lemma implies that
N N n RN
sup P, ([B0ae [VAT (i) = )] = \[ 285 )| 26) =01
7oLy
where
1 n T 1 n T
BiG () = B3 Apw, Zi50)Bir (1) + —= >0 DB A (w, Z3 50 Ef (3)]
i=1 t=1 i=1 t=1
1 n ~ 1 n T ~
niT Z Aai(wa Z;;fv Ai)w;s (’%) + 7T ZEZ;ACH&Z' (w7 Z;;f’ A’L)DZQ (’3/) .

1

I
—

1

-
Il

7 t,s

.
Il

Since the DGP’s for the original sample and the bootstrap sample differ only in terms of parameter

values, we have B!'7. (§) = B! (9) . As aresult, BY7. (9) = B!y (7o) —|—opU (1) . Using this, we have

VAT [ji(w) — plw)] = VAT [js(w) — p(w)] ~ Bgar [VaT (5" (w) — ()

= A0+ 2B ) R B () oy ()

= Ay (30) +0p (1) =5 N [0,9" (7)) (A.38)

uniformly in that the underlying probability error converges to zero uniformly over v, € Fg@ .
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Part (iii). It suffices to show that

sup_ Py, {‘E%?QM [\/ﬁ (@ (w) — ﬂ(’w))} —EZgm [\/ﬁ (i (w) — ,&(w))} ’ > 5} =o(1),
'YOGFO
for k > 2. In view of Lemma this holds if

sup_[Boygnr [VT (aw) = ju(w))] = Boygnr [VT (i fw) - pw))] | =0 1) (439)

Yo€TY

for k > 2, where i, (w) = 2371 Zle A(w, Zit,A;,) and 4, is the k-step estimator of y, defined
in (A.27). Noting that for some ¥; between 4, and 4, ;,

n T

VAT () — () — VT () — () = —= 33 [y, Zie 3)VAT (3~ 43)]

nT 4
=1 t=1
(A.40)

we have, for any 6 > 0 and a large enough K > 0 :

sup Py, (|VaT (js(w) = p(w)) = VT (e (w) = pa(w))| = 6)

7061—‘?
1 n T ~
< sup P ( T Z A (w, Zio, 3)VRT (75 — Yin) | = 6, [|T% (33 — A || < K)
Y€y i=1 t=1
+ sup Py ([|7% (% = Ain) || > K)
"Voer(l8
1 & . VnTK 1 1
= sup P’YO (TZZHA'Y(’UJ,ZM,’?J 7;_,72 >6> +O<T> :O<T>
YoErY et

for k > 2. Given this, (A.39) follows from the same argument for proving (A.34). m

Proof of Theorem Part (i). We first introduce the notations I'y jp = int {7, € I' : ||v; — T'o|| < v/2}

and F?ﬂ = {’y = (9’, at,. .., an)l : (9’, ozz-)/ S F1/2} . Let ®[-;Q] be the CDF of the multivariate

normal distribution with variance matrix 2. Define
Mt (70) = sup | Prg [VnT (B — ) < 9] =2 1; Qo)

It is not hard to show that SUP erg, |IAnt (70)] = 0 (1) and hence SUp,, cre Py (M ()] =2 6/2) =
1/2
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o (1) by an argument similar to Lemma But

. . 0
sup P’Yo <|AnT (7)| > 2>

Yo€TE
o . . )
= sup P, {sup ‘P,;‘ [VnT(QnTyk —Our) < 19} - [19,9(7)]‘ > 2}
Y0€ly v
. ~x 5 )
= sw P, {sgp | P2 [VAT B~ bur) < 9] = @9, Q70| 2 2} +0(1)
Yo€Tl'g

and so

sup P, {s%p ‘P; [\/ﬁ(é:ﬂwk —Ou1) < 19} - [19,(2(70)]’ > g} =o(1).

Yo€TE

Combining this with

sup P, {s%p ‘on {\/ﬁ(énmg —0p) < 19} - [19,(2(70)]‘ > g} = o(1),

Yo€Ty

we obtain part ().

