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Abstract

The paper considers studentized tests in time series regressions with nonparamet-
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tests provide more accurate approximations to the �nite sample distributions than the
standard small-b limit distribution. We further show that, for typical economic time
series, the optimal bandwidth that minimizes a weighted average of type I and type
II errors is larger by an order of magnitude than the bandwidth that minimizes the
asymptotic mean squared error of the corresponding long-run variance estimator. A
plug-in procedure for implementing this optimal bandwidth is suggested and simula-
tions (not reported here) con�rm that the new plug-in procedure works well in �nite
samples.
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1 Introduction

In time series regressions with autocorrelation of unknown form, the standard errors of
regression coe¢ cients are usually estimated nonparametrically by kernel-based methods
that involve some smoothing over the sample autocovariances. The underlying smoothing
parameter (b) may be de�ned as the ratio of the bandwidth to the sample size and is
an important tuning parameter that determines the size and power properties of the
associated test. It therefore seems sensible that the choice of b should take these properties
into account. However, in conventional approaches (e.g., Andrews (1991); Newey and
West (1987, 1994)) and most practical software, the parameter b is chosen to minimize
the asymptotic mean squared error (AMSE) of the long-run variance (LRV) estimator.
This approach follows what has long been standard practice in the context of spectral
estimation (Grenander and Rosenblatt (1957)) where the focus of attention is the spectrum
(or, in the present context, the LRV). Such a choice of the smoothing parameter is designed
to be optimal in the AMSE sense for the estimation of the relevant quantity (here, the
asymptotic standard error or LRV ), but is not necessarily best suited for hypothesis
testing.

In contrast to the above convention, the present paper develops a new approach to
choosing the smoothing parameter. We focus on two-sided tests and consider choosing b to
optimize a loss function that involves a weighted average of the type I and type II errors,
a criterion that addresses the central concerns of interest in hypothesis testing, balancing
possible size distortion against possible power loss in the use of di¤erent bandwidths. This
new approach to automatic bandwidth selection requires improved measurement of type
I and type II errors, which are provided here by means of asymptotic expansions of both
the �nite sample distribution of the test statistic and the nonstandard limit distribution.

We �rst examine the asymptotic properties of the statistical test under di¤erent choices
of b: Using a Gaussian location model, we show that the distribution of the conventionally
constructed t-statistic is closer to its limit distribution derived under the �xed-b asymp-
totics than that derived under the small-b asymptotics. More speci�cally, when b is �xed,
the error in the rejection probability (ERP) of the nonstandard t-test is of order O

�
T�1

�
while that of the standard normal test is O(1): The result is related to that of Jansson
(2004) who shows that the ERP of the nonstandard test based on the Bartlett kernel
with b = 1 is of order O(log T=T ). Our result strengthens and generalizes Jansson�s result
in two aspects. First, we show that the log (T ) factor can be dropped. Second, while
Jansson�s result applies only to the Bartlett kernel with b = 1, our result applies to more
general kernels with both b = 1 and b < 1: On the other hand, when b is decreasing
with the sample size, the ERP of the nonstandard t-test is smaller than that of the stan-
dard normal test, although they are of the same order of magnitude. As a consequence,
the nonstandard t-test has less size distortion than the standard normal test. Our an-
alytical �ndings here support earlier simulation results in Kiefer, Vogelsang and Bunzel
(2000, hereafter KVB), Kiefer and Vogelsang (2002a, 2002b, hereafter KV), Gonçalves
and Vogelsang (2005), and ourselves (Phillips, Sun and Jin (2006, 2007), hereafter PSJ).

The theoretical development is based on two high order asymptotic expansions. The
�rst is the expansion of the nonstandard limiting distribution around its limiting chi-
squared form. The second is the expansion of the �nite sample distribution of the t-
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statistic under conventional joint limits where the sample size T ! 1 and b ! 0 simul-
taneously. These higher order expansions enable us to develop improved approximations
to the type I and type II errors. For typical economic time series, the dominant term
in the type I error increases as b decreases while the dominant term in the type II error
decreases as b decreases. Since the desirable e¤ects on these two types of errors generally
work in opposing directions, there is an opportunity to trade o¤ these e¤ects. Accordingly,
we construct a loss function criterion by taking a weighted average of these two types of
errors and show how b may be selected in such a way as to minimize the loss.

Our approach gives an optimal b which generally has a shrinking rate of at most
b = O

�
T�q=(q+1)

�
and which can even be O (1) for certain loss functions, depending on

the weights that are chosen. Note that the optimal b that minimizes the asymptotic
mean squared error of the corresponding LRV estimator is of order O

�
T�2q=(2q+1)

�
(c.f.,

Andrews (1991)). Thus, optimal values of b for LRV estimation are smaller as T ! 1
than those which are most suited for statistical testing. The �xed b rule is obtained by
attaching substantially higher weight to the type I error in the construction of the loss
function. This theory therefore provides some insight into the type of loss function for
which there is a decision theoretic justi�cation for the use of �xed b rules in econometric
testing.

To implement the optimal bandwidth selection rule for two-sided tests in a location
model, users may proceed in the following steps:

1. Specify the null hypothesisH0 : � = �0 and an alternative hypothesisH1 : j� � �0j =
c0 > 0, where c0 may re�ect a value of scienti�c interest or economic signi�cance if
such a value is available. (In the absence of such a value, we recommend that the
user may set the default discrepancy parameter value � = 2 in (1) below).

