What Price Coordination?
The Efficiency-Enhancing Effect of Auctioning the Right to Play

By VINCENT CRAWFORD AND BRUNO BROSETA *

A model is proposed to explain the results of recent experiments in which subjects
repeatedly played a coordination game, with the right to play auctioned each
period in a larger group. Subjects bid the market-clearing price to a level re-
coverable only in the efficient equilibrium and then converged to that equilibrium,
although subjects playing the game without auctions converged to inefficient
equilibria. The efficiency-enhancing effect of auctions is reminiscent of forward
induction, but is not explained by equilibrium refinements. The model explains it
by showing how strategic uncertainty interacts with history-dependent learning
dynamics to determine equilibrium selection. (JEL C73, C92, C51)

Coordination is central to many questions in
economics, from the determination of bargain-
ing outcomes to the design of incentive
schemes, the efficacy of implicit contracts, and
the influence of expectations in macroeconom-
ics. Such questions are usually modeled as
noncooperative games with multiple Nash
equilibria, and analyzed under the assumption
that players can realize any desired equilib-
rium. Yet this begs the questions of whether,
and how, coordination comes about and
how the environment influences equilibrium
selection—questions that lie at the heart of
most applications.

Although recent advances in game theory
have added much to our understanding of co-
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ordination, there remains a large gap between
theory and experience that is unlikely to be
closed by theory alone. Further progress seems
likely to depend on combining theory with em-
pirical evidence on strategic behavior. Exper-
iments are a particularly useful source of such
evidence, in part because they make it possible
to observe the entire coordination process.
Crawford (1997) surveys a number of recent
studies in which subjects repeatedly played co-
ordination games, uncertain only about each
other’s strategy choices. The typical result was
convergence to an equilibrium, often with a
systematic pattern of equilibrium selection in
the limit. Explaining such patterns promises to
shed considerable light on coordination, in the
field as well as the laboratory.

In this paper we seek to explain some of the
most intriguing evidence on coordination we
have seen, from the experiment of John Van
Huyck et al. (henceforth *“VHBB’’) (1993).
Their subjects repeatedly played a nine-person
coordination game with seven symmetric
Pareto-ranked equilibria from the experiments
of VHBB (1991), with subjects’ payoffs and
best responses determined by their own actions,
called efforts, and an order statistic of all nine
subjects’ efforts, in this case the median.'

' See also VHBB’s (1990) experiments, where the or-
der statistic was the minimum.
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However, instead of endowing nine subjects
with the right to play the game as in their 1991
experiments, VHBB auctioned its nine posi-
tions each period in a group of 18. The structure
was publicly announced at the start; the market-
clearing price and median effort were publicly
announced each period; and explicit commu-
nication was prohibited throughout.

VHBB’s (1993) design is of unusual eco-
nomic interest. Its 1991 precursor, in which
nine subjects played the same median coordi-
nation game without auctions, is among the
simplest models of the emergence of conven-
tions to solve coordination problems, with a
range of possible outcomes and a natural mea-
sure of their efficiency. The median game is
similar in structure to several important mod-
els, from the Stag Hunt example Rousseau
used to motivate his analysis of the social con-
tract to Keynes’s beauty contest analogy and
the more prosaic macroeconomic coordination
models surveyed in Russell Cooper and
Andrew John (1988). Its efficient equilibrium
is plainly the ‘‘correct’” coordinating princi-
ple, but it is best for a subject to play his part
of that equilibrium only if he thinks it likely
that enough other subjects will do so. As in the
other coordination games VHBB (1990,
1991) studied, there is a tension between the
higher payoff of the efficient equilibrium and
the greater robustness of other equilibria to
subjects’ uncertainty about each other’s re-
sponses, which we call strategic uncertainty.
Finally, auctioning the right to play is an in-
teresting form of preplay communication, in
which subjects’ willingness to pay may signal
how they expect to play, and thereby
alleviate the tension due to strategic uncer-
tainty.” The auctions also capture important as-
pects of ‘‘general equilibrium’’ analogs of
VHBB'’s earlier environments, in which play-
ers choose among coordination games with the
market-clearing price analogous to the op-
portunity costs determined by their best
alternatives.

* The auction is an unusual form of preplay commu-
nication in that players’ messages can directly influence
their payoffs, hence are not *‘cheap talk’’; and they are
communicated only through an aggregate, the market-
clearing price.
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Auctioning the right to play the median
game had remarkable consequences. When
that game was played without auctions in
VHBB’s (1991) experiment, most subjects
initially chose inefficiently low efforts, and six
out of six subject groups converged to ineffi-
cient equilibria. Auctions might be expected
to yield more efficient outcomes simply be-
cause subjects have diverse beliefs about each
other’s efforts, auctions select the most opti-
mistic subjects to play, and optimism favors
efficiency in the median game. But VHBB’s
(1993) subjects did much better than this ar-
gument suggests: In eight out of eight groups,
they bid the market-clearing price to a level
recoverable only in the efficient equilibrium
and then converged to that equilibrium.? Con-
vergence was very fast, essentially complete
within three to five periods. The limiting out-
come was consistent with subgame-perfect
equilibrium in the stage game consisting of the
auction followed by the coordination game,
and subjects’ behavior suggests that their be-
liefs were focused as in the intuition for for-
ward induction refinements, in which players
infer from their partners’ willingness to pay to
play a game that they expect their payoffs to
repay their costs, and intend to play accord-
ingly (Elchanen Ben-Porath and Eddie Dekel,
1992).°

