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Abstract

This paper proposes a nonparametric test for conditional independence that is easy
to implement, yet powerful in the sense that it is consistent and achieves n='/2 lo-
cal power. The test statistic is based on an estimator of the topological “distance”
between restricted and unrestricted probability measures corresponding to conditional
independence or its absence. The distance is evaluated using a family of Generically
Comprehensively Revealing (GCR) functions, such as the exponential or logistic func-
tions, which are indexed by nuisance parameters. The use of GCR functions makes the
test able to detect any deviation from the null. We use a kernel smoothing method
when estimating the distance. An integrated conditional moment (ICM) test statistic
based on these estimates is obtained by integrating out the nuisance parameters. We
simulate the critical values using a conditional simulation approach. Monte Carlo ex-
periments show that the test performs well in finite samples. As an application, we
test the key assumption of unconfoundedness in the context of estimating the returns
to schooling.

1 Introduction

In this paper, we propose a flexible nonparametric test for conditional independence. Let
X, Y, and Z be three random vectors. The null hypothesis we want to test is that Y is
independent of X given Z, denoted

Y1X]|Z
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Intuitively, this means that given the information in Z, X cannot provide additional infor-
mation useful in predicting Y. Dawid (1979) showed that some simple heuristic properties
of conditional independence can form a conceptual framework for many important topics
in statistical inference: sufficiency and ancillarity, parameter identification, causal infer-
ence, prediction sufficiency, data selection mechanisms, invariant statistical models, and a
subjectivist approach to model-building.

An important application of conditional independence testing in economics is to test a
key assumption identifying causal effects. Suppose we are interested in estimating the effect
of X (e.g., schooling) on Y (e.g., income), and that X and Y are related by the equation

Y =00+ 60X +U,

where U (e.g., ability) is an unobserved cause of Y (income) and 6y and 6; are unknown
coefficients, with 6; representing the effect of X on Y. (We write a linear structural equation
here merely for concreteness.) Since X is typically not randomly assigned and is correlated
with U (e.g., unobserved ability will affect both schooling and income), OLS will generally
fail to consistently estimate 6;. Nevertheless, if, as in Griliches and Mason (1972) and
Griliches (1977), we can find a set of covariates Z (e.g., proxies for ability, such as AFQT
scores) such that

UlX]|Z, (1)

we can estimate 0, consistently by various methods: covariate adjustment, matching, meth-
ods using the propensity score such as weighting and blocking, or combinations of these
approaches.

Assumption (1)) is a key assumption for identifying #;. It is called a conditional ex-
ogeneity assumption by White and Chalak (2008). It enforces the “ignorability” or “un-
confoundedness” condition, also known as “selection on observables” (Barnow, Cain, and
Goldberger, 1981).

Note that assumption cannot be directly tested since U is unobservable. But if
there are other observable covariates V satisfying certain conditions (see White and Chalak,
2010), we have

ULlLX|Z impliess V1X]|Z

so we can test ([I) by testing its implication, V' 1 X | Z. Section |§| of this paper applies
this test in the context of a nonparametric study of returns to schooling.

In the literature, there are many tests for conditional independence when the variables
are categorical. But in economic applications it is common to condition on continuous
variables, and there are only a few nonparametric tests for the continuous case. Previous
work on testing conditional independence for continuous random variables includes Linton
and Gozalo (1997, “LG”), Fernandes and Flores (1999, “FF”), and Delgado and Gonzalez-
Manteiga (2001, “DG”). Su and White have several papers (2003, 2007, 2008, 2010, “SW”)
addressing this question. Although SW’s tests are consistent against any deviation from
the null, they are only able to detect local alternatives converging to the null at a rate
slower than n~'/2 and hence suffer from the “curse of dimensionality.”

Recently, Song (2009) has proposed a distribution-free conditional independence test
of two continuous random variables given a parametric single index that achieves the local
n~ Y2 rate. Specifically, Song (2009) tests the hypothesis

Y LX[X(2),



where Ag () is a scalar-valued function known up to a finite-dimensional parameter 6, which
must be estimated.

A main contribution here is that our proposed test also achieves n~/2 local power, de-
spite its fully nonparametric nature. In contrast to Song (2009), the conditioning variables
can be multi-dimensional; and there are no parameters to estimate. The test is motivated
by a series of papers on consistent specification testing by Bierens (1982, 1990), Bierens
and Ploberger (1997), and Stinchcombe and White (1998, “StW”), among others. Whereas
Bierens (1982, 1990) and Bierens and Ploberger (1997) construct tests essentially by com-
paring a restricted parametric and an unrestricted regression model, the test in this paper
follows a suggestion of StW, basing the test on estimates of the topological distance between
unrestricted and restricted probability measures, corresponding to conditional independence
or its absence.

This distance is measured indirectly by a family of moments, which are the differences
of the expectations under the null and under the alternative for a set of test functions. The
chosen test functions make use of Generically Comprehensively Revealing (GCR) functions,
such as the logistic or normal cumulative distribution functions (CDFs), and are indexed
by a continuous nuisance parameter vector . Under the null, all moments are zero. Under
the alternative, the moments are nonzero for essentially all choices of «. This is in contrast
with DG (2001), which employs an indicator testing function that is not generally and
comprehensively revealing. By construction, the indicator function takes only the values
one and zero, whereas the GCR function is more flexible and hence may better present the
information.

We estimate these moments by their sample analogs, using kernel smoothing. An inte-
grated conditional moment (ICM) test statistic based on these is obtained by integrating
out the nuisance parameters. Its limiting null distribution is a functional of a mean zero
Gaussian process. We simulate critical values using a conditional simulation approach
suggested by Hansen (1996) in a different setting.

The plan of the paper is as follows. In Section [2] we explain the basic idea of the test
and specify a family of moment conditions and their empirical counterparts. This family of
moment conditions is (essentially) equivalent to the null hypothesis of conditional indepen-
dence and forms a basis for the test. In Section [3| we establish stochastic approximations
of the empirical moment conditions uniformly over the nuisance parameters. We derive
the finite-dimensional weak convergence of the empirical moment process. We also pro-
vide bandwidth choices for practical use: a simple “plug-in” estimator of the MSE-optimal
bandwidth. In Section [d] we formally introduce and analyze our ICM test statistic. In par-
ticular, we establish its asymptotic properties under the null and alternatives and provide
a conditional simulation approach to simulate the critical values. In Section 5] we report
some Monte Carlo results examining the size and power properties of our test and compar-
ing its performance with that of a variety of other tests in the literature. In Section [6] we
study the returns to schooling, using the proposed statistic to test the key assumption of
unconfoundedness. The last section concludes and discusses directions for further research.



2 The Null Hypothesis and Testing Approach

2.1 The Null Hypothesis

Let X, Y, and Z be three random vectors, with dimensions dx, dy, and dz, respectively.
Denote W = (X', Y", Z') € R? with d = dx +dy +dz. Given an IID sample {X;,Y;, Ziti 1,
we want to test the null that Y is independent of X conditional on Z, i.e.,

Hy:Y 1 X|Z (2)
against the alternative that Y and X are dependent conditional on Z, i.e.,
H,:Y )X |Z

Let Fy|xz(y | z,2) be the conditional distribution function of Y given (X, Z) = (z, 2)
and Fyz(y | z) be the conditional distribution function of Y given Z = 2. Then we can
express the null as

Fyixz(y | ,2) = Fy|z(y | 2). (3)
The following three expressions are equivalent to one another and to ({3)):
FX|YZ(x |y, 2) = FX\Z(Jf | 2), (4)
FXY|Z($,Z/ | 2) = FX|Z(~'F | 2) FY\Z(Z/ | 2), (5)
FXYZ(x7y7Z) Fz(2>:sz($,Z) FYZ(Z/;Z>7 (6)

where we have used the standard notations for distribution functions.

Let U : R — [0,1] be a one-to-one mapping with Boreal measurable inverse. Define
Uy (V)= (¥ (Y1),...,¥(Yy,)) and define ¥x (X) and ¥z (Z) similarly. ThenY L X | Z
is equivalent to ¥y (Y) L ¥x (X) | Uz (Z). The equivalence holds because the sigma fields
are not affected by the transformation. An example of such a transformation is the normal
CDF. In practice, we may also use a linear map such as Y; — [V; — min(Y;)] /[max(Y;) —
min(Y;)] to map the data into a bounded set. So without loss of generality, we assume that
P(W € [0,1]%) = 1 throughout the rest of the paper.

2.2 An Equivalent Null Hypothesis in Moment Conditions

The approach adopted in this paper is inspired by a series of papers on consistent specifica-
tion testing: Bierens (1982, 1990), Bierens and Ploberger (1997), and StW, among others.
The tests in those papers are based on an infinite number of moment conditions indexed by
nuisance parameters. Bierens (1990) provides a consistent test of specification of nonlinear
regression models. Consider the regression function g(z) = E (Y | X = z). Bierens tests
the hypothesis that the parametric functional form, f (x,\), is correctly specified in the
sense that g (z) = f(z,00) for some 0y € O. The test statistic is based on an estimator
of a family of moments E |(Y — f(X,6))eY ¥ | indexed by a nuisance parameter vector
~. Under the null hypothesis of correct specification, these moments are zero for all ~.
Bierens’s (1990) Lemma 1 shows that the converse essentially holds, due to the properties

of the exponential function, making the test capable of detecting all deviations from the
null.