2. Specify the signi�cance level � of the test and the associated two-sided standard
normal critical value z� satisfying �(z�) = 1� �=2:

3. Specify a weighted average loss function (see (45) below) capturing the relative
importance of the type I and II errors, and re�ecting the relative cost of false accep-
tance and false rejection. Normalize the weight for the type II error to be to unity
and let w be the weight for the type I error.

4. Estimate the model by OLS and construct the residuals ût:

5. Fit an AR(1) model to the estimated residuals and compute

d̂ =
2�̂

(1� �̂)2
; �̂2 =

1

T 2

TX
t=1

(ût � �̂ût�1)2 ;

� =
p
Tc0 (1� �̂) =�̂; (1)

where �̂ is the OLS estimator of the AR coe¢ cient. Set � = 2 as a default value if
the user is unsure about the alternative hypothesis.
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6. Specify the kernel function to be used in HAC standard error estimation. Among
the commonly-used positive de�nite kernels, we recommend a suitable second order
kernel (q = 2) such as the Parzen or quadratic spectral kernel.

7. Compute the automatic bandwidth:

b̂ =

8<:
�
qgd̂[wG00(z2�)�G0�(z2�)]

cz2�K�(z2�)

�1=3
T�2=3; d̂

�
wG00(z

2
�)�G0�(z2�)

�
> 0

(log T ) =T; d̂
�
wG00(z

2
�)�G0�(z2�)

�
� 0

(2)

where

g =

�
6:000; Parzen kernel
1:421; QS kernel

c =

�
0:539; Parzen kernel
1:000; QS kernel

(3)

G0� (�) is the cdf of a (non)central chi-squared variate with one degree of freedom
and noncentrality parameter �2; and K� (�) is de�ned in equation (26).

8. Compute the HAC standard error using bandwidth M̂ = b̂T and construct the usual
t-statistic tb̂:

9. Let z�;b̂ = z� + k3b̂ + k4b̂
2 where k3 and k4 are given in Table I. Reject the null

hypothesis if jtb̂j � z�;b̂.

The rest of the paper is organized as follows. Section 2 reviews the �rst order limit the-
ory for the t-test as T !1 with the parameter b �xed and as T !1 with b approaching
zero. Section 3 develops an asymptotic expansion of the nonstandard distribution under
the null and local alternative hypotheses as b! 0 about the usual central and noncentral
chi-squared distributions. Section 4 develops comparable expansions of the �nite sample
distribution of the statistic as T ! 1 and b ! 0 at the same time. Section 5 compares
the accuracy of the nonstandard approximation with that of the standard normal approx-
imation. Section 6 proposes a selection rule for b that is suitable for implementation in
semiparametric testing. The last section provides some concluding discussion. Proofs and
relevant technical results are available in Sun, Phillips and Jin (2006, hereafter SPJ).

2 Heteroskedasticity-Autocorrelation Robust Inference

Throughout the paper, we focus on inference about � in the location model:

yt = � + ut; t = 1; 2; :::; T; (4)

where ut is zero mean process with a nonparametric autocorrelation structure. The non-
standard limiting distribution in this section and its asymptotic expansion in Section 3
apply to general regression models under certain conditions on the regressors, see KV
(2002a, 2002b, 2005). On the other hand, the asymptotic expansion of the �nite sample
distribution in Section 4 applies only to the location model. Although the location model
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is of interest in its own right, this is a limitation of the paper and some possible extensions
are discussed in Section 7.

OLS estimation of � gives �̂ = �Y = 1
T

PT
t=1 yt; and the scaled and centred estimation

error is p
T (�̂ � �) = 1p

T
ST ; (5)

where St =
Pt
�=1 u� : Let û� = y� � �̂ be the demeaned time series and Ŝt =

Pt
�=1 û� be

the corresponding partial sum process.
The following condition is commonly used to facilitate the limit theory (e.g., KVB

and Jansson (2004)).

Assumption 1 S[Tr] satis�es the functional law

T�1=2S[Tr] ) !W (r); r 2 [0; 1] (6)

where !2 is the long-run variance of ut and W (r) is standard Brownian motion.

Under Assumption 1,

T�1=2Ŝ[Tr] ) !V (r); r 2 [0; 1] ; (7)

where V is a standard Brownian bridge process, and
p
T (�̂ � �)) !W (1) = N(0; !2); (8)

which provides the usual basis for robust testing about �: It is standard empirical practice
to estimate !2 using kernel-based nonparametric estimators that involve some smoothing
and possibly truncation of the autocovariances. When ut is stationary, the long-run
variance of ut is

!2 = 
0 + 2
1X
j=1


(j); (9)

where 
(j) = E(utut�j): Correspondingly, heteroskedasticity-autocorrelation consistent
(HAC) estimates of !2 typically have the form

!̂2(M) =

T�1X
j=�T+1

k(
j

M
)
̂(j); 
̂(j) =

(
1
T

PT�j
t=1 ût+j ût for j � 0

1
T

PT
t=�j+1 ût+j ût for j < 0

(10)

involving the sample covariances 
̂(j): In (10), k(�) is some kernel function and M is a
bandwidth parameter. Consistency of !̂2(M) requires M ! 1 and M=T ! 0 as T !1
(e.g. Andrews (1991), Newey and West (1987, 1994)).

To test the null H0 : � = �0 against H1 : � 6= �0; the standard approach relies on a
nonparametrically studentized t-ratio statistic of the form

t!̂(M) = T
1=2(�̂ � �0)=!̂(M); (11)
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which is asymptotically N(0; 1). Use of t!̂(M) is convenient empirically and therefore
widespread in practice, in spite of well-known problems of size distortion in inference.