The efficiency-enhancing effect of auction-
ing the right to play in VHBB’s (1993) ex-
periment suggests a novel and potentially
important way in which competition might
promote efficiency. Although it conveys a
powerful impression by itself, it raises as many
questions as it answers. Was the outcome

* Roberto Weber (1994) has replicated this result in a
closely related environment, and Gerard Cachon and Colin
Camerer (1996) have verified its robustness and refined its
interpretation. Their experimental designs and results, and
the extension of our analysis to explain them, are dis-
cussed in Crawford and Broseta (1995).

* The intuition for forward induction seems to favor the
efficient equilibrium, and subjects’ limiting behavior was
consistent with forward induction, as it is usually formal-
ized, as well as subgame perfectness. But both refinements
are consistent with any of the seven symmetric pure-
strategy equilibria in the coordination game (with full sur-
plus extraction in the auction), so neither helps to explain
VHBB’s result.
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VHBB observed inevitable in their environ-
ment? How would the strength of the effect
vary with the treatment variables—the
number of players in the auction and the co-
ordination game and the order statistic that de-
termines the robustness of the efficient
equilibrium—which never varied in the
experiment? Would the effect extend to envi-
ronments beyond those that directly generalize
VHBB’s designs?

In principle such questions could be an-
swered piecemeal by further experiments, but
only a theory that elucidates the mechanism
behind VHBB’s result can provide a firm basis
for generalization and realize its full power to
inform analysis. Such a theory can change the
way we think about many applications in
which the participants in coordination games
are determined by a sorting process like
VHBB'’s auction or its general equilibrium
analogs.

The models in Cooper and John ( 1988), for
instance, view the entire economy as a coor-
dination game, but it may be more realistic to
view it as composed of sectors, regions, or
firms, each of which is a coordination game.
Because participants must often choose among
these, the economy may be closer to VHBB’s
auction environment than the games with ex-
ogenous participation of their earlier experi-
ments. If so, VHBB’s result suggests that
modeling the economy as a single coordina-
tion game systematically overstates the power
of coordination failure to explain underem-
ployment. Alternatively, consider a coordina-
tion model of Hong Kong’s economy that
takes into account the high costs most inhab-
itants paid to get there.” Did Hong Kong do so
well by attracting entrants who expected effi-
cient coordination, as in our ‘‘optimistic sub-
jects”” effect; via the power of entry barriers
to focus beliefs on better coordination out-
comes, as in our ‘‘forward induction’’ effect;
by having rules that favor efficient coordina-
tion, perhaps as in the ‘‘robustness’’ effect dis-
cussed below; or simply by exploiting its

* We are grateful to a co-editor for suggesting this il-
lustration, which is closer to VHBB s auction environment
because Hong Kong’s position has been nearly unique.
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natural advantages and ‘‘skimming the
cream’’ from mainland China? Only a theory
that distinguishes and quantifies these ef-
fects can give convincing answers to such
questions.

In this paper we propose a theory to explain
VHBB’s (1993) result, generalizing our anal-
yses of VHBB’s (1990, 1991) results in
Crawford (1995) and Broseta (1993a, 1993b)
to a class of coordination games with auctions
in which VHBB’s treatment variables can take
arbitrary values.® The main difficulty our anal-
ysis must address is explaining equilibrium se-
lection; the rapid convergence to equilibrium
in the stage game in VHBB’s (1993) experi-
ment and most of their earlier treatments is
easily explained by learning models.

In VHBB’s (1990, 1991) experiments, the
dynamics and limiting outcomes varied sys-
tematically with the size of the groups playing
the game and the order statistic that deter-
mined their payoffs and best responses, with
strong downward drift and convergence to the
equilibrium with lowest effort in VHBB’s
(1990) large-group minimum games, but no
drift and consistent ‘‘lock-in’’ on the initial
median in VHBB’s (1991) median games.
These and other variations in equilibrium se-
lection across VHBB’s treatments discrimi-
nate sharply among alternative theories of
strategic behavior, both traditional and
adaptive.

Our analyses explained these variations as
persistent effects of interactions between stra-
tegic uncertainty and history-dependent learn-
ing dynamics. One would expect the level of
strategic uncertainty to decline gradually to
zero as players learn to forecast each other’s
responses. Unless this decline is very slow, the
learning dynamics lock in on a particular equi-
librium in the limit, and the model’s impli-
cations for equilibrium selection can be
summarized by the prior probability distribu-
tion of that equilibrium, which is normally
nondegenerate due to the persistent effects of
strategic uncertainty. The distribution of the

® Yong-Gwan Kim (1996) suggests interesting alter-
native explanations of VHBB’s result, based on adaptive
dynamics and axioms in the spirit of evolutionary stability.
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limiting equilibrium is determined by players’
learning rules, the treatment variables, and the
cumulative effects of strategic uncertainty on
the dynamics. The key to our explanation is
that strategic uncertainty generates what we
shall call a robustness effect, which gives the
learning dynamics a negative, zero, or positive
drift for order statistics respectively below, at,
or above the median. The magnitude of the
drift increases with the level of strategic un-
certainty, and for sufficiently large initial lev-
els, declining over time, it makes the prior
probability distribution of the limiting equilib-
rium vary across VHBB’s (1990, 1991 ) treat-
ments much as its empirical frequency
distribution varied in their experiments.