Part (ii). We use the same argument as in Part (i). We redefine A,z (7¢) to be
Ant (Y0) = Sup ‘on [V nT (On ek — 00) < ’19} - @[ Q(Vo)]‘ :

Note that v/ nT(énT,kk—Go) =+/n <9nTk - 00> —EffykgM [\/ nT (9ZT,§,f — @nTkH . Using exactly
the same argument that leads to Theorem ii), we have

B gm [\/ﬁ (9;@% - énT,k)} —\/n/TBur (%)} =0p (1)

48



uniformly over v, € F‘f’/? Using this and lb we have for k > 2

sup [Py, \/TlT(énT’kk —6y) < 19] — P [0 Q(fyo)]‘

'YOGF?/Q )

= swp | Py, [VaT (B — 00) = Vi TBur (3) < 0] = @ [9:9(30)]| + o(1)
’YOEF?/Q )

= sup |y, [Vl (Bur — 60) = /n/TBur () < 9] = @[3 2(30)]| + o(1)
70€F(1®/2 )

= sup |P,, |vVnT(0 O, — 00) — V/n/TBur (¥ ] D [; Q(’yo)]‘ +0(1)
7061—‘?/2 )

= o(1).

Combining this with Poyla’s lemma, we have sup, er?, |AnT (70)| = 0(1). It then follows from
1/2
an argument similar to Lemma that SUp, cre Py, (IAnr (7)) = 6/2) = 0(1). The rest of the

proof is the same as that in the proof of Part (i) and is omitted here. m

Proof of Equation (44)). It follows from Theorem [7] (i) that

sup P, {sup‘P [\/70( Wk — 0,7) > T] - P, [\/ﬁcl(én']‘,k —6y) > 7'” > 5} =o(1).

70€lF

So

sup Py {’P; [\/ﬁcl(é:ﬁ,k —Opr) > QC,lfa] - P, [\/ﬁcl(énT,k —0g) > QC,lfa} ‘ > 5} = o(1).

’)’oerg9

By definition P,iy" [ nTc'(é:;Tvk — 9nT) > qal,a] = «. As a result,

sup P, {‘P% [\/ﬁc’(énﬂk — ) > qc71_a} — a‘ > (5} = o(1).

YoETY

Since ‘P% [ nTc’(énT’k —6y) > qc,l_a] — a‘ is deterministic, we must have

sup ‘P% {v nTc'(énT’k —6y) > qc,l,a} - oz‘ =o(1).
’YOGF?
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Notes

'For issues on high order efficiency of bias correction, see Hahn, Kuersteiner and Newey (2004).

20ne exception is Pace and Salvan (2006). They suggest a bootstrap bias corrected estimator
when there are nuisance parameters. Their algorithm is different from ours. While we estimate
the asymptotic bias of the fixed effects estimator directly by bootstrap, they use the bootstrap
procedure to adjust the profile likelihood function from which they obtain their bias corrected
estimator.

3For notational simplicity, we have implicitly assumed that the parameter spaces for ;’s are
the same across i. When (6, q;) is regarded as a vector, it is understood to be (¢',a})". For
notational economy, we sometimes omit the transpose notation if confusion is unlikely.

4The expectation in may not exist because it depends on &;(#), an estimator that may
not have enough moments. For the purpose of exposition, we assume that it exists for now. We
later explicitly address this issue using a truncation argument.

The Hessian matrix we used is called the observed Hessian. We note that some terms in
92 log (0,052},
a0 o) 80 ')
expected Hessian. Our asymptotic results remain valid for the expected Hessian, as the dropped

have zero expectation. Dropping these terms in equation , we obtain the

terms are of smaller order.
6Strictly speaking, we should define lim,,_ o % o1 Aw, g, ap) as the population parame-
ter of interest, but the difference between the finite sample version and the limiting version is

asymptotically negligible.
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