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A.1 Technical Lemmas and Supplements

Lemma 1 Define
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and its moments a, = E (Zp — pp)" satisfy
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Proof of Lemma 1. To find the cumulants of = — up, we write

1 1
:b:/o /0 ky (1, s)dW (r)dW (s), (A.3)

where kj (7, s) is defined by

ki(r,s) = ky(r —s) — /1 ky(r —t)dt — /1 ky(T — s)dT + /01 /01 ky(t — 7)dtdr.
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It can be shown that the cumulant generating function of = — py, is
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where k1 = 0 and for m > 2
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'We thank Maarten van Kampen for pointing out a calculation error and a typo in the third order
expansion on pages 13-15 after the paper was published.
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As a result
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Note that the moments {«;} and cumulants {x;} satisfy the following relationship:

am = Z ( m! ! Hlﬁ)j, (A.12)
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where the sum is taken over the elements

T={J1,"J1, 02, " J2,  Jes- " Je (A.13)
——
m1 times mo times my times

for some integer ¢, sequence {ji}le such that j; > jo > --- > jpand m = Zle m;Jj;.
Combining the preceding formula with (A.11) gives
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where the last line follows because
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Lemma 2 Let Assumptions 2 and 3 hold. When T — oo for a fized b, we have:

(a) 1
por = iy + O <T> ; (A.16)
(b) -
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uniformly over m > 1;
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uniformly over m > 1.

Proof of Lemma 2. We first calculate pp;r = (Tw%)flTrace(QTATWbAT). Let Wy =
ArWyAr, then the (4, j)-th element of W} is
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But
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where C(h1) is a function of hy satisfying |C(h1)| < h;. Similarly,
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By definition, u, = EZ, = fol kp(r,r)dr and thus puyr = py + O (Tﬁl) as desired.

We next approximate Trace [(QrArWyAr)™] for m > 1. The approach is similar to
the case m = 1 but notationally more complicated. Let rop4+1 = 71, Tomi2 = 12, and
hm+1 = hl. Then

Trace [(QTAT WbAT)m]
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Here we have used
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and
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so that
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The first term (I) can be written as
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where Zh”% is one of the three choices Zhjzl_T Zr2j:1, = 21 Dy, =T—h;+1>

- Zgjzl_T > s };]:1 and ). is the summation over all possible combinations of
(Zhl o Db r2m> . The 3™ summands in (A.34) can be divided into two groups with

the first group consisting of the summands all of whose r indices run from 1 to T" and the
second group consisting of the rest. It is obvious that the first group can be written as

m

S 1) S (6 (3. 52)
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The dominating terms (in terms of the order of magnitude) in the second group are of
the forms
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These are the summands with only one r index not running from 1 to 7. Both of the
above terms are bounded by
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using the same approach as in (A.8). Approximating the sum by an integral and noting
that the second group contains (m — 1) terms, all of which are of the same order of
magnitude as the above typical dominating terms, we conclude that the second group is

of order O [2me*2 (c*l‘b)m_ﬂ uniformly over m. As a consequence,
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uniformly over m.
The second term (II) is easily shown to be of order o (Qme_2 (cfb)m_2> uniformly

over m. Therefore
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T

and

Fom,r = 2" (m — DIT™™ (w3) " Trace [(Qr Ar Wy Ar)™]
— 9m—1 —_ 1) -m (T2 T2j+2 2—m 1p)m 2
2 (m 1){T gkb(,—z—m T >+O|:T2 (clb)
m—1 | M ! * 2m £p)ym—2
=2 Ym—1)15 [ ] i ky (7, Tj1)dTjdTien + O | 7oy (c1D)
j=1

ml2™
_ fim—kO{p(clb) 2}, (A.37)

uniformly over m.
Finally, we consider a;, r. Note that a; 7 = E(sr — pyr) = 0 and
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where the summation ) is defined in (A.12). Combining the preceding formula with
part (b) gives
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uniformly over m, where the last line follows because ) 1 < AL |
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Lemma 3 Let Assumptions 2 and 3 hold. If b — 0 and T' — oo such that bT' — oo, then:
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Proof of Lemma 3. We have proved (A.40) in the proof of Lemma 2 as equation (A.26)
holds for both fixed b and decreasing b. It remains to consider &, r for m = 2, 3, and 4.