Here we adapt our earlier methods to show
that in VHBB’s (1993) environment, strategic
uncertainty generates robustness, optimistic
subjects, and forward induction effects large
enough to explain the pattern of equilibrium
selection they observed. Our approach yields
a unified explanation of VHBB’s (1990, 1991,
1993) results, and makes it possible to assess
the likely importance of those effects in other
environments.

We assume throughout that players are ra-
tional in the standard sense that their decisions
maximize expected payoffs, given their beliefs
about each other’s decisions. But our analysis
is adaptive in that, rather than assuming equi-
librium in the stage game or the repeated game
that describes players’ entire interaction, we
allow players to have diverse beliefs about
each other’s decisions in the stage game and
model the process by which their beliefs and
decisions converge as they learn to predict
each other’s decisions. Thus, our analysis al-
lows equilibrium to be reached by unsophis-
ticated learning from actual observation rather
than introspective, strategically sophisticated
reasoning.

We impose the structure needed for analysis
by using special features of VHBB’s environ-
ment to give a simple econometric character-
ization of strategic uncertainty and the
learning dynamics, which allows a more in-
formative analysis of the effects of strategic
uncertainty than now seems possible for
games in general. Players’ initial beliefs and
responses to new observations each period are
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perturbed by independently and identically
distributed (henceforth, ‘‘i.i.d.”’) random
shocks. The shocks represent strategic uncer-
tainty in terms of the differences in players’
learning rules, and their variances represent
the initial level of strategic uncertainty and
how it varies over time as players learn to fore-
cast each other’s responses. In effect each
player has his own theory of coordination,
which gives his initial beliefs and his interpre-
tations of new observations an unpredictable
component.

The resulting model is a Markov process
with time-varying transition probabilities, the
dynamics of which are driven by strategic un-
certainty. Like our earlier models, it encom-
passes the leading alternative characterizations
of strategic behavior in such settings: tradi-
tional analyses in which players’ beliefs and
decisions are focused from the start on a par-
ticular equilibrium, evolutionary analyses of
the ‘‘long-run equilibria’’ of ergodic dynamics
with small amounts of noise, and history-
dependent learning with lock-in on a particular
equilibrium in the limit. These are distin-
guished mainly by different values of the var-
iances that represent the level of strategic
uncertainty and how it varies over time.

As in our earlier analyses, we take the vari-
ances and certain other aspects of behavior to
be exogenous behavioral parameters. Qur
characterization provides a framework within
which to close the model by estimating them,
using VHBB’s (1993 ) experimental data.” As
before, the estimated parameters generally sat-
isfy the restrictions suggested by theory, but
differ significantly from the values needed to
justify an equilibrium analysis or an analysis
of the long-run equilibria of ergodic dynamics.
Instead they indicate large initial levels of stra-
tegic uncertainty, declining to zero over time.
The decline is rapid enough to make the

7 The need to proceed this way will come as no surprise
to anyone who accepts Thomas Schelling’s (1960) prem-
ise that the analysis of coordination is inherently partly
empirical. Strategic uncertainty is crucial to understanding
the dynamics, but the differences in subjects’ beliefs can-
not be reliably explained by theory alone because sub-
jects were indistinguishable and had nearly identical
information.
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dynamics converge with probability one to one
of the pure-strategy subgame-perfect equilib-
ria of the stage game, so that the model’s im-
plications for equilibrium selection can be
summarized by the prior probability distribu-
tion of that equilibrium. The estimated model
gives an adequate statistical summary of in-
dividual subjects’ behavior, and implies prob-
ability distributions of the dynamics and
limiting outcome that resemble their em-
pirical frequency distributions in VHBB’s
experiment.

We study equilibrium selection in more de-
tail by using special features of our learning
model and the environment to obtain a closed-
form solution for the histories of players’ be-
liefs, bids, and efforts as functions of the
behavioral parameters, the treatment variables,
and the shocks that represent strategic uncer-
tainty. The solution shows how the limiting
outcome is built up period by period from the
shocks, the effects of which persist indefi-
nitely. This persistence makes the learning
process resemble a random walk in the aggre-
gate, but with declining variances and nonzero
drift that depend on the parameters and treat-
ment variables. As in our earlier analyses,
large, persistent effects of strategic uncertainty
make it necessary to analyze the entire learn-
ing process to understand equilibrium selec-
tion, and preclude explanations based on
equilibrium refinements or ergodic dynamics,
which assume away either strategic uncer-
tainty or persistence.