StW find that a broader class of functions has this property. They extend Bierens’s
result by replacing the exponential function in the moment conditions with any GCR func-
tion, and by extending the probability measures considered in the Bierens (1990) approach
to signed measures. As stated in StW, GCR functions include non-polynomial real ana-
lytic functions, e.g., exp, logistic CDF, sine, cosine, and also some nonanalytic functions
like the normal CDF or its density. Further, they point out that such specification tests are
based on estimates of topological distances between a restricted model and an unrestricted
model. Following this idea, we can construct a test for conditional independence based on
estimates of a topological distance between unrestricted and restricted probability measures
corresponding to conditional independence or its absence.

To define the GCR property formally, let C(F') be the set of continuous functions on
a compact set F' C R?, and sp [H,(I')] be the span of a collection of functions H,(I'). We
write w := (1,w’)". The definition below is the same as Definition 3.6 in StW.

Definition 1 (StW, Definition 3.6) We say that H, = {H : R? — R | H(w) =
@ (W'v), v € T c R4} is generically comprehensively revealing if for all T with non-empty
interior, the uniform closure of sp{H,(I')] contains C(F') for every compact set F' C R,

Intuitively, GCR functions are a class of functions indexed by v € I' whose span comes
arbitrarily close to any continuous function, regardless of the choice of I', as long as it has
non-empty interior. When there is no confusion, we simply call ¢ GCR if the generated
H, is GCR.

We now establish an equivalent hypothesis in the form of a family of moment conditions
following StW. Let P be the joint distribution of the random vector W, and let ) be the
joint distribution of W with Y L X | Z. Thus, P is an unrestricted probability measure,
whereas @ is restricted. To be specific, P and @) are defined such that for any event A,

P(A) = / 1[(z,y,2) € AldFxyz(z,y,2) = / (z,y,2) € AldFxy|z(7,y|z)dFz(z) (7)

and
Q(A) = / (2. 2) € AldFy 7 (x]2)dFy 5 (4]2)dF2 (). (8)

where 1[] is an indicator function. Since W € [0, 1]¢ with probability 1, the domain of the
integration in the above integrals is a cube in R%, and is omitted for notational simplicity.
We will follow the same practice hereafter.

Note that the measure P will be the same as the measure () if and only if the null is
true:

P(A) = / (2, 2) € AldFxy 1z (e, yl2)dF2(2)

o / 1(2,5,2) € AldFyz(z|2)dFyiz(y]2)dFz(z) = Q(A).

To test the null hypothesis is thus equivalent to test whether there is any deviation of P
from Q. It should be pointed out that the marginal distribution of Z is the same under P
and @ regardless of whether the null is true or not.



Let Ep and Eg be the expectation operators with respect to the measure P and the
measure (). Define

A, (v) = Ep [w(W"r)} — Eq [@(W’v)} :

where v = (79,71, 75, 73)" € R is a vector of nuisance parameters, W = (1, W’)’, and ¢
is such that the indicated expectations exist for all 4. Under the null hypothesis, A, (7)
is obviously zero for any choice of v and any choice of ¢, including GCR functions. To
construct a powerful test, we want A, () to be nonzero under the alternative. If A, (7o)
is not zero under some alternative, we say that ¢, can detect that particular alternative for
the choice v = 7,. An arbitrary function ¢, may fail to detect some alternatives for some
choices of «. Nevertheless, according to StW, given the boundedness of W, the properties
of GCR functions imply that they can detect all possible alternatives for essentially all
~ €T ¢ R with T having non-empty interior. “Essentially all” 4 € I" means that the
set of “bad” v’s, i.e., the set {y € I': A, (v) =0and Y f X | Z}, has Lebesgue measure
zero and is not dense in T'.

Given that any deviation of P from () can be detected by essentially any choice of
~v €T, testing Hy: Y L X | Z is equivalent to testing

Hy : Ay (7v) = 0 for essentially all v € T’ (9)

for a GCR function ¢ and a set I' with non-empty interior. The alternative is H, : Hg is
false.

A straightforward testing approach would be to estimate A, (v) and to see how far
the estimate is from zero. But if we proceed in that way, we encounter a nonparametric
estimator f 7 of the density fz in the denominator of the test statistic, making the analysis of
limiting distributions awkward. To avoid this technical issue, we compute the expectations
of ¢ fz rather than those of ¢, leading to a new “distance” metric between P and Q:

Bor () = Bp [¢(W')f2(2)] - Bq [¢(W') f2(2)] .
Using the change-of-measure technique, we have
Byr (1) = C{Bp- [o(W')] = Eq- [o(W')] },

where P* and QQ* are probability measures defined according to
P = [ 1U02) € APy a2 dFA () /C
@ = [1lwv2) € AfEPxp )z WDdEAD/C (1)

with C = [ f2 (z) dz being the normalizing constant. Under the null of Hy: Y 1L X | Z,
P* and Q* are the same measure, and so A ¢ () = 0 for all v € I'. Under the alternative
of H,:Y L X | Z, P* and Q* are different measures. By definition, if ¢ is GCR, then its
revealing property holds for any probability measure (see Definition 3.2 of StW). So under
the alternative, we have A s (v) # 0 for essentially all v € I'. The behaviors of Ayf (7)
under the Hy and H, imply that we can employ A,r (7y) in place of A, () to perform our
test.



To sum up, when ¢ is a GCR function, I' has non-empty interior, and [ f2 (2)dz < oo,
a null hypothesis equivalent to conditional independence is

Hy : Agp () = 0 for essentially all v € T

That is, the null hypothesis of conditional independence is equivalent to a family of moment
conditions indexed by 7. For notational simplicity, we drop the subscript and write A () :=
Ags () hereafter.

2.3 Heuristics for Rates

When the probability density functions exist, the conditional independence is equivalent to
any of the following:

fY|XZ(y | 2, 2) fY\Z(y | 2),
Ixivz(@ | y.2) = fxiz(z|2),
Ixviz(z,yl2) = fxiz(x|2) fyiz(y | 2),
fxyvz(x,y,2) f2(2) = fxz(,2) frz(y, 2), (11)

where the notation for density functions is self explanatory. One way to test conditional
independence is to compare the densities in a given equation to see if the equality holds.
For example, Su and White’s (2008) test essentially compares fxyzfz with fxzfyz. To
do that, they estimate fxyz, fz, fxz, and fyz nonparametrically, so their test has power
against local alternatives at a rate of only n=1/2h=%/4  the slowest rate of the four nonpara-
metric density estimators, i.e., the rate for f Xy z. This rate is slower than n~/2 and hence
reflects the “curse of dimensionality.” The dimension here is d = dx + dy + dz, which is at
least three and could potentially be larger.

To achieve the rate n~1/2, we do not compare the density functions directly. Instead,
our family of moment conditions indirectly measures the distance between fxyzfz and
fxzfyz, so that for each given «, the test statistic is based on an estimator of an average
that can achieve an n~1/2 rate, just as a semiparametric estimator would.

To better understand the moment conditions of the equivalent null, we write

Afy) = / o) f2(2) Frxyz(e.y,2) dedyds — / (W) fr2(y,2) fxz(e,2) dedydz,

Instead of comparing fxyzfz with fyzfxz, we now compare their integral transforms.
Before the transformation, fxyzfz and fyzfxz are functions of (z,y, z), the data points,
and those functions can only be estimated at a nonparametric rate slower than n=/2. But
their integral transforms are now functions of 4. For each -, the transformation is an
average of the data so that semiparametric techniques could be used here to get an n—1/2
rate. Essentially, we compare two functions by comparing their weighted averages. The two
comparisons are equivalent because of the properties of the chosen test functions. That is,
if we choose GCR functions for our test functions, defined on a compact index space I' with
non-empty interior, and we do not detect any difference between P* and Q* transforms at
an arbitrary point «y, then P* and Q* must agree, and as a consequence P and () must
agree. We gain robustness by integrating over many points .



2.4 Empirical Moment Conditions

With some abuse of notation, we write ¢(vy + 2’71 + ¥'v9 + 2/v3) = p(z,y, 2;7). Define

axz(e,57) = Elp(e Yosm|Z = o) = [ Yozl (12
Then the moment conditions can be rewritten as

A(y) = Ep(X,Y, Z;7)fz(Z)| = Elgxz(X, Z;7) fz(Z)] .

The first term of A (7) is a mean of ¢fz, where ¢ is known and fz can be estimated by
a kernel smoothing method. The second term is a mean of gxzfz(Z), where the function
gxz(x,z;7) is a conditional expectation that can be estimated by a Nadaraya-Watson
estimator. Thus we can estimate A(7y) by
A 1 n - . 1 n )
Bun(r) = =3 oW fa(Z)| = =3 axz(Xi Zis)
i=1 i=1

n <

1 & . 1 "
= = |eWv)— > KulZi—Z))
n “ n—1 &~
i=1 J=1lj#1
n n

ELS ﬁ S oW Kn(Zi - 25) (13)

J=1j#1

Z Z {le(Wi~) — o(W{ ) Kn(Zi — Z;)},

i=1 j=1i#i

B 1
 n(n-1)

where VNVZ-”]-')/ =7 + X;71 + Yjv2 + Z{v3 and Kj(u) is a multivariate kernel function. In
this paper, we follow the standard practice and use a product kernel of the form:
1 u u du
— (Wl o %) with K (ug, ... ug,) = | [ klue),
(=1
where d,, is the dimension of uw and h = h,, is the bandwidth that depends on n.

Ay, p(7) is an empirical version of A(«y). For each v € I', A, 1 (7) is a second order U-
statistic. When Amh('y) is regarded as a process indexed by v € T, An,h (7) is a U-process.
Note that [p(W/y) — (W] ;7)|Kn(Z; — Z;) is not symmetric in i and j. To achieve the
symmetry so that the theory of U-statistics and U-processes can be applied, we rewrite
An,h(7) as

—1
~ n
Apn(y) = <2> Zﬂh,z(Wi,Wj;’Y% (14)
i<j
where
2 (Wi, W3 7) (W) = oW, )| Kn(Zi - 2))

1 - -
5 [PV/) = oOV] )| Kn(Z; = 20) = (W3, Wis ).