We first consider ko7 = 272 (w;l)Trace [(QTATWI,AT)ﬂ . As a first step, we have
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We now consider each term in turn. Using equation (A.33), we have
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Following the same procedure, we can show that
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As a consequence,
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and
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:2/01 /01 (k5 (r, s))erds(1+o(1))+o<;,>.

The proof for k,, r for m = 3 and 4 is essentially the same except that we use Lemma 1
to obtain the first term O(b™~1). The details are omitted. m

A.2 Proofs of the Main Results

Proof of Theorem 1. Using the independence between W (1) and =, we have
Fy(z) = P{‘(W( )+ 0)=, 1/2] z} = B{Gs(z*Z)} . (A.52)
Taking a fourth-order Taylor expansion of Gg(22Z;) around juyz? yields
Cal=Z1) = Calm) + 5 (CR=)) (B — )
+ é (@ 2)20) @~ m) + 57 (CPA) @ - w), (A5

where [ip lies on the line segment between p;, and Zp. Taking expectation on both sides of
the equation and using the fact that ‘G((;L) ([Lbz2)28‘ < C for some constant C', we have
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as b — 0, where the O () term holds uniformly over z € R*.
In view of Lemma 1, we have

ol = O(°), osg] < Jaal** = O(”/*) = o(0?).
As a consequence,
Fy(z) = P{((W( )+ 6)=, 1/2( <z}
= Gs(up?®) + 3 (Gg(,ubz2)z4) as + o(b?),

uniformly over z € z € RT where

1 1 1
up = EZp = / ky(r,r)dr =1 — / / ky(r — s)drds,
0 o Jo

2—2<//k:br—s)drd5)2+2//k‘b (r —s)drds
—4///1%7«— Yo (r — q)drdpd.

We proceed to develop an asymptotic expansion of p, and ag as b — 0. Let

/_ " k(@) exp(—idz)da, Ky () = — / k() exp(—idz)da,

and

1

K1 ()\>:g

2T

/ K1 (\) exp(idz)d), k(z / Ka (A) exp(iAz)dA.

For the integral that appears in both u; and ag, we have
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_ /ZKl \) (i <<1 — cos <2>>2 + <sin <2>>2>> dA
_b/ K1 (A (Sm;%ycm

© Ky (N =K1 (0) /. A\?
= 27bIC1(0) + 4b / 2 sin o A,

—00
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where the last equality holds because

o /3 -2 by 2 oo
/ <2b> <sm 2b> d\ = 2/ 2 sin? xdr = 2r. (A.62)

/_Z K1 (/\));/Cl (0) <s1n2/\b>2d)\

:/:mu);/cl(m <<Sin2);7>2 ;) e 2/_00’@“);2’@(0)&
(B (o [ 0
_ ;/_o; (’Cl (M;Q’Cl (0)> X+ o(1) (A.63)

Now,

as b — 0, where we have used the Riemann-Lebesgue lemma. In view of the symmetry of
k(z), K1 (X\) =5 [ k(z) cos(Az)dz, and, therefore, (A.61) and (A.63) lead to

1 1
/ / ky(r — s)drds
o Jo

= 27bK1 (0) 4 20 /OO (’Cl (A)A_Q’Cl (0)> dA

= 271 (0) + b2 / / )= Ax cosAT =14
— 2mba (0) — b2/ k(z) o] da
= bey + bPez + 0(b2_)o.<> (A.64)
Similarly,
/1 /1 k2 (r — s)drds = bey + bPeq + o(b?). (A.65)
Next, n

/01 ky(r — s)ds

=5 [ [ fenP ) s ep- R dan
_Z/C(A) /0 cos <A(rb_ S)) dsd (A.66)
K

S
[ (o (5 2) () )
_b/

h K (xb) é ({sin (z(r — 1)) — sin (zr)}) dz,
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SO

/ 1 / 1 / o(r — p(r — q)drdpdg

»? /01 U_Z/c (ab) é ({sin (z(r — 1)) — sin (z1)}) d:p} " ir

= b2K2 (0) /01 </Z %sin(m(r —1))dx — /Z isin(azr)dx)Zdr
— B2K2 (0) /01 (/_Z Wd(m(r 1) - /_o; %sin (zr) d:m")er