The form of our solution indicates that un-
less the behavioral parameters vary sharply
and unpredictably with changes in the envi-
ronment—which our estimates for VHBB’s
(1990,1991 )experiments suggestisunlikely —
the dynamics and limiting outcome will vary
with the treatment variables in stable, predict-
able ways. We begin with a qualitative com-
parative dynamics analysis of the effects of
changes in VHBB’s (1993) treatment vari-
ables. Generalizing results from our earlier
analyses, we make precise, in the probabilistic
sense appropriate to the model, the common
intuitions that coordination tends to be less ef-
ficient the closer the order statistic is to the
minimum (our robustness effect) and less ef-
ficient in larger groups because it requires
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coherence among a larger number of indepen-
dent decisions. We also establish a new result,
showing that coordination tends to be more ef-
ficient the more intense the competition for the
right to play.

Our model explains the efficiency-
enhancing effect of auctions as the result of a
dynamic interplay between forward induction,
optimistic subjects, and robustness effects.
Our solution allows a quantitative comparative
dynamics analysis that shows how the mag-
nitudes of these effects are determined by the
treatment variables and behavioral parameters,
and makes it possible to estimate their impor-
tance in other environments. The mean coor-
dination outcome can be expressed as the sum
of four components per period, one of which
is the forward induction effect, one of which
combines the optimistic subjects effect with
the robustness effect of our earlier analyses,
and two of which are smaller effects, discussed
below. These components can be approxi-
mated as known functions of the treatment
variables, the behavioral parameters, and tab-
ulated statistical parameters.

These approximations yield a simple char-
acterization of the optimistic subjects and
robustness effects. Together they have approx-
imately the same magnitude in VHBB’s
environment (where the right to play a nine-
person median game was auctioned in a group
of 18) as the robustness effect in an 18-person
coordination game without auctions in which
payoffs and best responses are determined by
the fifth highest (the median of the nine high-
est) of all 18 players’ efforts. In this respect
the auctions effectively transformed VHBB’s
median game, which without auctions would
have a robustness effect that contributes zero
drift to the dynamics, into a 75th-percentile
game (0.75 = 13.5/18) with a robustness ef-
fect that contributes a large upward drift. Our
estimates suggest that this drift is responsible
for roughly half of the efficiency-enhancing
effect of auctions in VHBB’s environment,
and that the other half is due to a strong for-
ward induction effect.

Our quantitative analysis also shows that
unless the behavioral parameters vary sharply
with changes in the environment, there is a
positive efficiency-enhancing effect through-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



VOL. 88 NO. |

out the class of environments we study, but it
is not always strong enough to assure fully ef-
ficient coordination. More generally, the
mechanism suggests that the effect will extend
to other laboratory or field environments that
combine significant strategic uncertainty with
the ingredients of our optimistic subjects and
forward induction effects.

The rest of the paper is organized as follows.
Section I describes the environments we study
and introduces our learning model. Sections II
and III present the theoretical and econometric
analyses. Section IV is the conclusion.

I. The Model

In this section we describe the class of envi-
ronments we study and introduce the learning
model that is the basis for our theoretical and
econometric analyses. We call the highest price
at which a player plans to remain in the auction
his bid, and we define efficiency with reference
to players’ payoffs in the coordination game,
bearing in mind that the auction may transfer
some or all of the surplus to the experimenters.

A. The Environment

In VHBB’s (1993) experiment subjects
played the nine-person median coordination
game of VHBB’s (1991) treatment I" for 10
or 15 periods, with the right to play auctioned
each period in a population of 18 subjects. In
the median game nine players choose among
seven efforts, {1, ..., 7}, with payoffs deter-
mined by their own efforts and the group me-
dian effort. Denoting players’ efforts at time ¢
by £, ..., £,, and the median by M,, player i’s
period-t payoff in dollars is 0.1 M, — 0.05(M, —
£:)? + 0.6. Because no player’s effort can in-
fluence the median when all other players are
choosing the same effort, and player i’s payoff
is higher, other things equal, when £, = M,,
any configuration of efforts with £, = M, for
all i is an equilibrium, and these seven sym-
metric equilibria are the only pure-strategy
equilibria. These equilibria are strict and
Pareto ranked, with equilibria with higher M,
better for all players than those with lower M,.

The auction was a multiple-unit ascending-
bid English clock as in Kevin McCabe et al.
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(1990), in which subjects indicated their will-
ingness to pay the current asking price by
holding up bid cards, with subjects who
dropped out not allowed to reenter the bidding.
The asking price started five cents below the
payoff of the least efficient equilibrium of the
median game and increased by five-cent incre-
ments until 11 or fewer subjects remained, af-
ter which it increased by one-cent increments
until nine or fewer subjects remained. (The
payoffs of adjacent equilibria differed by ten
cents.) The market-clearing price was deter-
mined as follows. If the lowest price at which
nine or fewer subjects remained in the auction
left exactly nine subjects, all nine were
awarded the right to play at that price. If that
price left fewer than nine subjects, they were
all awarded the right to play, with the remain-
der of the nine slots filled randomly from those
who dropped out at the last increasc, and all
nine subjects paying the price before the last
increase.®

In VHBB’s (1993) design, as in their treat-
ment I', explicit communication was prohib-
ited throughout; the median was publicly
announced after each play; and with minor ex-
ceptions the structure was publicly announced
at the start. The market-clearing price was
publicly announced after each auction, before
the winners played the median game.