3 Stochastic Approximations and Finite Dimensional Con-
vergence

3.1 Assumptions

In this subsection, we state the assumptions that are required to establish the asymptotic
properties of Amh('y). We start with a definition, which uses the following multi-index
notation: for j = (ji,...,jm) with j, being nonnegative integers, we denote |j| = j; + j2 +
ot Gy GV =1 gy W =) i, and DIg(u) = OVlg(u)/Oudt - dudyy.

Definition 2 Gg (A, €,p,m), B > 1, is a class of functions g, (-) : R™ — R indexed by
a € A satisfying the following two conditions:

(a) for each o, go, (+) is b times continuously differentiable, where b is the greatest integer
that is smaller than (3;

(b) let Qu(u,v) be the Taylor series expansion of g (u) around v of order b :

nga(v)

Qa(u,v) = Z - (u —v)’
J:131<b
then
up sup 19200 =)~ Qo] _
Q€A [lu—v]|<e lu — vl

for some constants € > 0 and p > 0.

In the absence of the index set A, we use Gg (€, p,m) to denote the class of functions.
In this case, our definition is similar to Definition 2 in Robinson (1988) and Definition 2
in DG (2001). A sufficient condition for condition (b) is that the partial derivative of the
b-th order is uniformly Holder continuous:

sup sup  [DYga(u) = Diga(v)] < [lo—ul°
a€A ||lv—ul|<e
for all j such that |j| = b.
We are ready to present our assumptions.

Assumption 1 (IID) (a) {W; € [0,1]4}7_, is an IID sequence of random variables on the
complete probability space (2, F, P); (b) each element Zy of Z is supported on [0, 1]; (c) the
distribution of Z admits a density function fz (z) with respect to the Lebesgue measure.

Assumption 2 (Smoothness of the Densities) (a) fz (-) € Gg+1 (€, p,dz) for some in-
teger ¢ > 0 and some constants € > 0 and p > 0; (b) DI fz (2) =0 for all 0 < |j| < q and
all % on the boundary of [0,1]%%; (c) the conditional distribution functions Fy\z, Fx|z, and
Fxy|z admit the respective densities fy|z(y|2), fx|z(x|2), and fxy z(w,y|z) with respect
to a finite counting measure, or the Lebesque measure or their product measure; (d) as
functions of z indexed by x,y, or (v,y) € A, fx|z(z]2), fyz(ylz) and fxy z(z|z) belong
to Gyv1 (A, €,p,dz) with A =1[0,1]9, [0,1]% or [0, 1]dxFdv

Assumption 3 (GCR) (a) I' is compact with non-empty interior; (b) ¢ € Gg (€, p, 1).



Assumption 4 (Kernel Function) The univariate kernel k (-) is the qth order symmet-
ric and bounded kernel k : R — R such that

(a) [k(v)dv=1, [vIk(v)dv=0 forj=1,2,...,q—1;

(b) k (v) = O((1 + |[v]*)™Y) for some & > (*+2¢+2).

Assumption 5 (Bandwidth) The bandwidth h = h,, satisfies
(a) nh¥% — oo as n — oo;
(b) vnh? = o(1), i.e., h = o(n=/ (D) as n — oco.

Some discussions on the assumptions are in order. The IID condition in Assumption
is maintained for convenience. Analogous results hold under weaker conditions, but we
leave explicit consideration of these aside. If we know the support of Z,, then a linear map,
if necessary, can be used to ensure that Z; is supported on [0, 1]. In this case, the support
condition in Assumption (b) is innocuous. When the support of Z; is not known, we can
estimate the endpoints of the support by min;—;  , (Zy;) and max;—1,.»(Zy;). Under some
conditions, these estimators converge to the true endpoints at the rate of 1/n. As a result,
the estimation uncertainty has no effect on our asymptotic results.

Assumptions[2f(a) and (d) are needed to control the smoothing bias. Under Assumptions
(b) and (a), we have [ fZ (2)dz < oco. So it is not necessary to state the square integra-
bility of fz (z) as a separate assumption. In assumption [2(d), the smoothness condition is
with respect to the conditioning variable Z. It does not require the marginal distributions
of X and Y to be smooth. In fact, X and Y could be either discrete or continuous. In
addition, from a technical point of view, we only need to assume that there exists a version
of the conditional density functions satisfying Assumption [2[(d).

Assumption (b) is a technical condition, which helps avoid the boundary bias problem,
a well-known problem for density estimation at the boundary. The GCR approach of StW
requires the boundedness of the random vectors, and so we have to deal with the boundary
bias problem. If Assumption (b) does not hold, we can transform Z into Z = (0~ (Z;),
071 (Z),...,071(Z4,)), where © : [0,1] — [0,1] is strictly increasing and ¢ + 1 times
continuously differentiable with inverse ©@~!. Now

P{Z<Z} = P{Zl<@(21),...,zdz<9(Zdz)}
= Fz(0©(z1),...,09(za,)),

and the density of Z is f; (2) = fz (0 (2))©' (21)...0' (24,) . So if W (0) = 00 (1) =0
for i = 0,...,q, then Assumption (b) is satisfied for the transformed random vector Z
and we can work with Z rather than Z. We can do so because Y | X | Z if and only if
Y L X | Z. An example of © is the CDF of a beta distribution:

1

@(U):B(q+1,q+l)/0 z4(1 —2)de =

B(v,g+1,q+1)
B(l,q+1,q+1)

where B(v,q+1,¢+1) = [ 29 (1 — 2)? d is the incomplete beta function.

If a kernel with compact support is used, we can remove the dominating boundary bias
by normalization. See, for example, Li and Racine (2007, pp. 31). In this case, we do not
need to assume f (-) to be zero on the boundary.

10



From a theoretical point of view, it is necessary to reduce the boundary bias to a certain
order so that Amh('y) is asymptotically centered at A (). However, if Z; takes values in a
closed subset of its support with probability close to one, the boundary effect will be small.
In this case, we may skip the transformation and ignore the boundary bias in practice.

Assumption [3[(a) is needed only when we attempt to establish the uniformity of some
asymptotic properties over I'. Like Assumption Assumption (b) helps control the
smoothing bias. It is satisfied by many GCR functions such as exp(:), normal PDF,
sin (+), and cos (-).

The conditions on the high order kernel in Assumption @ are fairly standard. For
example, both Robinson (1988) and DG (2001) make a similar assumption. The only
difference is that Robinson (1988) and DG (2001) require that £ > ¢ + 1, while we require
a stronger condition that £ > (q2 + 2q + 2) in Assumption (b) The stronger condition is
needed to control the boundary bias, which is absent in Robinson (1988) and DG (2001),
as they assume that Z has an unbounded support. Assumption b) is not restrictive. It
is satisfied by typical kernels used in practice, as they are either supported on [0, 1] or have
exponentially decaying tails.

Assumption (a) ensures that the degenerate U-statistic in the Hoeffding decomposition
of Amh(’y) is asymptotically negligible. Assumption b) removes the dominating bias of
Amh(’y). See Lemmas |1| and [2[ below. A necessary condition for Assumption [5| to hold is
that 2¢ > dz.

3.2 Stochastic Approximations

To establish the asymptotic properties of An,h (7), we develop some stochastic approxima-
tions, using the theory of U-statistics and U-processes pioneered by Hoeffding (1948).

Let kp1(w;y) = Ekpa(w, Wj; 7). Using Hoeffding’s H-decomposition, we can decom-
pose An,h('y) as

~

Apn(y) = An(y) + Hon(7) + Ran(),

where
Ap(y) = Erpo(Wj,Wisy) = Exp1(Wisy) (15)
2 e
Hon(y) = ﬁZ“h,l(WiQ'Y) (16)
=1
n —1
Rup(y) = <2> S a3, 7) (17)
i<
and

Fna(Wisy) = wna(Wisy) — An ()
FhoWi, Wi, v) = kpo(Wi, Wiiy) — kpai(Wisy) — kn1i(Wisy) + Ap () .

The sum of the first two terms in the H-decomposition is known as the Héjek projection.
For easy reference, we denote it as

Ann () = An(y) + Hnn(7)- (18)
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By construction, Hy, () and R, j (7) are uncorrelated zero mean random variables. We
show that the projection remainder R, ;(7) is asymptotically negligible, and as a result
Amh('y) and its Hajek projection An,h('y) have the same limiting distribution.

For each given « and h, R, () is a degenerate second order U-statistic with kernel
Kn2 (7). According to the theory of U-statistics (e.g., Lee, 1990), we have

var (R, (7)] = var [fn2 (Wi, Wi, 7] -

n(n —1)

This can also be proved directly by observing that &j o(W;, Wj,~y) is uncorrelated with
'%h,2(W€7 Wm77) if (27.7) 7é (£7m) :

If h were fixed, then it follows from the basic U-statistic theory that Ry, () = op (1/v/n)
for each v € I'. However, in the present setting, h — 0 as n — o0, so the basic U-
statistic theory does not directly apply. Nevertheless, we can still show that R, j (v) is
still o, (nfl/ 2) under Assumption (a). In fact, we can prove a stronger result, as Lemma
[ shows.

Lemma 1 Under Assumptions ﬁ(a), if h — 0 as n — 00, then super vVnRnn (v) =
op(1).