To reduce size distortion, KVB and KV proposed the use of kernel-based estimators
of !2 in which M is set proportional to T; i.e. M = bT for some b 2 (0; 1]. In this case,
the estimator !̂2 becomes

!̂2b =
T�1X

j=�T+1
k

�
j

bT

�

̂(j); (12)

and the associated t statistic is given by

tb = T
1=2(�̂ � �0)=!̂b: (13)

When the parameter b is �xed as T ! 1; KV showed that under Assumption 1
!̂2b ) !2�b; where the limit �b is random and given by

�b =

Z 1

0

Z 1

0
kb(r � s)dV (r)dV (s); (14)

with kb (�) = k (�=b) and the tb-statistic has a nonstandard limit distribution. Under the
null hypothesis

tb )W (1)�
�1=2
b ; (15)

whereas under the local alternative H1 : � = �0 + cT�1=2;

tb ) (� +W (1)) �
�1=2
b ; (16)

where � = c=!: Thus, the tb-statistic has a nonstandard limit distribution arising from the
random limit of the LRV estimate !̂b when b is �xed as T !1: However, as b decreases,
the e¤ect of this randomness diminishes, and when b ! 0 the limit distributions under
the null and local alternative both approach those of conventional regression tests with
consistent LRV estimates. It is important to point out that in the nonstandard limit
distribution W (1) is independent �b: This is because W (1) is uncorrelated with V (r) for
any r 2 [0; 1] and both W (1) and V (r) are Gaussian.

In related work, the present authors (PSJ (2006, 2007)) propose using an estimator of
!2 of the form

!̂2� =

T�1X
j=�T+1

�
k

�
j

T

���

̂(j); (17)

which involves settingM equal to T and taking an arbitrary power � � 1 of the traditional
kernel. Statistical tests based on !̂2� and !̂

2
b share many of the same properties, which is

explained by the fact that � and b play similar roles in the construction of the estimates.
The present paper focuses on !̂2b and tests associated with this estimate. Comparable
ideas and methods to those explored in the present paper may be pursued in the context
of estimates such as !̂2� and are reported in other work (PSJ (2006a, 2006b)):
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3 Expansion of the Nonstandard Limit Theory

This section develops asymptotic expansions of the limit distributions given in (15) and
(16) as the bandwidth parameter b ! 0: These expansions are taken about the relevant
central and noncentral chi-squared limit distributions that apply when b! 0; correspond-
ing to the null and local alternative hypotheses. The expansions are of some independent
interest. For instance, they can be used to deliver correction terms to the limit distrib-
utions under the null, thereby providing a mechanism for adjusting the nominal critical
values provided by the usual chi-squared distribution. The latter correspond to the critical
values that would be used for tests based on conventional consistent HAC estimates.

The expansions and later developments in the paper make use of the following kernel
conditions:

Assumption 2 (i) k(x) : R! [0; 1] is symmetric, piecewise smooth with k(0) = 1 andR1
0 k(x)xdx <1.
(ii) The Parzen characteristic exponent de�ned by

q = maxfq0 : q0 2 Z+; gq0 = lim
x!0

1� k(x)
jxjq0 <1g (18)

is greater than or equal to 1.
(iii) k(x) is positive semide�nite, i.e., for any square integrable function f(x),R1

0

R1
0 k(s� t)f(s)f(t)dsdt � 0:

Assumption 2 imposes only mild conditions on the kernel function. All the commonly
used kernels satisfy (i) and (ii). The assumption

R1
0 k(x)xdx <1 ensures the integrals

that appear frequently in later developments are �nite and validates use of the Riemann-
Lebesgue lemma in proofs. The assumption of positive semide�niteness in (iii) ensures that
the associated LRV estimator is nonnegative. Commonly used kernels that are positive
semide�nite include the Bartlett kernel, the Parzen kernel and the QS kernel, which are
the main focus of the present paper. For the Bartlett kernel, the Parzen characteristic
exponent is 1: For the Parzen and QS kernels, the Parzen characteristic exponent is 2.

Let F�(z) := P
n���(� +W (1)) ��1=2b

��� � zo be the nonstandard limiting distribution
and G� = G(�;�2) be the cdf of a non-central �21(�2) variate with noncentrality parameter
�2: The following theorem establishes the asymptotic expansion of F�(z) around G�(z2):

Theorem 1 Let Assumption 2 hold. Then

F�(z) = G�(z
2) + p�(z

2)b+ q�(z)b
2 + o

�
b2
�
; (19)

where the term o
�
b2
�
holds uniformly over z 2 R+ as b! 0,

p�(z
2) = c2G

00
� (z

2)z4 � c1G0�(z2)z2;

q�(z
2) = �G0�(z2)z2c3 +

1

2
G00� (z

2)z4(2c4 � c21)�G000� (z2)z6c1c2; (20)
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and
c1 =

R1
�1 k(x)dx; c2 =

R1
�1 k

2(x)dx;

c3 = �
R1
�1 k(x) jxj dx; c4 = �

R1
�1 k

2(x) jxj dx: (21)

As is apparent from the proof given in SPJ, the term c2G00� (z
2)z4b in p�(z2) arises from

the randomness of �b; whereas the term c1G
0
�(z

2)z2b in p�(z2) arises from the asymptotic
bias of �b: Although �b converges to 1 as b ! 0; we have var(�b) = 2bc2(1 + o(1)) and
E(�b) = 1 � bc1(1 + o(1)); as is established in the proof. �b is not centered exactly at
1 because the regression errors have to be estimated. The terms in q�(z2) are due to the
�rst and second order biases of �b, the variance of �b and their interactions.