= b2K2 (0) /01 <2 /oo 1 sin (y) dy>2 dr = b (A.67)
Combining (A.64), (A.65), and (A.67) yields
=1 — bey — b2es + o(b?), (A.68)
and
g = 2bcy + b(2c4 — 2¢3) + o(b?). (A.69)
Now

Fiy(2) = Gams) + 5 (Gh(m=)2*) oz + of1)
(

+
= Gs(2%) — G5(2%)2%be; — G5(2%)22b%cs + %Gg’(zQ)zAc%bZ

- G(22) 2 bes + %Gg(z2)24b2(204 92
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= G5(2%) + [c2G5 (22" — e1G(2%)2%] b (A.70)
- <G'5(z2)2203 - 5c;g(z2)z4(2c4 — ) + G§'(2)z clcQ> b* + o(b?)

uniformly over z € R, where the uniformity holds because |G§(2%)z%| < C, |G4(2%)z*| <
C and ‘Gg’(z2)26‘ < C for some constant C. This completes the proof of the theorem. m
Proof of Corollary 2. Using a power series expansion, we have

Fo(zap) = D(zi,b) + [C2D/,<Zi,b)z§,b - ClD/(zi,b)Zi,b] b

1
- (PeEnie- §D"<z§,b>zi,b<2c4 — )+ DR )atacrca ) 1 o ()

= D)+ D'(2) (g~ 22) + 5 D"(22) (20— 22)
+ [eaD"(22)z5 — c1D'(22)22] b
+ [eaD"(22)24 + 20 D" (22)22 — 1 D" (2)2% — enD'(2)] (22 — 22) b

- (D'(zi)zic;g — §D"(z )22 (2c4 — ¢3) + D" (22)28 6162> v’ +o(b?), (A.T1)
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)2
2)] b

i.e.
) + D” 22) (z b=
Zgz,b — Ra

)

D’(ZZ) (zi b~ Z
+ [e2D" (= )22 — ch' zi] b
[c D"’( )z +202D”( )zz c D”( )22 —ch( )] [(
1
<D’( 2V22e3 — D"(z )22 (2¢4 — 3) + D" (2 )260162> b2 + o(b?) = (A.72)
Let
220 = 22 4 kb + kob® + o(b?) (A.73)
then
[aD"(22)24 — e1D'(22)22] b+ D' (22)k1b
1
— <D/(zi)z303 — fD"(zi)zé(ch; — )+ D"(z )260102) b?
+ [caD"'(22)z + 2coD" (22)22 — c1 D" (22)22 — 1 D' (22)] kq b® (A.74)
1
+ 5D”(zg)kzzﬂ + D'(22)kab® + 0(b%) = 0
This implies that
_ 1 "ne 2N 4 /02N 2
kl - D/(Zg[) [CQ'D (Za)za ClD (Za)za]a (A75)
and
ky = —ﬁ [— (D’(zQ)z c3 — 1D"(z V22 (2¢4 — cl) D"(22)28¢c1co
+ (D" (22) 24 + 2¢o D" (22)22 — c1D"(22)22 — e1 D' (22)) kv (A.76)
LD (2)K2]
Now
—1/2¢=2/2 1 1 3 1
D(z)= 2 D'2) = ——— (—V22e 2% — 23/2¢ 2" ATT
(2) r(1/2)\/§’ ()= 1= (-v2me s~ 5 vaew), (A77)
D"(z) = - <3Z\fe 2% 4+ 2:.2y/2e72% 4 2322 > (A.78)
Sﬁzi
and thus ":2) (a2
D" (% 1 3 z 4
D/(z2) = B (—2Z — 2Z ) y D/(ZZ) = @ (22 + 27+ 3) (A79)
Hence . )
k1= <01 + 202) zi + 502%, (A.80)
and
1, 3 3
- — A 81
ko (261+26162+1602+03+2 > ( 8)
1 1
ek (1) - ()4

15 3
+ (— 61 + clcz +
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as desired.
It follows from Zib = 22 + k1b + kab? + o(b?) that

1kib+ kob® 1 k302 9
zab:za<1+2 2 T8 A + o(b%)
_ 1k Thky 1KY\ 5
_Za+2zab+(2za 823 b° + o(b%)
= 2o + k3b + kgb® + o(0?) (A.82)
where . ) .
3
== = ot = A.
k3 5 [(Cl + 262) Zo + 2C22a:| (A.83)
and
ky = L + : +§ +f +— !
1=t gt gantgatga)
1 1 5 7 1 1
+ (—40% + 16 + gc1e2 + 5= 352 > Zg + 8022 - 320327 (A.84)
|