We proceed to establish a stochastic approximation of the Héjek projection Amh('y).
Note that both Ay () and H,, () depend on h. Using a Taylor expansion, we can separate
terms independent of h from those associated with h in Ap(vy) and H, p(v). By using a
higher order kernel K and controlling the rate of h so that it shrinks fast enough, we can
ensure that the terms associated with h vanish asymptotically, as in Powell, Stock, and
Stoker (1989).

More specifically, we first show that Ay (v) = A(y) + O(h?), where ¢ is the order of the
kernel k. Then we show that H, () = 2n"1 Y0 | {k1(Wi;y) — E [k1(Wi; )]} + Op(h9),

where

1
r(Wisy) = 510+ Xivy + Yy + Zivs) f2(Zs)
1

-3 /w(% + Xiv1 + ¥y + Zivs) fyz(y, Zi)dy

1
+3 /«p(’m +a'y +y've + Zivs) fxvz(e,y, Zi)dedy
1

5 /@(70 + a2’y + Yy + Zivs) fxz(w, Zi)dw.

Under Assumption (b), v/nh? — 0, which makes both the second term of Ay() and the
second term of H,, ; () vanish asymptotically. The following lemma presents these results
formally.

Lemma 2 Let Assumptions and [3(b) hold. Then
(a) v [An () — A ()] = 0 (1) uniformly over ~ € T
(b) /nHpp(v) =2/v/nd 0 {k1(Wisy) — E [k1(Wi;v)]} +0p (1) uniformly over v € T.
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It follows from Lemmas [I] and 2] that

Vi [Ana(y) = A()]
= VHuu(7) + ViRun (V) + Vi [An(y) — A()]

= VAH () + oy (1) = 2 3 (W) — Bl (Wi )]} + 0, (1)
1=1

uniformly over v € T'. So /n [Amh('y) - A(’y)} and 2/v/n > " {ki(Wisy) — E [ki(Wis )]}
have the same limiting distribution for each v € T.

3.3 Finite Dimensional Convergence

In this subsection, we view Amh () as a U-process indexed by ~ and consider its finite-
dimensional convergence.
Let T's = {~1,7v9, ---»¥s} for some s < co and v, € I, and define

Ny n(Ts) = [Bun (1), A p(v2)s ooy An (7))

Similarly, we define A(Ts) := [A(v1), A(73), -..; A(7,)]’. Theorem 3| below establishes the
asymptotic normality of \/n [Amh(FS) - A(FS)}.

Theorem 3 Let Assumptions[IHJ hold. Then
Vi [Ann(Ty) = AT 4 N (0,9),
where the (€,m) element of Q is

Q(l,m) = on (Yo, Vm) = 4cov [k (Wi v0), k1 (Wis vi)] - (19)

If, in addition, Hy holds, then A(y) =0, and

where

AWisy) = %E [@(Wi”)’)fz(zi)’Xz’,%Zi} - %E [@(W{V)fZ(Zi)’XMZi} (20)
S AN A ARSI AP PATPA

Theorem 3] is of interest in its own right. For example, we can use it to construct a
Wald test. There may be some power loss if s is small. When s is large enough such that
I's approximates I' very well, then the power loss will be small. The idea can be motivated
from the method of sieves. We do not pursue this here but refer to Huang (2009) for
more discussions. Instead, we consider the ICM tests in the next section. Theorem [3|is an
important first step in obtaining the asymptotic distributions of the ICM statistics.

Observe that Amh('y) (hence A,, (7)) is not symmetric in X and Y, whereas the hy-
pothesis Y 1 X | Z is. However \/H[Anh('y) — Ap()] is asymptotically equivalent to
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2/v/nd o (k1 (Wisy) — Ekt (Wi;y)] . It can be readily checked that 1 (W;7y) is symmet-
ric in Y and X. Alternatively, we can follow the definition of gxz in (12) and define
9vz(y,2), 9z (), and gxyz (z,y,2;7) as

gvz(y,zv) = Elo(X,y,27)|Z = 2]
9z(zv) = Elp(X,Y,27)|Z = 2]
gxvz (x,y,2z7) = Ele(x,y,29)|Z =2 =¢(x,y,27)

where the last equality is tautological. Then
1
ri(Wiy) = 5 lgxyz (XY, Z3) = gx2 (X, Z37) = 9vz (Y, Z%) + 92 (Z:7)] f2 (2)

which is clearly symmetric in Y and X. If we construct another estimator, say Amh('y), by
switching the roles of X and Y, we can show that Amh(’y) and Amh('y) are asymptotically
equivalent in the sense that /n[A, 4 (v) — A 4(7)] = 0p (1) uniformly over ~ € T'. So there
is no asymptotic gain in taking an average of Anyh(ﬁy) and An,h('y). This point is further
supported by the symmetry of A(W;~) in X and Y.

3.4 Bandwidth Selection

Although any choice of bandwidth h satisfying Assumption [5| will deliver the asymptotic
distribution in Theorem |3} in practice we need some guidance on how to select h. Ideally
we should select an h that would give us the greatest power for a given size of test, but
deriving that procedure would be complicated enough to justify another study. Moreover,
it would only make a difference for higher order results. Thus, for the present purposes, we
just provide a simple “plug-in” estimator of the MSE-minimizing bandwidth proposed by
Powell and Stoker (1996).

Since the test statistic is based on Amh(’y), which estimates A (), it is appealing to
choose an h that minimizes the mean squared error (MSE) of A,, 5 (7). After some tedious
but straightforward calculations, we get

MSE [Aup()] = (8 ()= A +var [Aua(y)]
= {E[Bs(W;~)] h? + o(h?)}? —I—Uar[ ]
= {E[Bs(Wi )]} 12 + o(h?) + var [ A, ()]
)

= {E[B5(W 7Y B2+ o(h*?)
+4n"Yar [k (W;7)] + 4n~1Co () h? 4 o(n ™1 h?)
—4n"2var [k (W;~)] + 20 2E [6 (W;~)] h=92

+o (n_Qh_dZ) — 20 2A (v)? 4 o(n~?),
where Bs is defined in in the appendix, and ¢ (W;~y) is defined by
E [|lna (Wi, Wy, IP Wi| = 8 (Wisy) h™1% + 6* (Wi, hiy), where

E(J0" (Wi him)l) = o(n).
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The term 4n~tvar [k1(W;~)] — 4n~2var [k1 (W;~)] does not depend on h. The term
2n2A (7)2 must be of smaller order than 4n~1Cyh?, and 4n~1Cyh? must be of smaller
order than {E [Bs (W;~)]}? h2%; otherwise there would be a contradiction to Assumption
(b). So the leading term of MSE[A,, ()] that involves h is

MSE, [An,h(’y)} — {E[Bs (W;y)]}2h% + 20 2E [6 (W;~)] h 9. (21)
By minimizing M SE; {Anh('y)] , we obtain the optimal bandwidth
. { dz - B [5 (W) ] i) [1
q-{EBs (W;7)]}?

n
Now Assumption [f[(a) is satisfied:
n (h*)dz — pl—2dz/(2q+dz) — |\, (20—dz)/(2q+dz)

2/(24-+dz)
] . (22)

— 00, given 2q > dz.
And so is Assumption [5|(b)
Vi (R*)1 = pl/?720/Qatdz) = (Qa=d2)/2Qa+dz) — (1) given 2¢ > dy.

The optimal bandwidth depends on the unknown quantities £ [0 (W;~y)] and E [Bs (W;7)].
Here we follow the standard practice (e.g., Powell and Stoker (1996)) and use a simple
plug-in estimator of h*. Let hg be an initial bandwidth. Suppose E [th(Wi, Wj;'y)4] =
O(hy " %%%) for some 7 > 0, and let ¢ = max {5 + 2dz, 2q + dz}. If hg — 0 and nhg — oo,
then by Proposition 4.2 of Powell and Stoker (1996),

P n
§=6(ho) = <2> D h§? - ng2(We, Wy, )]? B E[6 (Wisv)], (23)
1<J
and
A _ An,‘rh (7) - An,h (7)
By = (OTho)q i o for some 0 < 7 # 1 (24)

= E[Bs(W;7)].

The estimator Bs given above is a “slope” between two points (b, A, 4o (7)) and (7hd, Ay, 110 (7))
To get a more stable estimator, we could use a regression of An,ho (v) on hi for various
values of hg. Given & and Bs, the plug-in estimator of A* is

1/(2¢+dz)
h =

172/ (2a+dz)
H . (25)

q.B2 n

In practice we can choose ¢ large enough so that o = max{n+2dz, 2¢+dz} = 2q+ dZ,
then we can choose the initial bandwidth to be hg = o( _1/(2q+d2)). The data driven h
depends on . We may choose different bandwidths for different «’s. This is what we follow
in our Monte Carlo experiments.

Powell and Stoker (1996) mention one technical proviso: A, (v;h) is not guaranteed
to be asymptotically equivalent to A, (7; h*) since the MSE calculations are based on the
assumption that h is deterministic. The suggested solution is to discretize the set of possible
scaling constants, replacing h with the closest value, hT in some finite set. The estimation
uncertainty in hT is small enough that it will not affect the asymptotic MSE.
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4 An Integrated Conditional Moment Test

In this section, we “integrate out” -« to get an integrated conditional moment (ICM) type
test statistic, following Bierens (1990) and StW (1998).