We now describe a class of environments
that generalizes VHBB’s (1993) design by al-
lowing any values of their treatment variables
and any coordination game that shares the
structural features noted above (including
those used in VHBB’s [1990, 1991] other
treatments ). We assume throughout that bids
are continuously variable.” We introduce the
model under the simplifying assumption that
effort is also continuously variable. In Section
I, subsection D, and more formally in Section
II1, subsection B, we explain how to adapt the

® Thus subjects never paid more than they indicated
they were willing to, and they were never excluded in-
voluntarily unless they had indicated approximate indifference.

° This was not literally true in the experiments, but the
increments by which bids could vary were small enough
(one cent near the market-clearing price, compared to a
ten-cent payoff difference between equilibria) to make it
a good approximation.
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model to the discrete effort spaces of VHBB's
experiment by viewing the continuously vari-
able efforts as the latent variables in an ordered
probit model of discrete effort choice.

There is a finite number, m, of indistin-
guishable players, who repeatedly play a
stage game with symmetric player roles.
The stage game consists of an n-person
coordination game, with n < m, preceded by
an auction in which all m players bid for the
right to play.

The coordination game has one-dimensional
strategy spaces, with strategies called efforts.
Effort has a commonly understood scale,
which makes it meaningful to say that a player
chose the same effort in different periods, or
that different players chose the same effort.
Any symmetric effort combination is an equi-
librium, and such combinations are the only
pure-strategy equilibria. By symmetry, these
equilibria are Pareto ranked unless players are
indifferent between them. Each player’s best
responses are given by a summary statistic of
all players’ efforts when that statistic is unaf-
fected by his effort. The summary statistic, y,,
is a function f( x,,, ..., x,,), where x; is player
i’s continuously variable effort at time ¢ and
players 1, ..., n play the game. We assume that
f(-) is continuous and, for any x,,, ..., x,, and
constants ¢ and b = 0, f(a + bxy,, ..., a +
bx,) = a+ bf(x,, ..., Xx,,). These assump-
tions are satisfied when f(-) is an order statis-
tic or a convex combination of order statistics
such as the arithmetic mean. To see what they
entail, note that the symmetry of roles implies
that f(-) is a symmetric function of the x;,, so
that its value is determined by the order statis-
tics of their empirical distribution. Our as-
sumptions rule out most nonlinear functions of
these order statistics, which is restrictive but
probably not unrepresentative of symmetric
games. We abuse terminology by calling f(-)
an order statistic.

The auction is a multiple-unit ascending-bid
English clock as described above, with player
i’s bid and the market-clearing price at time ¢
denoted p;, and g, respectively. We depart
from the auction VHBB used only in assuming
that p,, and ¢, are continuously variable. With
continuously variable bids the effects of
VHBB'’s tie-breaking procedure are negligi-
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ble, and g, can be taken to be the (n + 1)th
largest of the p;,, an order statistic of their em-
pirical distribution. For any given m and n, ¢,
can be written as a function,

(1) q: = g(plrs "'spmr)’

where for any py,, ..., p., and any constants a
and b = 0,

(2) gla+ bpy,...,a+ bp,,)

=gq+ bg(plrs sp/m)-

Because the form of g(-) is completely deter-
mined by m and n, we describe changes in
g(-) below by describing the associated
changes in m and n, without separate reference
tog(-).

The outcome of the stage game can now be
described more precisely. We write

(3) yt = h(xlrs XN xml;pll, see ,pm!)a

where the x;, now include planned effort
choices for all m players, and h(xy,, ..., X,
Pis - » Pow) €quals f(-) evaluated at the x;, as-
sociated with the n highest p, in the popula-
tion—noting that the order of these x, is
immaterial and ignoring ties in the p,, which
will have probability zero under our distribu-
tional assumptions. It is immediate from this
definition that for any p,,, ..., p,, and any con-
stants @ and b = 0, A(-) is continuous in x,,,
.« » X and inherits the scaling properties of
f(+), in that

(4) h(a+ bxy, ...,a+ bx,; Py oo s Pra)

=a+ bh(xlls ooy Xomes pln ’pm!)'

As only the order of the p, matters, it is also
clear that for any constants a and b > 0,

(5) h(xy,,...%u;a+ bp,,..,a+ bp,,)

= h(xltv eee s Xors plra [EEIE) pm)‘)'

We assume that the structure of the environ-
ment is publicly known.
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B. Equilibrium Refinements
in the Stage Game

As noted above, in VHBB’s (1993) exper-
iment eight out of eight subject groups bid the
market-clearing price of the right to play to a
level recoverable only in the efficient equilib-
rium, and their efforts converged to that equi-
librium. As VHBB’s (1993 ) Tables V and VI
make clear, subjects’ bids and efforts were
generally consistent with the intuition for for-
ward induction, in that individual subjects sel-
dom bid more than their efforts made it
possible to recover in the coordination game,
and never did so after the first few periods.

Although we shall argue below that the lim-
iting outcomes in the experiment cannot be un-
derstood without analyzing history-dependent
learning dynamics, it is instructive to consider
the implications of equilibrium refinements in
the stage game. Because the structure was pub-
licly announced, we assume complete infor-
mation. The most relevant refinements are
subgame perfectness and forward induction,
and the essential points can be seen by focus-
ing on symmetric pure-strategy equilibria.
Without loss of generality we rescale the pay-
offs in the coordination game, which are in-
creasing in players’ common efforts, so that in
each of these equilibria players’ payoffs equal
their efforts.