Proof of Corollary 3. For notational convenience, let

P2 = (e+2) 2+ () =4 (A.85)

and then zib =22 4+ p(22)b+ o(b). We have

2
=1- Gy (22 +pW (2 —{caGs’ (22 +pW(200) [22 + pM(=2)] }b

+ 1 {Gf; (zi + p(l)(zi)b> (zi + p(l)(zi)b> } b+ o(b)
(

— 1 G5(22) — G52 (2)b — [eaG(22) 2k — e1Gy(22)22] b+ ()
= 1-Go(22) = G(zd) [(er + 5) 22+ (5) #4] b = [e2G5(22)28 — e1G(22)22] b+ o(b)
« o\ *a 2 « 92 « 5\Ra)?a
C2 Cc2
— 1 Gs(2) — Gi(22) [(cl + 5) 24 (5> zg] b— [caGU(22)24 — e1G(22)22] b + o(b)
= 1-Gs(2) — (S Gh(2)2h + eGi(2)2h + SG(z2)22 ) b+ o(b)
1 1
=1—Gs(22) — ¢ <2Gg(z§)zé + G(22) 25 + 2G3(22)23> b+ o(b). (A.86)
Note that ‘ )
o0 2 /9\J j—5 p—2/2
, (0°/2)" _sopp P 2e77
_ , A.
G(2) jzo [T L(j 4 1/2)20+1/2 (A-87)
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and

= (62/2) j—% —z/2 j—1 _
g(z)zz< /)6_52/2 (G- 1>1 27 2e _} ‘z e |
=0 J! 2°2T(j+1/2)2 92j+1/2 2F(_7+1/2)2J+1/2
= <—1 — 1) Gs5(2) + 3 (52/2)] o—0%/2 Zj_l/?e—f/2 j
22 2 =0 7! [(j+1/2)20+1/2 2
1_, 1
= —5Gs(:) | S +1) + K5 (2),
so that
,G/( )z + GY(z )z + Ga( )z —z4K5( )
and

1 — EGs(2)35) =1 — Gs(22) — cazaKs (22) b+ o(b),
completing the proof of the corollary. m
Proof of Theorem 4. It follows from Lemma 3 that when b — 0,
agp = Ko = 2bea(1+0(1)) + O (T71),

azr = k3 =00 +0 (T71),
Q4 = KT + 3!63711 =0 +0 (T,

and

por = o — (bT)~ ( 2 Z A7 ~( ) (1+o(1))+0(T7),

h=—o0

Thus, as b — 0

Frs(z {‘\/T (5 50) /Wb‘ < Z} =E{Gs(z"wr)} +0 (T

1
= Gs(myrz®) + §G5 (v 2 )24062,7’ + o(b)

1
= Gs(ur2?) + gGg(/JJbTZQ)Zél (2bc2) + o(b) + O (T_l)

= Gs(m2?) + G5 (mp2)2 (ot — ) + bea Gy (pz?) 2"
+o(b) + O (Tﬁl) ,

uniformly over z € R, using (A.91) and (A.92). But

Gs(mp2?) = G5(2) + G5(2%)2% (1p — 1) + o(b)
= G5(2%) — be1 G5 (2%) 22 + o(b),

16

)

(A.88)

(A.89)

(A.90)

(A.91)

(A.92)

(A.93)

(A.94)



uniformly over z € RT, and
Gg(ﬂbzz)ZQ (1T — p)

= (G5(z*) + O (b)) 2* {—gq (w;Q Z h\‘W(h)) (bT)"9(1 4+ 0(1)) + O (Tl)}

h=—00

(wT2 Z |R|7~( ) 5(zH)22(bT) 91+ 0(1)) +0(b) + O (T7),  (A.95)

h=—o00

uniformly over z € R™. So

Prs(z) = Gs(22) + (2G4 (mpz?)2* — e1G5(2%)2%) b — ggdgrG5(22)2*(bT) ™4
+o(b+ (bT)" ")+ 0O (T71), (A.96)

uniformly over z € R", as desired. m

Proof of Corollary 5. Part (a) Using Theorem 4, we have, as b+ 1/T +1/(bT") — 0

Fro(zap) = D(23,) + [caD" (22 )70 — 1 D' (23 4) 25 4] b
— gqdqrD' (2% )22 ,(bT) "1+ O (T71) + 0 (b+ (bT) ")
= Fo(2a) = 9gdqr D' (25 4) 20 ,(0T) "2+ O (T1) + 0 (b+ (bT)9)  (A.97)
=1 —a—ggdgrD'(22)25(bT) "+ O (T7") + 0 (b+ (bT)7%).