4.1 The Test Statistic

If o is GCR, testing Hp : Y L X | Z is equivalent to testing Ho : A (7) = 0 for essentially all
~ € I'. In other words, if we view A, 5,() as a random function in v, we are testing whether
its mean function A (7) is zero on T'. If T" is compact, we can show that \/nA,, () converges

to a zero mean Gaussian process under the null. Based on \/ﬁAmh('y), we construct the
ICM test statistic

My =n [ Bt ),

where p is a probability measure on I' that is absolutely continuous with respect to the
Lebesgue measure on T'. Here we integrate [A,, ;(7)]?, which gives a Cramer-von Mises
(CM) type test. Alternatively, we could integrate \Anyh(’y)\p,l < p < oo. The choice
p = oo (which gives the maximum over I') yields a Kolmogorov-Smirnov (KS) type test.
We work with p = 2 for concreteness and because CM-type tests often outperform KS-type
tests. As Boning and Sowell (1999) show, choosing p to be the uniform density has a certain
optimality property in a closely related context.

4.2 Asymptotic Distribution of the Test Statistic

To establish the weak convergence of M,,, we first show that /n [A, ,(-) — A ()] converges
to a Gaussian process. Define

o(v) = jﬁ ; (k1 (Wi ) = E [k (Wi )]}

Then Lemmas [I] and 2] imply that

sup |Vt [Bun() = A ()] = )| = 05 (1).

~erl

Theorem 4| shows that (,(-) converges to a zero mean Gaussian process and so does

Vi [Ann() = A0)].
Theorem 4 Let Assumptions[IH)] hold. Then
d
(b) vn |:An,h(') - A ()} 4z (), where Z is a zero mean Gaussian process on I' with

covariance function

cov (Z(71), Z(72)) = dcov [ k1 (W571), k1 (Wivs)] = 0oa (v1,72) - (26)

If Hy also holds, then
A d



Let M : C(I') — RT be |||, continuous. Then applying the continuous mapping
theorem (Billingsley 1999 p. 20), we get
d
M [Ta()] = M [Z(-)]
under the null hypothesis. For example, with M [T),(-)] = fr [T (7)]" dp () , we have

My = MLO) = [ Paunn) =n [ [Buat)] i) / )

under Hy.

4.3 Global and Local Alternatives

The global alternatives for our conditional independence test can always be written as

Ha : fZ<z)fXYZ (x,y, Z) - fYZ(y>z)fXZ(x7z) = a(x,y,z), (27>

for some nontrivial and nonzero function a(z,y, z). Then under H,, we have

Ay) = / p(w'y)a(z, y, 2)dzdydz.

This will be nonzero for essentially all v € I" provided that ¢ is GCR. It follows from
Theorem [ that
lim Pr(M, >c¢,) =1

n—oo
for any critical value ¢, = o(n). That is, the test is consistent: as the sample size increases,
the test will eventually detect the alternative H,.
To construct a local alternative, we consider a mixture distribution of the form

Hop: fxyz (,y,2) = Kl - \}) fyiz(ylz) + %d(ylw,z) Ixz(z,2), (28)

where c is a constant and &(y|z, z) is a conditional density function of Y given (X, Z) such
that Y £ X | Z. By construction, &(y|z, z) is a nontrivial function of = and z. That is,
the distribution of W is a mixture of two distributions: one satisfies the null of conditional
independence and the other does not. The mixing proportion is local to unity. Equivalently,
we can rewrite the local alternative as

a(z,y,2)
\/ﬁ

for a (z,y, 2) = ¢ [a(ylz, 2) — fyz(yl2)] fxz(z, 2). Since a(y|z, z) depends on z, &(y|z, z)—
fy|z(ylz) cannot be a zero function. Hence when ¢ is GCR and ¢ > 0,

T () = / p(w'y)a (z,y, 2) dedydz # 0

Hon: fxyz (2,9,2) = fyiz(y,2) fxz(z,2) +

for essentially all v € I'.
Under Assumptions and the local alternative H, ,, we can use the same arguments
as in the proof of Theorem [ to show that

Mn—/ 12 dp (v —>/ V) + 7o ()P du (7).

The essentially nonzero mean is the source of the power of the ICM test against the local
alternative.
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4.4 Calculating the Asymptotic Critical Values

Under the null, M, has a limiting distribution given by a functional of a zero mean Gaussian
process whose covariance function depends on the DGP. The asymptotic critical values thus
depend on the DGP and cannot be tabulated. One could follow Bierens and Ploberger
(1997) and obtain upper bounds for the asymptotic critical values. Here, we use the condi-
tional Monte Carlo approach suggested by Hansen (1996) to simulate the asymptotic null
distribution.

To apply this approach, we construct a process T.¢(-), which follows the desired zero
mean Gaussian process conditional on {W;}. The desired conditional covariance function
for T is

* * n 4 § oy A, — A
cov [T5(v1), Ty (Vo) {Witi4] = " Zﬁh,l(WiQ'Yl) Epa(Wisy2) =64 (Y1:72)
i=1

where
n

Fna(Wisy) = (n=1)7" > kpa(Wi, Wy ).
=L
It is straightforward to show that under Assumptions and the null hypothesis,
oa (Y1,72) = o (V1:72)

A typical T(-) is constructed by generating {V;};", as IID standard normal random
variables independent of {W;} and setting

Th(v) = jﬁzﬁih,l(Wi;’)’)Vi- (29)
i=1

Following the arguments similar to the proof of Theorem 2 in Hansen (1996), we can show
that under the null hypothesis,

szﬁmwmwwiéwmﬁww,

provided that Assumptions hold.

Simulation results show that the empirical PDFs of M, and M, are fairly close. To
save space, we do not report the results here, but they are available in Huang (2009).

To approximate the distribution of M,,, we follow the steps below:

e generate {Vj};—; IID N(0,1) random variables;

e set

mp(Y) = \35 ; n,1 (Wis ) Vips
2
o set My, =M [17,0)] = fp [T5,00] du ().
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This gives a simulated sample (M;'L"l, ..., M* ), whose empirical distribution should be
close to the true distribution of the actual test statistic M,, under the null. Then we can
compute the proportion of simulated values that exceed M, to get the simulated asymptotic
p value. We reject the null hypothesis if the simulated p value lies below the specified level
for the test. As Hansen (1996) points out, B is under the control of the econometrician

and can be chosen sufficiently large to obtain a good approximation.

4.5 A Rescaled ICM Test
The variance of \/ﬁAnh('y) depends on ~. It is plausible that by rescaling \/ﬁAnh () by

its standard deviation, one might obtain a somewhat better test. Thus, consider

T \/ﬁAn,h(’Y)

n(y) = T(’Y) and

—~

W= M [7,0] = [ [Fuen)] i,

where
n

61@)=6Ahrﬁ=4ﬂ4§:%mﬂwawf—4phmhﬂ
=1

2

Proposition 5 Suppose Assumptions -@ hold and that infyecr oa (7v) > 0. Then under the
null hypothesis,

where Z is a zero mean Gaussian process on I' with covariance function

cov (2110, 20r)) = - T2 (),

By the continuous mapping theorem, we have
-4 - 2
MH/FM%MW
r

Define

. 2 1 O

To(v) = - =) kna(Wi 1)V

On (7) \/ﬁ ;

with {V;}:*; IID N(0,1), independent of {W;}. Then we can follow the proof of Theorem

2 in Hansen (1996) to show that
it = [ [T] auen [ [2e0)] e,

As a result, the critical value of M,, can be obtained by simulating ]\Zf: Simulation results
not reported here show that the empirical PDFs of M,, and ]\an* are fairly close.

Although we do not give formal statements, results analogous to those for M, hold
under the local and global alternatives. Simulation results in the next section suggest that
the rescaled ICM test has somewhat better power for most experiments.
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5 Monte Carlo Experiments

In this section, we perform some Monte Carlo simulation experiments to examine the finite
sample performance of our conditional independence test.

For all simulations, we generate IID {(X;,Y;, Z;)}. We choose ¢(-) to be the standard
normal PDF, and k(u) be the sixth-order Gaussian kernel (¢ = 6). The number of replica-
tions for each experiment is 1000, and the number of replications for simulating M or ]\Zf;;
is 999.

5.1 Level and Power Studies
5.1.1 DGP 1
We first generate a sample {(X;,Y;, Z;)} using the DGP

Y = X+ Z+ey
X = Z+4+7%+¢y,

(5)~ (% 2 )=~ 1))
Z ~ N(0,0%) = N(0,3).

When 6 = 0, the null is true; otherwise the alternative holds.

We normalize each variable so that its support is comparable to that of the GCR
function ¢(-). For the standard normal PDF, the support is the real line but the function is
effectively zero out of the interval [—4, 4]. We normalize each variable to be supported on this
interval. This can be achieved by taking X; = 8 [X; — min(X;)] /[max(X;) — min (X;)] — 4.
We normalize Y; and Z; analogously. The conditional independence test is then applied
to X;,Y;, and Z;. Although any compact I' with a non-empty interior can be used, we
take T' = [—1,1]%. This choice ensures that {W/v,~ €'} can take any value in the effective
support of ¢(-).

To compute the ICM statistic M, we need to compute the integral [ [T ()% dp ().
In the absence of a closed-form expression, we recommend using the Monte Carlo integration
method. For each simulation replication, we choose 100 «,’s randomly from the uniform
distribution on [—~1,1]* and approximate the integral by the average Zigol T2(~,)/100. We
have also tried using 50 random draws, but the results are effectively the same. Note
that T2(v,) depends on the bandwidth parameter h. In our simulation experiments, we
employ the data-driven bandwidth A (v,) in with hg = n~1/BRatdz)] and + = 0.5.
We use different bandwidths for different 4’s. Given the bandwidth & (v,), we compute
the statistic T2(v,) as T2(vy,) = nAi hv.) (7,) - The average of T2(v,) gives us the ICM

statistic M,,. The rescaled ICM statistic M, is computed similarly.
We use DGP 1 to study the finite sample size and power of the test against conditional
mean dependence. We use

_cov (X,Y|Z) 0% 40

0X|z0Y|z aX\/é)ch%(—ka%, 2v/46% + 1

where

and

pX,Y\Z -
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to indicate the strength of the dependence between X and Y, conditional on Z. Since
both X|Z and Y|Z are normal, p fully captures the dependence between X and Y,
conditional on Z.