When all players use the same bidding strat-
egy and n < m, no player can alter the market-
clearing price by changing his bid. It is easy
to check that any strategy combination with
pi = x, = q, = y, for all i, in which each player
bids his payoff in a symmetric pure-strategy
equilibrium of the coordination game and then
plays that equilibrium’s effort unless he is the
only player to bid that amount, is a subgame-
perfect equilibrium of the stage game.'’

'“No player can gain by changing his bid because the
right to play yields zero surplus. Other symmetric pure-
strategy subgame-perfect equilibria differ from these only
inessentially, off the equilibrium path. There are no sym-
metric equilibria in which the right to play yields positive
surplus because a player could gain by outbidding his part-
ners, assuring himself the right to play without raising the
market-clearing price. Kim (1996 Lemma 1) gives a full
characterization of the pure-strategy subgame-perfect
equilibria in this game, including asymmetric ones.
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In applying forward induction we follow
Ben-Porath and Dekel (1992) in identifying it
with the ability to survive iterated deletion of
weakly dominated strategies. VHBB’s stage
game resembles Ben-Porath and Dekel’s Fig-
ure 2.3b example, in which two players pub-
licly and simultaneously decide whether to
burn a given quantity of money before playing
a coordination game like VHBB’s."' This
game has a symmetric subgame-perfect equi-
librium in which players burn money and then
play the inferior equilibrium in the coordina-
tion game, each anticipating that equilibrium
unless he is the only player who burns money.
In this equilibrium each player’s strategy is a
unique best response given his beliefs, so it
survives iterated deletion of dominated strat-
egies. As Ben-Porath and Dekel note, such
equilibria normally exist whenever players
move simultaneously in the communication
phase. In VHBB's stage game such an equi-
librium can be constructed to support any of
the seven symmetric pure-strategy equilibria
in their coordination game, with full surplus
extraction in the auction. The requirements for
such equilibria are also consistent with sub-
game perfectness. Thus, subgame perfectness
and forward induction in the stage game, to-
gether or separately, are consistent with the
limiting outcomes in VHBB’s experiment but
too unrestrictive to help in explaining them.
We use ‘‘forward induction’’ loosely below to
refer to the intuition rather than a formal
definition.

C. The Learning Model

For our purposes, it is essential to capture
the idea that, even if players form their beliefs
and choose their bids and efforts sensibly, they
may differ in unpredictable ways. It is also es-
sential to describe the dynamics of beliefs,

"' VHBB’s stage game differs from Ben-Porath and
Dekel’s example in that the latter’s players must play the
game whether or not they bum money, and must bear the
cost of any money they burn no matter what their partners
do; but these differences are inessential here. Note that
unilateral deviations from symmetric bid combinations are
always observable, although deviations from asymmetric
combinations might not be.
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bids, and efforts realistically in terms of ob-
servable variables, in a way that permits esti-
mation of the behavioral parameters that
cannot reliably be determined by theory (such
as the variances that represent the level of stra-
tegic uncertainty) and allows an informative
theoretical analysis.

In the environments we study, players’ bids
and efforts evolve as follows. First all m play-
ers choose their initial bids, the resulting value
of g, is publicly announced, and the n winners
choose their efforts in the coordination game.'?
All m players then observe the resulting value
of y, and choose new bids, and the process con-
tinues. Because the structure is public knowl-
edge, players face uncertainty only about each
other’s bids and efforts. The effects of others’
bids and efforts on a player’s payoffs are fil-
tered through ¢, and y,.

The large subject populations in VHBB’s
(1993) experiment make it a plausible work-
ing hypothesis that players treat their individ-
ual influences on ¢, and y, as negligible. This
implies that players’ optimal bids and efforts
each period are determined by their current
payoff implications, and thus by their beliefs
about the current y,, because those beliefs de-
termine their expected payoffs and optimal ef-
forts, and their bids make winning the right to
play contingent on ¢,. We imagine that players
begin with prior beliefs about the process that
generates g, and y,, use standard statistical pro-
cedures to revise their beliefs in response to
new observations, and choose the bids and ef-
forts that are optimal, given their beliefs. Play-
ers whose priors differ may then have different
beliefs even if they have always observed the
same history and used the same procedures to
interpret it.

We adopt a simple econometric characteri-
zation of the dynamics of beliefs, bids, and
efforts in the style of the adaptive control lit-

' We assume that bids are not publicly observable,
even though VHBB’s subjects were in booths that may
have allowed them, with some effort, to observe when
other subjects dropped out. At our request Weber (1994)
ran two trials that replicated VHBB’s design but ensured
that bids were unobservable, with very similar results.
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erature."’ The key insight of the control liter-
ature is that describing how beliefs respond to
new information does not require representing
them as probability distributions or their mo-
ments. It is enough to model the dynamics of
the optimal decisions they imply, which are
the only aspect of beliefs that directly affects
the outcome. We represent players’ beliefs by
their optimal efforts, which when continuously
variable preserve enough information to real-
istically describe their bids as well as their ef-
forts." There is no need to assume that the
optimal efforts are determined in any simple
way by the moments of the distributions that
describe players’ beliefs.