It follows from Theorem 1 that when � = 0;

F0(z) = D(z
2) +

�
c2D

00(z2)z4 � c1D0(z2)z2
�
b

+

�
�D0(z2)z2c3 +

1

2
D00(z2)z4(2c4 � c21)�D000(z2)z6c1c2

�
b2 + o

�
b2
�
; (22)

where D(�) = G0(�) is the cdf of �21 distribution. For any � 2 (0; 1); let z2� 2 R+; z2�;b
2 R+ such that D(z2�) = 1� � and F0(z�;b) = 1� �: Then, using a Cornish-Fisher type
expansion, we can obtain high-order corrected critical values.

Before presenting the corollary below, we introduce some terminology. We call the crit-
ical value that is correct to O(b) the second-order corrected critical value, and the critical
value correct to O(b2) the third-order corrected critical value. We use this convention
throughout the rest of the paper. The following quantities appear in the corollary:

k1 =

�
c1 +

1

2
c2

�
z2� +

1

2
c2z

4
�; k3 =

1

2

�
c1 +

1

2
c2

�
z� +

1

4
c2z

3
�;

k2 =

�
1

2
c21 +

3

2
c1c2 +

3

16
c22 + c3 +

1

2
c4

�
z2�

+

�
�1
2
c21 +

3

2
c1c2 +

9

16
c22 +

1

2
c4

�
z4� +

�
5

16
c22

�
z6� �

�
1

16
c22

�
z8�;

k4 =

�
1

8
c21 +

5

8
c1c2 +

1

16
c22 +

1

2
c3 +

1

4
c4

�
z�

+

�
�1
4
c21 +

5

8
c1c2 +

7

32
c22 +

1

4
c4

�
z3� +

1

8
c22z

5
� �

1

32
c22z

7
�:

Corollary 2 For asymptotic chi-square and normal tests,
(i) the second-order corrected critical values are

z2�;b = z
2
� + k1b+ o(b); z�;b = z� + k3b+ o(b); (23)

(ii) the third-order corrected critical values are

z2�;b = z
2
� + k1b+ k2b

2 + o(b2); z�;b = z� + k3b+ k4b
2 + o(b2); (24)

where z� is the nominal critical value from the standard normal distribution.
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Our later developments require only the second-order corrected critical values. The
third-order corrected critical values are given here because the second-order correction is
not enough to deliver a good approximation to the exact critical values when the Parzen
and QS kernels are employed and b is large.

For the Bartlett, Parzen and QS kernels, we can compute c1; c2; c3 and c4 either an-
alytically or numerically. Table I gives the high-order corrected critical values for these
three kernels. These higher order corrected critical values provide excellent approxima-
tions to the exact ones when b is smaller than 0.5 and reasonably good approximations
for other values of b:

Table I. High Order Corrected Critical Values
z2�;b = z

2
� + k1b+ k2b

2 + o(b2); z�;b = z� + k3b+ k4b
2 + o(b2)

� = 5%; z� = 1:960 � = 10%; z� = 1:645
k1 k2 k3 k4 k1 k2 k3 k4

Bartlett 10:0414 16.1447 2:5616 2.4446 6:0489 9.3014 1:8386 1.7997
Parzen 7:8964 10.5040 2:0144 1.6444 4:7337 6.0229 1:4388 1.2014
QS 14:1017 34.9061 3:5974 5.6033 8:3968 19.9344 2:5522 4.0792

When � 6= 0 and the second-order corrected critical values are used, we can use

Theorem 1 to calculate the local asymptotic power, measured by Pf
���(� +W (1)) ��1=2b

��� >
z�;bg; as in the following corollary.

Corollary 3 Let Assumption 2 hold, then the local asymptotic power satis�es

P
n���(� +W (1)) ��1=2b

��� > z�;bo = 1�G�(z2�)� c2z4�K� �z2�� b+ o(b); (25)

as b! 0 where

K� (z) =
1X
j=0

�
�2=2

�j
j!

e��
2=2 zj�1=2e�z=2

�(j + 1=2)2j+1=2
j

z
(26)

is positive for all z� and �:

According to Corollary 3, the local asymptotic test power, as measured by

Pf
���(� +W (1)) ��1=2b

��� > z�;bg; decreases monotonically with b at least when b is small.
For a given critical value, we can show that z4�K�

�
z2�
�
achieves its maximum around

� = 2, implying that the power increase resulting from the choice of a small b is greatest
when the local alternative is in an intermediate neighborhood of the null hypothesis. For
any given local alternative, the function is monotonically increasing in z�: Therefore, the
power improvement due to the choice of a small b increases with the con�dence level 1��:
This is expected. When the con�dence level is higher, the test is less powerful and the
room for power improvement is greater.
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4 Expansions of the Finite Sample Distribution

This section develops a �nite sample expansion for the simple location model. This devel-
opment, like that of Jansson (2004), relies on Gaussianity, which facilitates the derivations.
The assumption could be relaxed by taking distributions based (for example) on Gram-
Charlier expansions, but at the cost of much greater complexity (see, for example, Phillips
(1980), Velasco and Robinson (2001)). The following facilitates the development of the
higher order expansion.