We plot the power of the tests for p ranging from —0.9 to 0.9. For this, we choose

X,Y|Z

’OX,Y|Z
0= for Pxyiz = —-0.9,-0.8,...,0.9.
2 (1 o p?{,y\z)

The size and power look fairly good for sample sizes as small as 100, and they look
very good when the sample size reaches 200. The “non-standardized” results in Figure
correspond to M,, and the “standardized” results in Figure [2 I correspond to M,. When
the sample size is small, the levels of the tests approach their nominal value from below,
delivering conservative tests. When the sample size increases to 200, our tests become
fairly accurate in size. The power functions show that M,, performs better than M,, in this
experiment. This may be due to some efficiency improvements associated with the partial
GLS correction embodied in M,,.

5.1.2 DGP 2

DGP 2 is a modification of DGP 1 that focuses on the consequences of fat-tailed distribu-
tions. Here, ex and ey are proportional to the Student ¢ with 3 degrees of freedom:

ex ~ 2ts, ey ~t3, ex L ey.

The power functions for M, are plotted in Figure and those for M, are plotted in Figure
We see that the power is a little but not a lot worse than for the normal distributions of
DGP 1.

5.1.3 DGP 3

DGP 3 is another modification of DGP 1. This time we allow skewness, choosing both ¢x
and £y to be centered chi-square distributions:

SxNZ(X%—l),EyN(X%—l),SxLEy.

The power functions of M,, are plotted in Figure [5| and those for M, are plotted in Figure
[6l Here, the power is slightly better than that for DGP 1. Overall, the size and power
properties of our tests are robust to the data distribution.

5.2 Comparison with Other Tests

In this section we compare the standardized ICM test M,, with other conditional indepen-
dence tests. Su and White’s (2008) test essentially compares fxyz fz with fxz fyz and
can detect local alternatives at the rate n~="/2h~%%. Su and White’s (2007) test essentially
compares fy|x,z with fy|z and can detect local alternatives at the rate n~1/2p(dx+dz)/4,
Our test compares integral transforms and can detect local alternatives at the rate n=1/2,.
We first compare all three tests using DGP1. Figure [7] shows the power functions when
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the sample size is 100. The GCR test in the figure is the test we propose. It is clear that
our test outperforms the SW 2007 test, which in turn outperforms the SW 2008 test. More
specifically, while our GCR test has almost the same empirical size as the SW 2007 test, it
is more powerful than the SW 2007 test. The SW 2008 test is very conservative and has
almost no power when p is small in absolute value. That is, when the departure from the
null is small, the SW 2008 test is less able to detect it, compared with our GCR. test and
the SW 2007 test.

Figure [§] shows the power functions when the sample size is increased to 200. We see
that the power of our GCR test improves faster than the power of SW 2007, which again
improves faster than the power of SW 2008. These results are consistent with the local
alternative rate results.

Finally, we compare the power function of our M, test with the tests proposed by LG
(1997) and DG (2001). Figure [9 reports the results for DGP 1 with n = 200. We report
only the results for the Cramer-von Mises type test for each method, as the results for the
Kolmogorov-Smirnov type test are qualitatively similar. In the figure, “LG” and “DG”
represent the Cramer-von Mises type tests of LG (1997) and DG (2001), respectively. The
figure demonstrates the clear advantage of our GCR test. It is as accurate in size as the
LG test but more powerful than the latter test. The GCR test has better finite sample
performances than the DG test in terms of both size and power properties.

In all the figures, we also report the “gold standard” t-test. This is as good a test as
one could want, in the sense that it is the parametric maximum likelihood test for # = 0 in
a correctly specified linear model. Although our test is not as powerful as the t-test, which
is reasonable since our test is fully nonparametric, our GCR test does outperform all other
nonparametric tests. On the other hand, the t-test measures only linear dependence. In the
presence of nonlinear dependence, the t-test may be less powerful than the nonparametric
tests. This is supported by simulation results not reported here.

6 Application to Returns to Schooling

As stated in the introduction, one important application of tests for conditional indepen-
dence is to test a key assumption identifying causal effects. In this section, we provide an
example.

In the literature on returns to schooling, the most widely investigated structural equa-
tion is a Mincer (1974) type semi-logarithmic human capital earnings function:

InY; = 0o + 61S; + 0o EXP; + 03 EXP? + U;, (30)

where the subscript ¢ indexes individuals, In'Y; is log hourly wage, S; is years of completed
schooling, EXP; is years of work experience, EXPZ? is work experience squared, and U;
represents unobserved drivers of InY;, centered at zero. The effect of interest is 61, the
effect of an additional year of schooling on wage. In what follows, we drop the ¢ subscript.
Least squares estimates of the Mincer equation suffer from the well-known ability bias
problem, which is caused by the dependence of schooling on unobserved ability. To make
this explicit, let U = A + ¢, where A represents unobserved ability, and rewrite the Mincer

equation as
InY =60+ 015 +02EXP + 03EXP? + A +e. (31)
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One method empirical researchers have adopted to address the ability bias issue is to
find proxies Z for ability, for example IQ or AFQT scores, and include these as regressors
(e.g., Griliches and Mason, 1972; Griliches, 1977; and Blackburn and Neumark, 1993). Now
consider the regression of InY on S, EXP, and Z :

w(S,EXP,Z) = E(InY |S,EXP,Z)
= E(fy+01S +02EXP +03EXP> + A+¢| S, EXP,Z)
= 09+ 6015 +0,EXP + 03EXP? + E(A+¢| S, EXP, Z)
= 0o+ 6015 +0EXP 4+ 03EXP? + E(A+¢ | EXP, 7).

The last equality is justified by a conditional mean independence assumption,
E(A+¢|S,EXP,Z)=FE(A+¢| EXP,Z).

If this holds, then we have
(a/as)ﬂ(s» EXP» Z) = 017

so that the effect of interest, 61, is identified and can be consistently estimated.
There is no reason a priori that the wage equation must have the specific Mincer form,
however. More generally, one can consider a nonparametric specification

InY =r(S,X,U),

where 7 is an unknown function; X contains observable factors determining wages, including
EXP, as well as other factors like job tenure, region, sex, race, etc.; and U = (4, ¢).
An important effect of interest here is

»1(S, X, U) =(0/0s)r(S,X,U),

the marginal effect of schooling on wage. This effect depends on all drivers of wage, includ-
ing unobservables, U, so ¢;(S, X,U) is not identifiable without further potentially strong
restrictions. Nevertheless, just as in the linear case, it is possible to identify and estimate
certain expectations of ¢, (S, X,U) given suitable ability proxies Z, as

(0/0s)u(s,x,z) = (0/0s)E(InY | S=s,X =2,Z = 2)
= E(9/0s)r(S,X,U)|S=s,X=2,Z=2)
= E(¢1(5,X,U) | X =2,Z = 2) = ¢y(s, 7, 2).

The crucial condition justifying the third equality is conditional independence:
(4,6) LS| (X, 2) (32)

This is called a “conditional exogeneity” assumption by White and Chalak (2008). It
implies the “ignorability” or “unconfoundedness” condition, also known as “selection on
observables” in the literature, ensuring identification of causal effects.

Thus, if holds, and even if the specific Mincer function does not, we can still
identify the average marginal effect of schooling ¢;(s,z, z) and consistently estimate this
by various methods. If fails, then the marginal effect of interest is no longer identified
(see, e.g., White and Chalak, 2008, theorem 4.1).
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We cannot test directly, as A and ¢ are unobservable. However, following White
and Chalak (2010), if we can observe V' such that

Vo= f(AeX,Zn) (33)
n L S|(AX,2),

where f denotes some unknown function and 7 is unobserved, then
(A,e) LS| (X,Z) implies V L S| (X,2).
Thus, we can test unconfoundedness by testing the implied condition
Hy:V LS| (X, 2). (34)

Equation provides some guidance about how to choose V. The conditional inde-
pendence requirement on 7 is particularly plausible when 7 is a measurement error, so that
both Z and V could be error-laden proxies for ability. Here, we test using data from
the National Longitudinal Survey of Youth 1979 (NLSY 79). In particular, we use the data
from survey year 2000 and restrict the sample to white maleSH We use the age-adjusted
standardized AFQT in year 1980 as Z. V includes math and verbal scores for preliminary
scholastic aptitude tests from 1981 high school transcripts. To satisfy , we use years of
schooling beyond high school as S, so that V is not affected by S. X includes actual work
experience in survey year 2000 and total tenure with employer in survey year 2000.

To implement the test, we choose ¢(-) to be the standard normal PDF, and let k(-) be
the sixth-order Gaussian kernel. We choose v and other metaparameters as described in the
Monte Carlo section. Applying our M, test, we find that we do not reject the null hypothesis
(34) at the 5% level. Thus, we do not find evidence refuting the approach commonly used by
empirical researchers, providing some support for parametric or nonparametric estimation
of effects of interest.

7 Concluding Remarks

In this paper, we develop a flexible nonparametric test for conditional independence that is
simple to implement, yet powerful. It is consistent against any deviation from the null and
achieves local power at the parametric n=1/2 rate, despite its nonparametric character. It
is also very flexible as it allows for a rich class of GCR functions.