We describe the conditional means of play-
ers’ responses to new observations by simple
linear adjustment rules, in which their beliefs
adjust part of the way toward the value sug-
gested by the latest observation of y, in a way
that generalizes the fictitious-play and best-
response rules to allow different values of pa-
rameters that represent the initial levels,
trends, and inertia of beliefs. We describe the
differences in players’ beliefs by perturbing
these mean adjustments by idiosyncratic ran-
dom shocks each period, which represent stra-
tegic uncertainty described in terms of the
differences in players’ learning rules. We as-
sume that these shocks are i.i.d. across players,
with zero means and given variances. Thus,
any correlation in players’ beliefs that emerges
is the result of responses to common obser-
vations of y, and ¢, rather than an artifact of
our distributional assumptions.

We distinguish between players’ beliefs
when they bid and when the winners in the
auction play the coordination game, because
the latter beliefs may reflect inferences from
g,. Player i’s beliefs in period t before and after
he observes g, are denoted Xx;, and x,, respec-
tively. They are interpreted as his estimates of
his optimal effort given his information at
those times, with X, and X, denoting the asso-
ciated population m-vectors.

'*See M. B. Nevel’son and R. Z. Has’minskii (1973)
or Michael Woodford (1990 Sec. 2).

' Our model with discrete efforts, by contrast, de-
scribes beliefs and efforts separately.
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Players’ initial beliefs are given by
(6) X = ag + C,-o,

where «, is their common mean and the {,q are
idiosyncratic shocks.

Recalling that payoffs in the coordination
game are measured so that players’ payoffs in
symmetric equilibria equal their efforts, play-
ers’ bids in period ¢ are given by

(7) Pi = ﬁ/ +x, + Tirs r=0,..,

where the 3, are constants and the 7, are idio-
syncratic shocks that represent the differences
in players’ bidding strategies. This specifica-
tion can be justified as follows. Players’ values
of the right to play may be affiliated, because
with strategic uncertainty higher bids signal
higher beliefs and efforts, which raise the ex
ante distributions of all players’ payoffs.'” But
because players ignore their future influences
on y,, and their individual influences on g, are
negligible unless they do not win the right to
play, standard arguments show that it is ap-
proximately optimal for a player to stay in the
auction until his value given the current level
of g, falls below g, [although g, influences the
outcome in the game, via (8) below, this cri-
terion uniquely defines his bid when 6, < 1].'¢
Finally, because VHBB’s median game im-

'* Paul Milgrom and Robert Weber (1982) define affil-
iation. Even though winners play the same game, their
values are not common because their beliefs and efforts
differ.

® VHBB’s auction is a multiple-unit version of the
‘‘Japanese’’ auction studied by Milgrom and Weber
(1982). They show that when players have affiliated values
and can observe each other’s bids, it is optimal for a player
to stay in until the current price makes him indifferent
between winning or losing, taking into account the win-
ner’s curse. However, in VHBB’s auctions winning re-
veals nothing to a player about other winners’ beliefs; and
anything winners learn about losers’ beliefs is irrelevant
to the current value of the game unless the idiosyncratic
parts of players’ beliefs are correlated. This suggests that
winners’ curse effects are unimportant here, and that it
makes little difference whether players can observe losers’
bids.
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poses a quadratic payoff penalty for efforts
away from the median, a risk-neutral player’s
optimal effort equals the mean of his distri-
bution of y, by certainty-equivalence. His ex-
pected payoff is then equal to that effort minus
the variance of his distribution of y,, which
should be approximately proportional to the
variance of 6, in (8) below. This yields (7),
with §,, the mean of players’ corrections for
the cost of strategic uncertainty, negative and
approaching zero over time if Var 6, — 0.
After the auction players observe ¢,, as de-
termined by (1), and update their beliefs to

(8) X = 71+6zqr+(1 _5l)~fxr+0irs

t=40,..,

where the vy, and 6, are constants and the 6,, are
shocks that represent the differences in updat-
ing rules. vy, and 6,, the level and slope param-
eters of these linear adjustments, together
reflect forward induction inferences from the
observed value of g,.

The winners then determine their efforts ac-
cording to the x;, and all m players observe
the value of y, determined by (3) and update
their beliefs again, to

(9) )?iz+1:a1+l+£r+lyr+(l_8r+l)xir

+ Cir«rl,

where the «, and &, are constants and the {, are
shocks. The level and slope parameters «, . |
and g,,, represent any trends in beliefs and
the precision of beliefs, as reflected by how
much they respond to new observations of y,.
The x;, . | then determine players’ bids next pe-
riod via (7), and the process continues.
Although (8) and (9) suggest partial ad-
justment to the efforts suggested by the latest
observation of g, or y,, they are best thought
of as representing full adjustment to players’
current estimates of their optimal efforts,
which respond less than fully to new obser-
vations because they are only part of players’
information about the process. As explained
in Crawford (1995 pp. 112-13), (9) gen-
eralizes the familiar fictitious-play and best-
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response learning rules to allow a much
wider range of priors about the structure of
the y, process.'” Equations (8) and (9) are
not fully ‘‘rational’’ in the game-theoretic
sense, because players’ priors are not re-
quired to be correct and linearity may be in-
consistent with the rules that are optimal
given their priors. However, in the control
literature such rules have been shown to pro-
vide a robust estimation method for agents
who understand the forecasting problems
they face, but are unwilling to make the spe-
cific assumptions about the structure of the
process or unable to store and process the
large amounts of information a Bayesian ap-
proach requires.