So
1— FT,O<za,b) — = quqTD,<Z§)ZC2¥(bT)7q + O (Tﬁl) +o (b + (bT)iq) . (A98>

Part (b) Plugging 2?2, into

Prs(2) = G5(2°) + [02G (m2?) 2" — e1G5(2%)2%] b
— 9gdqrGs(2*) 2 (bT) ™1 + 0 {b+ (bT) "} + O (T") (A.99)

yields

=1-Gs(2h,) = [2G5(22 )20 — c1G5(2% ) 20,0] b

+ 9qdqrGs(22 )22 ,(bT) 1+ O (T71) + 0 (b + (bT)79) (A.100)
=1—Gs(22) — coza K5 (22) b

+ 9gdgrG5(22)22(bT) 1+ O (T1) + 0 (b+ (bT)79),

where the last equality follows as in the proof of Corollary 3. m
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Proof of Theorem 6. First, since D(-) is a bounded function, we have

{’W )= 1/2‘ <z}— lim ED(:*Z,)1{Z, — | < B}

o
— Jim B = pm (162%) (Ep — o)™ 2™ 1{|Zp — | < B}
B—oo m!
m=1

|
_ 1 E : = plm) 2 2mq (1=, _
= Bh_rgo 1 m!D (ubz )amz 1 {‘Hb ,ub| < B} , (A.l()l)

m=

where the last line follows because the infinite sum >~ é,D( ) (up2?) o 2™ converges
uniformly to D(22Z,) when |Zj, — up| < B. Uniformity holds because D(-) is infinitely
differentiable with bounded derivatives.

Since D(z%) decays exponentially as 2>

— 00, there exists a constant C such that

D™ (ubz2)zzm’ < C for all m. Using this and Lemma 1, we have

1
m!

—p™ (22 22™

m=1

<C Z — \am\ <C Z 22mm' (cip)y™ !

Y (Acih)™ < o0, (A.102)
m=1

provided that b < 1/(4¢}). As a consequence, the operation limp_,, can be moved inside
the summation sign in (A.101), giving

P{‘W(l)Eb_I/Q‘ < z} - i m!D“") (1p22) o 22™, (A.103)

when b < 1/(4c7}).
Frs(z —P{’\F(ﬁ 50) /wb‘S }
= E{Gs(2*0p jo7)} = E{Gs(z%ar)} +O (T, (A.104)

Second, it follows from

Prs(2) = P{|VT (8= Bo) /in| < 2} = E{Gs(z2r)} + O (T7Y),  (A.105)
ha
o P{|VT (8- o) /| < 2} = E{D(%ar)} +0 (T7). (A.106)
But
E{D(Z’r)} = Z %D(M) (bor2”) m, 2™, (A.107)
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where the right hand side converges to £ {D(z2§bT)} uniformly over 7" because

22mm) -
Om, T = O + O {,TQ (Cib>m 2} )

< C for some constant C, and thus

uniformly over m by Lemma 2, m (upr2?)z

g

(m)
(/’LbTZ )am Tz

<C Z ;o] + 75 Z 22 (¢b)™ 2 < o0,

m=1
when b < 1/(4c¢}). Therefore

o0

{‘\f (5 50) /Wb‘ < z} = %D(m) (s72>) e, 72*™ + O(%), (A.108)

m=1

uniformly over z € R*.
It follows from (A.103) and (A.108) that

|Frro(z) — Fo(2)]
(- ) - <o)

o o
(m) (m)
= D" (2 ot 122 — E — D" (2 amz®™| 4+ O(=) (A.109)

uniformly over z € R, where the second equality holds because

(m) (m) (m+1)
D (rz?) = D () + 0 (D (uy22)24/T)

uniformly over z € R and

o0
1 _(m+y)
Z WD (szz)am7Tz2m+2 < 0.

Therefore,

o0

T
1
T> , (A.110)
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uniformly over z € R' as desired. m
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