Assumption 3 ut is a mean zero covariance-stationary Gaussian process withP1
h=�1 h

2 j
 (h)j <1; where 
 (h) = Eutut�h:

We develop an asymptotic expansion of Pfj
p
T (�̂ � �0)=!̂bj � zg for � = �0 + c=

p
T :

Depending on whether c is zero or not, this expansion can be used to approximate the
size and power of the t-test.

Since ut is in general autocorrelated, �̂ and !̂b are statistically dependent, which
makes it di¢ cult to write down the �nite sample distribution of the t-statistic. To tackle
this di¢ culty, we decompose �̂ and !̂b into statistically independent components. Let
u = (�1; :::; uT )

0; y = (y1; :::; yT ); lT = (1; :::; 1)T and 
T = var(u): Then the GLS
estimator of � is ~� =

�
l0T


�1
T lT

��1
l0T


�1
T y and

�̂ � � = ~� � � +
�
l0T lT

��1
l0T ~u; (27)

where ~u = (I � lT
�
l0T


�1
T lT

��1
l0T


�1
T )u; which is statistically independent of

~���: Since
!̂2b can be written as a quadratic form in ~u; !̂2b is also statistically independent of ~� � �:
Next, it is easy to see that

!2T := var
�p
T (�̂ � �)

�
= T�1l0T
T lT = !

2 +O
�
T�1

�
; (28)

and it follows from Grenander and Rosenblatt (1957) that

~!2T := var
�p
T ( ~� � �)

�
= T

�
l0T


�1
T lT

��1
= !2 +O

�
T�1

�
: (29)

Therefore T�1=2l0T ~u = N(0; O
�
T�1

�
). Combining this result with the independence of ~�

and (~u, !̂b); we have

P
np
T
�
�̂ � �0

�
=!̂b � z

o
= P

np
T
�
~� � �

�
=~!T + c=~!T � z!̂b=~!T � T�1=2l0T ~u=~!T

o
= E�

�
z!̂b=~!T � c=~!T � T�1=2l0T ~u=~!T

�
= E� (z!̂b=~!T � c=~!T )� T�1=2E

�
' (z!̂b=~!T � c=~!T ) l0T ~u=~!T

�
+O

�
T�1

�
= P

np
T
�
~� � �

�
=~!T + c=~!T � z!̂b=~!T

o
+O

�
T�1

�
; (30)
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uniformly over z 2 R; where � and ' are the cdf and pdf of the standard normal distrib-
ution, respectively. The second to last equality follows because !̂2b is quadratic in ~u and
thus E [' (z!̂b=~!T � c=~!T ) l0T ~u] = 0. In a similar fashion we �nd that

P
np

T
�
�̂ � �0

�
=!̂b � �z

o
= P

np
T
�
~� � �

�
=~!T + c=~!T � �z!̂b=~!T

o
+O

�
T�1

�
;

uniformly over z 2 R: Therefore

FT;� (z) := P
n���pT ��̂ � �0� =!̂b��� � zo

= E
�
G�(z

2!̂2b=~!
2
T )
	
= E

�
G�(z

2&bT )
	
+O

�
T�1

�
; (31)

uniformly over z 2 R+, where &bT := (!̂b=!T )2 converges weakly to �b.
Setting �bT = E (&bT ), we have

FT;� (z) = G�(�bT z
2) +

1

2
G00� (�bT z

2)E (&bT � �bT )2 z4

+
1

6
G000� (�bT z

2)E (&bT � �bT )3 z6 +O
�
E (&bT � �bT )4

�
+O

�
T�1

�
(32)

where the O (�) term holds uniformly over z 2 R+. By developing asymptotic expansions
of �bT and E (&bT � �bT )m for m = 1; 2; :::; 4; we can establish a higher order expansion
of the �nite sample distribution for the case where T !1 and b! 0 at the same time.
This expansion validates for �nite samples the use of the second-order corrected critical
values given in the previous section which were derived there on the basis of an expansion
of the (nonstandard) limit distribution.

Theorem 4 Let Assumptions 2 and 3 hold. If bT !1 as T !1 and b! 0; then

FT;�(z) = G�(z
2) +

�
c2G

00
� (�bz

2)z4 � c1G0�(z2)z2
�
b

� gqdqTG0�(z2)z2(bT )�q + o
�
b+ (bT )�q

	
+O

�
T�1

�
(33)

where dqT = !�2T
P1
h=�1 jhj

q 
(h), !2T = T�1l0T
T lT and the o(�) and O(�) terms hold
uniformly over z 2 R+:

Under the null hypothesis, � = 0 and G�(�) = D(�); so

FT;0(z) = D(z
2) +

�
c2D

00(z2)z4 � c1D0(z2)z2
�
b

� gqdqTD0(z2)z2(bT )�q + o
�
b+ (bT )�q

	
+O

�
T�1

�
: (34)

The leading two terms (up to order O(b)) in this expansion are the same as those in the
corresponding expansion of the limit distribution F0(z) given in (22) above. Thus, use of
the second-order corrected critical values given in (23), which take account of terms up
to order O (b) ; should lead to size improvements when T qbq+1 !1:

The third term in the expansion (34) is O (T�q) when b is �xed. When b decreases
with T; this term provides an asymptotic measure of the size distortion in tests based
on the use of the �rst two terms of (34), or equivalently those based on the nonstandard
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limit theory, at least to order O (b). Thus, the third term of (34) approximately measures
how satisfactory the second-order corrected critical values given in (23) are for any given
values of b and T .