There are several useful directions for future research. First, we have assumed that the
data are IID. But this is not essential for the results. We may straightforwardly extend
the approach to a time-series framework, so that we could test, for example, nonlinear
Granger causality. Another extension could be to modify the test so that it can be used
when Z contains both discrete and continuous variables. This is often relevant in applied
microeconomics. This extension has been considered in Chapter 3 of Huang (2009). A
third direction is to further study the bandwidth selection problem. Here, we choose the
bandwidth to minimize the mean squared error of Amh('y). Ideally, however, one should
choose the bandwidth that optimizes the trade-off between size and power.

'To restrict the sample so that it is suitable for estimating a wage equation for survey year 2000, we
drop those who were enrolled in high school or college in survey year 2000, and we exclude those who were
in active armed forces, self-employed, or working in a family business in survey year 2000. We also drop
those whose hourly wage was not in the range ($1, $1000].

24



8 Appendix of Proofs

Throughout the proofs, we use C' to denote a constant that may be different across different
equations or lines.

Proof of Lemma [T} For the pointwise result, we use Assumption [I] and the theory of
U-statistics to obtain

var [\/ﬁRmh ('y)] = (n— 1>va7“ (Fn,2(Wi, Wj, )]

(n—1)

< var [th(Wi, Wj: 7)] <

(n—1)
So it suffices to show that E [I{,}%’Q(Wi, Wj, ’7)] =o(n). But

Kn2(Wi, Wj,~)

= % [o(vo + Xjv1 + Yive + Zivs)
—o(vo + X{71 + Y]va + Zivs)| Kn(Zi — Z))
+%wh@+th+¥bg+zhg

—o(yo + Xj7v1 + Y72 + ZJI‘W:’,)] Ky(Z; — Zy),

and so

E [H%Q(Wi? Wi, 7)]
2

< Elo(vo+ Xiv + Y72 + Zivs) Kn(Zi — Zj)|
+E (o + Ximy + Yiva + Zivs) Kn(Zi — Z;)|
+E !@(’Yo + Xy + Yive + Zjys) Kn(Z; — Zz‘)‘z
+E |o(vo + X + Yivg + Ziys) Kn(Z; — Zi)|?
< v EKL(Zi — Z5), (35)

where @y, = SUP,cr SUPp¢(o,1)4 ©(W'y), which is finite under Assumption [3| Using As-
sumption [2] we have

EK},(Z; — Z))

1
- h2dZ

/[Ol]dhcllz </oo K2(u)fz(zg+uh)du> 7 (22) des

. (/Md 72 (2) dz) </ KQ(u)du> S </ f2(2) dz) /KQ(U) ] du

— B2 @) ([ IK@Ed) + 1z [ K2 Jul du (36)

2
[z (z1) fz(22)dz1d22

K(Zl ; 22)

IN
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It follows from Assumptionthat [ K*(w)du = ([ k*(v dv) < 0o and

[ 2
_ /k2(u1>.--k2(udz),/u%+~.+ugzdu1.--dud2
< \/dz/ (uq) udz)' max |ui| duy - - - dug,
i=1,....dz

- @/H(ul)---k (taz) (fua] + -+ lua ) dss -+ du,
dz\/dz (/ v) |v| dv) (/ k2(v)dv>dz_1 < 0.

1
EK}(Z;— Z;) =0 (hdz> :

Combining this with , we have, using Assumption (a)

Therefore

Elini s =0 (35 ) = 0 x i) = ol
This implies that Ry, ;, (7) = 0p (1//n) pointwise for each v € I'.

To show the uniformity result that sup,cp R pn (7) = 0p (1/4/n), we employ the the-
ory of U-processes. In particular, we apply Proposition 4 in DG (2001) with their & =
2. The class of functions under consideration is K = {kp2(W;, Wj,v):v €T'}. Since
[kh2 (Wi, Wi Y)| < 20max [Kn(Zi — Zj)|, we can use K (Wi, Wj) = 200, |[Kn(Zi — Z;)|
as the envelope function. As sets of linear functions whose subgraphs are half planes, both
{W*)/ v € T'} and {Wzﬂ’ v € T'} are VC-type. Under Assumptlonl ), it is clear that
{o(Wiy) : v € T} and {o(Wi;7) : v € T'} also are VC-type. Multiplying by a fixed function
Ky (+) w1ll not change their VC property and the associated VC characteristics. Therefore
{Kn2(Wi, W;,~) v €'} is VC type with VC characteristics independent of h. Applying
Proposition 4 in DG (2001), we have

-1 2
"D g ()| < cBR 08 W)

FE sup
~el

for some constant C' that does not depend on h. But EK*(W;, W;) = O (1/h%2) , and so
Esupyer [V p (Y)> =0(1/ (nh92)) = o(1). As a result, sup,ep vnRnp (7) = 0, (1) .1

Proof of Lemma Part (a). We first establish an expansion of f[o 1)z Kp(u
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2)fz (u) du, starting with

Kn(u = 2) fz (u) du

[0,1]¢z
= s Udg ~ Zdz
— /[0711612 hdz k( h ) k( h )fZ (u) du1 dudz
(1—21)/h (]_ Zdz)/h
— / / k(vl)”'k(vdz)fz(zl+v1h""7zdz+Udzh)d1)1---dvdz
—z1/h ~z4, /h
dyz (I—z¢)/h i dy (1—20)/h
) H [/ k(UOdW] fz(e)+ Z h|]|f+(2) H [/ k(ve)v/dve]
=1 [/ —z/h 0<[jl=g-1 7! g P
DI (1—z¢)/h
+ Z hm ﬁ? H [/ k(w)vz d@g + C’th-‘rl
lil=q =1 [/ —=/h
where
1 zy /h D‘] Z+Uh
|CK| = Z fZ )k?(’U[)Ugéd’Ug
—z¢/h ]'
ljl=q+14=1"""%¢
< [, s 20| 3 ST oot
J

jilil=a+1 2€[0,1)%2
0.1] l7l=g+1

Here we have used Assumptions [2a) and [|(b)
When z, € [h*, 1 — h?] for some a € (0, 1), we have

(1=22)/h
( / k (ve) dw> (%)
—z¢/h
— ) ( / ;k(w)m) 2 (2) - ( /:jm/hk(w dw> 2(2).

But under Assumption (b), we have, for some constants C' and C,

/ k (vg) duy
z¢/h

and simﬂarly ’f(olo—z[)/h k (/I}[) d’l)g‘ < Ch(lfa)(q2+q+1). Hence

(1=2¢)/h
(/ k (vp) dw) fz(2) = fz (%)

—z¢/h

0 oo 1
< / |k (ve)|dve < C zdve < Ch-o) (@ +at1)
ha—1 ho—1 1 + |U‘

< CRA-a)(@*+a+1),

When z; € [0, h®), we have, for some z; € (0, z),

(1—z¢)/h (1—z¢)/h
/ M k(ve)dve | fz(2)| = / k(ve)dve | fz (21,20, Zdy)
.

<Ch0¢(q+1)’

—z¢/h
(1—2)/h (z3)7H
k (vp)| dv £
(/_Ze/h k(v e) o <
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where we have used Assumption [2(b). Similarly when 2z, € (1 — k%, 1],

(1—20)/h
/ k(o) dvy | fz (2) < Chota+D)

ze/h

If we choose o € (ﬁ, 1-— qz%qﬂ), which is feasible, then
(1-20)/h
swp ([ ko) £2) - 122)| < o
2€[0,1]%2 —z¢/h

for some e > 0. Repeating the above arguments for other elements of z, we obtain

dz (1—z¢)/h
sup ([T | [ " koo £2() - f2(2)] < o,
z€[0,1]%2 |pZy [/ —=e/h

By the same argument, we can show that under Assumption [4 and [2[(a)(b):

- Di dz  r(1=2)/h .
sup Z hljlm / k(ve)vdtdvg| < Chate

1
€01 |jio<)j<g-1 I s nsh

and

dZ dZ

j (1—2¢)/ .
sup | S0 np LA [ /_ 1 hk(w)vzedw] - % [Z e (z)] he| < Chee,

.' q
2€[0,1]%Z | |j=¢ At ze/h (=1 0z

where

By = /vqk(v)dv.
We have therefore proved that
dz

Mfz (2
> gig( )] hq}

{=1

Hq

/ Kn(u— 2)fz (u) du — {fz (2) + 24
[0,1]42 q!

sup < Ch%te. (37)

z€[0,1]%2

Using the above result, we have

E [@(70 + Xivy + Y9 + Ziv3) Kn(Zi — Zj)}
= E{E[e(X:,Y:, Zi;v)Kn(Z; — Z;)|Wi] }

= E{SO(Xz',YuZz';’Y) /[Ol]dZKh(u—Zz')fz(u)dU]}

dz
_ v o7 o Ha | 912 (Z) g
- EQD(XM}/uZz»'Y) {fZ (Zz)+ q! ; 82{1@ h +O(h )

= Elp(Xi,Yi, Zi;v) fz(Zi)] + h1C1(7) + o(h?),
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where

f; 01f7 (Z:)
RY5)

Ci(v) = — {@(Xi,YuZi;’Y)
)

}

and the o(h?) term holds uniformly over v € I.
Next, let

(232, 5y) = / (@, ) fr 2y, 2)dy
0,1]7Y

be a function of z indexed by (Z, Z,7). Since ¢(Z,y, Z;7) and fyz(y, z) are bounded, we
can exchange differentiation with integration to obtain