Under the local alternative hypothesis, the power of the test based on the second-
order corrected critical values is 1 � FT;�(z�;b): Theorem 4 shows that FT;�(z�;b) can be
approximated by

G�(z
2
�;b) +

�
c2G

00
� (z

2
�;b)z

4
�;b � c1G0�(z2�;b)z4�;b

�
b� gqdqTG0�(z2)z2(bT )�q;

with an approximation error of order o
�
(bT )�q + b

�
+ O

�
T�1

�
: Note that the above

approximation depends on � only through �2; so it is valid under both H1 : ���0 = c=
p
T

and H1 : � � �0 = �c=
p
T :

These results on size distortion and local power are formalized in the following corol-
lary.

Corollary 5 Let Assumptions 2 and 3 hold. If bT !1 as T !1 and b! 0, then:
(a) the size distortion of the two-sided t-test based on the second-order corrected critical

values is

(1� FT;0(z�;b))� � = gqdqTD0(z2�)z2�(bT )�q + o
�
(bT )�q + b

�
+O

�
T�1

�
; (35)

(b) under the local alternative H1 : j� � �0j = c=
p
T , the power of the two-sided t-test

based on the second-order corrected critical values is

1� FT;�(z�;b) = 1�G�(z2�)� c2z4�K�
�
z2�
�
b

+ gqdqTG
0
�(z

2
�)z

2
�(bT )

�q + o
�
(bT )�q + b

�
+O

�
T�1

�
: (36)

5 Accuracy of the Nonstandard Approximation

The previous section showed that when b goes to zero at a certain rate, the ERP of the
standard normal or chi-squared test is at least of order O(T�q=(q+1)) for typical economic
time series. This section establishes a related result for the nonstandard test when b is �xed
and then compares the ERP of these two tests under the same asymptotic speci�cation,
i.e. either b is �xed or b! 0: As in the previous section, we focus on the Gaussian location
model.

In view of (31), the error of the nonstandard approximation is given by

FT;0(z)� F0(z) := P
n���pT ��̂ � �� =!̂b��� � zo� P n���W (1)��1=2b

��� � zo
= ED(z2&bT )� ED(z2�b) +O

�
T�1

�
: (37)

By comparing the cumulants of &bT � E&bT with that of �b � E�b; we can show that
ED(z2&bT ) � ED(z2�b) = O

�
T�1

�
; which, combined with the above equation, gives

Theorem (6) below. The requirement b < 1=(16
R1
�1 jk(x)jdx) on b that appears in the

theorem is a technical condition in the proof that facilitates the use of a power series
expansion. The requirement can be relaxed but at the cost of more extensive and tedious
calculations.
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Theorem 6 Let Assumptions 2 and 3 hold. If b < 1=(16
R1
�1 jk(x)jdx), then

FT;0(z) = F0(z) +O
�
T�1

�
; (38)

uniformly over z 2 R+ when T !1 with �xed b:

Under the null hypothesis H0 : � = �0, we have � = 0: In this case, Theorem 6
indicates that the ERP for tests with b �xed and using critical values obtained from the
nonstandard limit distribution of W (1)��1=2b is O

�
T�1

�
: The theorem is an extension to

the result of Jansson (2004) who considered only the Bartlett-type kernel with b = 1 and
proved that the ERP is of order O

�
T�1 log(T )

�
: It is an open question in Jansson (2004)

whether the log (T ) factor can be omitted. Theorem 6 provides a positive answer to this
question.

In the previous section, we showed that when b! 0; T !1 such that bT !1;

FT;0(z) = D(z
2) +O

�
T�q=(q+1)

�
(39)

for typical economic time series. Comparing (38) with (39), one may conclude that the
error of the nonstandard approximation is smaller than that of the standard normal
approximation by an order of magnitude. However, the two O(�) terms are obtained
under di¤erent asymptotic speci�cations. The O(�) term in (38) holds for �xed b while
the O(�) term in (39) holds for diminishing b: Since the O(�) term in (38) does not hold
uniformly over b 2 (0; 1]; the two O(�) terms can not be directly compared, although they
are obviously suggestive of the relative quality of the two approximations when b is small,
as it typically will be in practical applications.

Indeed, F0(z) andD(z2) are just di¤erent approximations to the same quantity FT;0(z):
To compare the two approximations more formally, we need to evaluate FT;0(z) � F0(z)
and FT;0(z) � D(z2) under the same asymptotic speci�cation, i.e. either b is �xed or
b! 0:

First, when b is �xed, we have

FT;0(z)�D(z2) = FT;0(z)� F0(z) + F0(z)�D(z2) = O(1): (40)

This is because FT;0(z) � F0(z) = O(1=T ) as shown in Theorem 6 and F0(z) �D(z2) =
O(1). Comparing (40) with (38), we conclude that when b is �xed, the error of the
nonstandard approximation is smaller than that of the standard approximation by an
order of magnitude.

Second, when b = O(T�q=(q+1)); we have

FT;0(z)� F0(z) =
�
FT;0(z)�D(z2)

�
�
�
F0(z)�D(z2)

�
= �gqdqTD0(z2)z2(bT )�q + o

�
b+ (bT )�q

	
+O

�
T�1

�
; (41)

where we have used Theorems 1 and 4. Therefore, when dqT > 0; which is typical for
economic time series, the error of the nonstandard approximation is smaller than that of
the standard normal approximation, although they are of the same order of magnitude
for this choice of b.
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We can conclude from the above analysis that the nonstandard distribution provides
a more accurate approximation to the �nite sample distribution regardless of the as-
ymptotic speci�cation employed. There are two reasons for the better performance: the
nonstandard distribution mimics the randomness of the denominator of the t-statistic,
and it accounts for the bias of the LRV estimator resulting from the unobservability of
the regressor errors. As a result, the critical values from the nonstandard limiting distri-
bution provide a higher order correction on the critical values from the standard normal
distribution. However, just as in the standard limiting theory, the nonstandard limiting
theory does not deal with another source of bias, i.e. the usual bias that arises in spectral
density estimation even when a time series is known to be mean zero and observed. This
second source of bias manifests itself in the error of approximation given in (41).

6 Optimal Bandwidth Choice

It is well known that the optimal choice of b that minimizes the asymptotic mean squared
error in LRV estimation has the form b = O

�
T�2q=(2q+1)

�
. However, there is no reason

to expect that such a choice is the most appropriate in statistical testing using nonpara-
metrically studentized statistics. Developing an optimal choice of b for semiparametric
testing is not straightforward and involves some conceptual as well as technical challenges.
In what follows we provide one possible approach to constructing an optimizing criterion
that is based on balancing the type I and type II errors.

In view of the asymptotic expansion (35), we know that the type I error for a two-sided
test with nominal size � can be expressed as

1� FT;0(z�;b) = �+ gqdqTD0(z2�)z2�(bT )�q + o
�
(bT )�q + b

�
+O

�
T�1

�
; (42)

Similarly, from (36), the type II error has the form

G�(z
2
�) + c2z

4
�K�(z

2
�)b� gqdqTG0�(z2�)z2�(bT )�q + o

�
(bT )�q + b

�
+O

�
T�1

�
: (43)

A loss function for the test may be constructed based on the following three factors: (i)
The magnitude of the type I error, as measured by the second term of (42); (ii) The
magnitude of the type II error, as measured by the O (b) and O((bT )�q) terms in (43);
and (iii) The relative importance of the type I and type II errors.

For most economic time series we can expect that dqT > 0 and then both gqdqTD0(z2�)z
2
� >

0 and gqdqTG0�(z
2
�)z

2
� > 0: Hence, the type I error increases as b decreases. On the other

hand, the (bT )�q term in (43) indicates that there is a corresponding decrease in the type
II error as b decreases. Indeed, for � > 0 the decrease in the type II error will generally
exceed the increase in the type I error because G0�(z

2
�) > D0(z2�) for � 2 (0; 7:5) and

z� = 1:645; 1:960 or 2:580. The situation is further complicated by the fact that there is
an additional O (b) term in the type II error. As we have seen earlier, K�(z2�) > 0 so that
the second term of (43) leads to a reduction in the type II error as b decreases. Thus,
the type II error generally decreases with b for two reasons � one from the nonstandard
limit theory and the other from the (typical) downward bias in estimating the long-run
variance.
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The case of dqT < 0 usually arises where there is negative serial correlation in the
errors and so tends to be less typical for economic time series. In such a case, (42) shows
that the type I error increases with b while the type II error may increase or decrease with
b depending on which of the two terms in (43) dominates.

These considerations suggest that a loss function may be constructed by taking a
suitable weighted average of the type I and type II errors given in (42) and (43). Setting

eIT = �+ gqdqTD
0(z2)z2(bT )�q;

eIIT = G�(z
2
�) + c2z

4
�K�(z

2
�)b� gqdqTG0�(z2�)z2�(bT )�q; (44)

we de�ne the loss function to be

L (b; �; T; z�) =
wT (�)

1 + wT (�)
eIT +

1

1 + wT (�)
eIIT ; (45)

where wT (�) is a function that determines the relative weight on the type I and II errors
and this function is allowed to depend on the sample size T and �: Obviously, the loss
L (b; �; T; z�) is here speci�ed for a particular value of � and this function could be adjusted
in a simple way so that the type II error is averaged over a range of values of � with respect
to some (prior) distribution over alternatives.

We focus on the case of a �xed local alternative below, in which case we can suppress
the dependence of wT (�) on � and write wT = wT (�). To sum up, the loss function we
consider is of the form:

L (b; �; T; z�) =
�
gqdqT

�
wTD

0(z2�)�G0�(z2�)
	
z2�(bT )

�q + c2z
4
�K�(z

2
�)b
� 1

1 + wT
+ CT ,

(46)
where CT =

�
wT�+G�(z

2
�)
�
=[1 + wT ], which does not depend on b: In the rest of this

section, we consider the case wTD0(z2�) � G0�(z2�) > 0; which holds if the relative weight
wT is large enough.