DI (2%, 2,7)] :/[01]dy o(&,y, % %) DL [frz(y, 2)] dy,

where D] [-] is the partial differentiation operator with respect to z. So according to As-
sumption (a) and (d), ¢ (2;&, Z,7) is ¢ + 1 times continuously differentiable with respect
to z. Furthermore, under Assumption [3| and for j with |j| = ¢, we have,

sup sup ’Dz( H [ (z(l);i,é,‘y)} — Dz(g) [w (2(2);55,2,7)”

T1,21,7Y ||z(1)—z(2) ||<

= sup  sup /0” w(i,y,i;v)-‘Di [fyz(y,z(”)}—DZ [fyz(y,zu))”dy

171,2’17’7”2«(1)—2(2)H§e [
”Z(l)_z(2)H§6 [071}dY

= e [, 302

S RE

IN

DI [ fraly. )] = DL | fraly. ™)) | dy

for some constant p > 0. Therefore ¥ (2;%,2,7) € Ggt1 ([0, 1]%% 92 X T €, ppray) - In
addition, note that

V(2 T,2,7) = [/[0 i @(i,y,i;v)fwz(yIZ)dy] fz(2),

which, combined with Assumption (b), implies that DIy (%21, 21, ~) =0 for all Z on the
boundary on [0, 1]%#. Given these two properties, we can follow the same steps in showing

to obtain

[0,1]z
o Hq | N~ 0% (032, 2,7)
- ¢(zaxaza7)+a ; au? . hq+0(hq)
q
= (27,2, Z/ :zy,z’yafgz(y’ )d h? + o (h?)




uniformly over v € I' and (%, 2) € [0,1]%+92, Using this result, we have

[SD(Xi,Y}7Zz‘;’Y)Kh(Z‘ - Zj)
= E[ z; ]7Z177)Kh(Z Z)]

- {/Kh w-a [/ (Xis 95 Zis 1) vz (y, )dy] du}
B {/K" = Zy XuZm/)dz}

= E¢ ZZaX’L’Z’L77)+C2( )hq+0(hq)

uniformly over v € I' where

/’Lq 8 fYZ (ya ZZ)
Ca(y) = E {Z/ (Xi,y, Z —aZqu dy » .
By definition, ¥ (Z;; Xy, Zi,v) = gx2(Xs, Zi; 7). So
Elo(Xi,Y), Zi;v)Kn(Zi — Zj)] = Egx z(Xi, Zi;v) + Ca(y)h? + o(h9)

uniformly over v € I'.
Let C3(y) = Ci(v) — Ca(7y), then

An(y) = E[Aun(y)]
= E{lp(Xi,Y, Ziyv)Kn(Zi — Zj) — (X0, Y, Zisv) Kn(Zi — Zj)}
= Ep(Xy,Y;, Z;) f2(Z)] + 01( )h? + o(h?)

—{Eg9xz(Xi, Zi;v)] + C2(7)h? + o(h?) }
= A7) + C3(7)h? + o(h?)

uniformly over v € T'. It then follows that under Assumption (b)
B Aun()] =8 @) +o(n'?)

uniformly over v € I.
Part (b). By definition

Z”hl (Wisy) = Z{ﬂhl Wi;v) = An (1)}

where kp1(Wisy) = E [kp(W;, Wj;~)|W;] for j # i. Using the same arguments in proving
part (a), we have

sup sup < Chi*e,

vel' w;€[0,1]@

1
kna(Wisy) — [m(Wi;‘)’) + §B5(Xi, Y, Zi;‘Y)hq]
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where

(39)

(40)

k1 (Wi )
1 1
= PV ZimIAZ) ~ [ PXiw Ziy (o, Zdy
1 1
+2/<p(w,y> ZisY) [xy z(w,y, Zi)drdy — 2/@(96,12,Zi;7)fxz(:v, Z;)dz, (38)
BuXe Y Zi) = (X i, 21 S (D)
1( iy L7, 277):?@( 17y L4y 1’7);%’
dz
7 Mfyz(y, Zi
By (Xi, Ziyy) = *(,1 /W(Xiz%zi;’)’)(q)dya
q 07
/=1 il
dz
Iz 01 oz, y, Zi;v) fxyz(x,y, Z;
B3(Zi;y) = q(fZ/ Ll 8;‘1 ( )]dﬂcd%
t =1 il

dz
% 01 p(x,Yi, Zisy) fxz(x, Z;
Bu(Y:, Zi;) 252/ 2 GZ%) 2020 gy,
=1 ?

and

Bs(X3,Y:, Zisy) = B1(X4, Y3, Zisy) — Ba(Xs, Zisy) — Ba(Yi, Zisy) + Bs(Zs; ).

It is easy to see that Fri(W;;v) = A(y). So

2 1
Hon(y) = nz{Hl(Wz‘;’Y)—i-235(Xz',Yz‘,Zz';’)’)hq}—Ah(’)’)
i=1

= i; [(k1(Wisy) — Eri (Wi )] + % ;B5(Xiayiv Zizy)h?
—(An(7) = A (7)) +o(h?)

where the o(h?) term holds uniformly over v € I

Since Bs(Xi,Yi, Zi;7y) is continuous in v, Esuper |Bs(Xi, i, Zi;v)| < 0o, (X4,Yi, Z;)
is IID, and T" is compact, we can use a standard textbook argument to show that a ULLN
applies to n =1 >°" | Bs(X;,Y;, Zi;). That is, SUD~ep }n_l o Bs (X5, Y], Zi;'y)} = 0(1).

Combining this with part (a), we have
1< .
Hon(v) = > {r1(Wisy) — E [k1(Wiy)]} + Op(hY)
i=1

- jlizlwwm - Bl (W)} + oyl 72)

uniformly over v € T'.
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Proof of Theorem [3| As a direction implication of Lemmas [T] and 2| we have

Vi [Bna(ls) = AT

_ %Z {k1(Wi; D) = E [k (Wi D))} + 0 (1)
=1

uniformly over v € I'. The asymptotic normality now follows by applying the Lindeberg-
Levy CLT.
If in addition Hy holds, then A(T's) = 0 and

1 1
r1(Wisy) = 2<P(Xi7Yz‘,Zi;’Y)fZ(Zi)—2/@(Xi,y,zi;’)’)fyz(y,zz‘)dy
1 1
+2/w(ﬂc,y,Zi;'y)fxyz(x,y,Zi)dfvdy— 2/@(x%,Zi;’Y)fxz(x,Zi)dx,
1 1
(under Ho) = SE[p(Xi,Yi, Zisy) f2(Zi)|Xi, Yi, Zi] = S E e (Xi,Yi, Zi ) f2(Zi)| X, Zi]

+5 Bl (X, i, Zi5) f2(Z0) %) = 3B [ (X0, Yi, Z9) F2(Z0) Vs, 21
= AWi).

Thus, given Hy we have
Q(l,m) = AE AW v ) AWis )] -
|

Proof of Theorem |4; Given Lemmas|l{and [2] it suffices to prove part (a). Theorem
shows that for a finite number of v’s, {(,,(71), (,,(¥2)s - - -, C, (7¥5) } is asymptotically normal.
Also, v € I' € R'"™¥ with I' a compact (hence totally bounded) set. To complete the proof,
we need to show that (,,(v) is stochastically equicontinuous (e.g., see Andrews, 1994). For
this, we use Theorems 4-6 in Andrews (1994). In view of the definition of x1(Wj;~y) in
and Theorem 6 in Andrews (1994), we only need to verify that each of the four terms
satisfies Ossiander’s L? entropy condition.

For the first term in , © (Wi;v) fz(Z;) belongs to the type IV class if we can verify
that

E {[fz(Zi)]2 sup | (Wisyq) — @(Wm)IQ} <cv? (44)
Y1:llvi—vli<v

for any ~ €I, for any v > 0 in a neighborhood of 0, and for some finite constants C' > 0
and ¥ > 0. Under Assumption 3| ¢ (W;;~) is differentiable in «. Given that

2

E < 00

fz(Zi)sap 0 [p (Wi ) /0]
~el

and I' is bounded, we can show that holds by the mean value theorem and Cauchy-
Schwarz inequality.
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Similarly, we can show that the other three terms in x1(W;;~y) also belong to the type

IV class. Hence (,,() <4z (+).
[ |

Proof of Proposition [5} Since

s Vihnn(v)  VrBaa(y)
v | o () oa(7)
) 6n(Y) —on () 1
< sgp [\/ﬁAn,h(’Y)} Sl’lyp n () Sgp A (’7)7

it suffices to show that sup,, |1 —oa (¥) /6n (7)] = 0p(1). Under the given conditions, this

follows from the proof of uniform consistency of O given in Huang (2009, Ch. 1, Theorem
6). [
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Figure 1: Power functions of non-standardized ICM test (M,,) for DGP 1 with nominal size
5%
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Figure 2: Power functions of standardized ICM test (M,,) for DGP 1 with nominal size 5%

36



o
0

o
o

©
»~

Empirical Rejection Frequency

o
(V)

0
-08 -06 -04 -02 0 02 04 06 08

Figure 3: Power functions of non-standardized ICM test (M,,) for DGP 2 with nominal size
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Figure 4: Power functions of standardized ICM test (M,,) for DGP 2 with nominal size 5%
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Figure 5: Power functions of non-standardized ICM test (M,,) for DGP 3 with nominal size
5%
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Figure 6: Power functions of standardized ICM test (M,,) for DGP 3 with nominal size 5%
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Figure 8: Power functions of the 5% standardized GCR test, SW2007 test, and SW2008
test under DGP1 with sample size 200
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Figure 9: Power functions of the 5% standardized GCR test, LG 1997 test, and DG 2001
test under DGP1 with sample size 200
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