It turns out that the optimal choice of b depends on whether dqT > 0 or dqT < 0:
We consider these two cases in turn. When dqT > 0; the loss function L (b; �; T; z�) is
minimized for the following choice of b :

bopt =

(
qgqdqT

�
wTD

0(z2�)�G0�(z2�)
�

c2z2�K�(z
2
�)

)1=(q+1)
T�q=(q+1): (47)

Therefore, the optimal shrinkage rate for b is of order O(T�q=(q+1)) when wT is a �xed
constant. If wT !1 as T !1, we then have

bopt =

�
qgqdqTD

0(z2�)

z2�c2K�(z
2
�)

�1=(q+1)
(wT =T

q)1=(q+1) : (48)

Fixed b rules may then be interpreted as assigning relative weight wT = O (T q) in the loss
function so that the emphasis in tests based on such rules is a small type I error, at least
when we expect the type I error to be larger than the nominal size of the test. This gives
us an interpretation of �xed b rules in terms of the loss perceived by the econometrician
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using such a rule. Within the more general framework given by (47), b may be �xed or
shrink with T up to an O

�
T�q=(q+1)

�
rate corresponding to the relative importance that

is placed in the loss function on the type I and type II errors.
Observe that when b = O((wT =T

q)1=(q+1)), size distortion is O (wTT )
�q=(q+1) rather

than O
�
T�1

�
; as it is when b is �xed. Thus, the use of b = bopt for a �nite wT involves

some compromise by allowing the error order in the rejection probability to be somewhat
larger in order to achieve higher power. Such compromise is an inevitable consequence
of balancing the two elements in the loss function (46). Note that even in this case,
the order of ERP is smaller than O(T�q=(2q+1)); which is the order of the ERP for the
conventional procedure in which standard normal critical values are used and b is set to
be O

�
T�2q=(2q+1)

�
:

For Parzen and QS kernels the optimal rate of b is T�2=3; whereas for the Bartlett
kernel the optimal rate is T�1=2: Therefore, in large samples, a smaller b should be used
with the Parzen and QS kernels than with the Bartlett kernel. In the former cases, the
ERP is at most of order T�2=3 and in the latter case the ERP is at most of order T�1=2:
The O

�
T�2=3

�
rate of the ERP for the quadratic kernels represents an improvement on

the Bartlett kernel. Note that for the optimal b, the rate of the ERP is also the rate
for which the loss function L (b; �; T; z�) approaches CT from above. Therefore, the loss
L (b; �; T; z�) is expected to be smaller for quadratic kernels than for the Bartlett kernel
in large samples. Finite sample performance may not necessarily follow this ordering,
however, and will depend on the sample size and the shape of the spectral density of futg
at the origin.

The formula for bopt involves the unknown parameter dqT ; which could be estimated
nonparametrically (e.g. Newey and West (1994)) or by a standard plug-in procedure
based on a simple model like AR(1) (e.g. Andrews (1991)). Both methods achieve a valid
order of magnitude and the procedure is obviously analogous to conventional data-driven
methods for HAC estimation.

When wTD0(z2�)�G0�(z2�) > 0 and dqT < 0; L (b; �; T; z�) is an increasing function of
b. To minimize loss in this case, we can choose b to be as small as possible. Since the loss
function is constructed under the assumption that b! 0 and bT !1; the choice of b is
required to be compatible with these two rate conditions. These considerations lead to a
choice of b of the form b = JT =T for some JT that goes to in�nity but at a slowly varying
rate relative to T: In practice, we may set JT = log(T ) so that b = (log T ) =T:

To sum up, for typical economic time series, the value of b which minimizes the
weighted type I and type II errors has a shrinkage rate of b = O

�
T�q=(q+1)

�
: This rate

may be compared with the optimal rate of b = O
�
T�2q=(2q+1)

�
that applies when mini-

mizing the mean squared error of estimation of the corresponding HAC estimate, !̂2b ; itself
(Andrews (1991)). Thus, the AMSE optimal values of b for HAC estimation are smaller
as T !1 than those which are most suited for statistical testing. In e¤ect, optimal HAC
estimation tolerates more bias in order to reduce variance in estimation.

In contrast, optimal b selection in HAC testing undersmooths the long-run variance
estimate to reduce bias and allows for greater variance in long-run variance estimation
through higher order adjustments to the nominal asymptotic critical values or by direct
use of the nonstandard limit distribution. This conclusion highlights the importance of
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bias reduction in statistical testing.
In Monte Carlo experiments not reported here, we have compared the �nite sample

performance of the new plug-in procedure with that of the conventional plug-in procedure
given in Andrews (1991). The �ndings from these simulations indicate that the new
plug-in procedure works well in terms of incurring a smaller loss than the conventional
plug-in procedure. Detailed results of this experiment are reported in Sun, Phillips and
Jin (2006).

7 Concluding Discussion

Automatic bandwidth choice is a long standing problem in time series models when the
autocorrelation is of unknown form. Existing automatic methods are all based on min-
imizing the asymptotic mean square error of the standard error estimator, a criterion
that is not directed at statistical testing. In hypothesis testing, the focus of attention is
the type I and type II errors that arise in testing and it is these errors that give rise to
loss. Consequently, it is desirable to make the errors of incorrectly rejecting a true null
hypothesis and failing to reject a false null hypothesis as small as possible. While these
two types of errors may not be simultaneously reduced, it is possible to design bandwidth
choice to control the loss from these errors. This paper develops for the �rst time a theory
of optimal bandwidth choice that achieves this end by minimizing a weighted average of
the type I and type II errors.

The results in this paper suggest some important areas of future research. The present
work has focused on two-sided tests for the Gaussian location model. But the ideas and
methods explored here can be used as a foundation for tackling bandwidth choice problems
in nonparametrically-studentized tests and con�dence interval construction in general
regression settings with linear instrumental variable and GMM estimation. Results for
these general settings will be reported in later work. The additional complexity of the
formulae in the general case complicates the search for an optimal truncation parameter,
but the main conclusion of the present �ndings are the same, viz. that when the goal
is testing or con�dence interval construction it is advantageous to reduce bias in HAC
estimation by undersmoothing.
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