By construction, E(, = En, = Ef, = 0 for all
i and 7, where E is the expectation operator. We
assume that ,, 7, and 6, are independent of
each other and serially independent for each i,
which amounts to assuming that x;, and x, fully
capture the future effects of past idiosyncratic
influences on player /’s beliefs. We also assume
that C,,, 77, and 6, are i.i.d. across i, with com-
mon variances denoted o?,, 07,, and o5,

We assume throughout that 0 < §,, g, =
1. With no further restrictions on the behav-
ioral parameters, the model is formally con-
sistent with any history of the y, for any m,
n,and f(-), with a, varying over time as nec-
essary and 8,, v,, 0¢,, 03, and o, set equal
to zero, so that for all i and ¢, p;, = X, =
X, = q, =¥ = Zi_, a,. Such solutions, in
which players jump from one stage-game
equilibrium to the next following some com-
monly understood pattern, are not ruled out
by standard arguments because they corre-
spond to equilibria of the repeated game. Yet
they are empirically bizarre, because the ad
hoc time variation in the behavioral param-
eters they require violates the hypothesis
that, in a given environment, the distribution
of past behavior is indicative of current be-

"7 Unlike learning rules in which players respond only
to realized payoffs, such as those in Alvin Roth and Ido
Erev (1995), (8) and (9) reflect the best-response structure.
As explained in Crawford (1997 Sec. 6.3), VHBB’s sub-
jects seemed to understand the structure, and such rules
allow a better description of their behavior.
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havior, which most of us take for granted in
learning to predict others’ behavior in re-
peated interactions.

We address this issue below by imposing
intertemporal restrictions that rule out such ad
hoc variations in the model’s behavioral pa-
rameters. These restrictions allow for the pos-
sibility that ., 8, v, 0¢,, 05, 04, > 0 as ¢
o, so that players learn to predict y, if it con-
verges and choose the x; that are optimal given
their predictions, and the long-run steady
states of the dynamics coincide with the pure-
strategy subgame-perfect equilibria of the
stage game [ shown in Section I, subsection B,
to satisfy p,, = x, (= x;) = ¢, = y, for all {].
We find below that they permit an adequate
econometric description of individual sub-
jects’ behavior, which yields a useful expla-
nation of the dynamics of their interactions.

D. Discrete Efforts

To estimate the model and to use it to pre-
dict experimental results, we must allow for
the discrete efforts of VHBB’s design. We do
this by letting x;, and X, continue to represent
beliefs and remain continuously variable, but
with x,, determining effort as the latent variable
in an ordered probit, described in Section III,
subsection B. Beliefs, bids, and efforts still fol-
low (1), (3), and (6)—(9), but with efforts
and the order statistic determined by rounding
each x; to the nearest feasible integer and eval-
uating 4 (-) at the rounded values.

I. Analysis

We begin by analyzing the model with con-
tinuously variable efforts. In Section II, sub-
section F, we explain how to extend the
analysis to the discrete efforts of VHBB’s
experiment.

A. Preliminaries

Once the distributions of {;,, n;,, and 8, are
specified, (1), (3), and (6)—(9) define a
Markov process with state vector X,, in
which beliefs, bids, and efforts are i.1.d.
across players ex ante. Equation (6) pro-
vides initial conditions and substituting (1),
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(3),and (7)—(8) into (9) and using (2) and
(4)-(5) gives x, ., as a function of the &,
parameters, and shocks:

(1) X =a., +B0+y
+ 8,8(X0 4 Nrseon s X + Nor)
+e& Al (1 -6)%,+0, ...,
(1 = )Xo Bpes Xy + Mg e s Ko + ]
+(1—e, D[ =0)x, +0,]

+Cif+l’ t:0,....

The model’s recursive structure and the inde-
pendence of players’ deviations from the av-
erage adjustment rules capture the requirement
that players form their beliefs and choose their
strategies independently that is the essence of
the coordination problem.

The model’s dynamics are driven by stra-
tegic uncertainty, as represented by the o7,
o3, and o,. Different assumptions about how
0%, 0%, and o, vary over time have different
implications for the dynamics, which go along
way toward identifying the stochastic struc-
ture. The following result is helpful in under-
standing this relationship.

PROPOSITION 0: Suppose that o, = O for
allt=1,..and B, =y, =0forallt =0, ...,
so that there are no exogenous trends in be-
liefs, and that 6}, = 04, = cf, = O forall t =
T, ..., so that the rules that describe players’
responses to new observations coincide from
period T onward for some T = 0. Then there
exist players, j and k, such that g(x,, ....
fmr) = X-'Jl and h(fln et -x—mt; x_lt’ A fmz) = sz
forallt =T, ... and X, and x,, converge with
probability one to a common value, weakly be-
tween Xy and Xy, that is completely deter-
mined by Xy, X7, and the 6, and €, fort = T,
... If T = 0, so that players’ initial beliefs
coincide as well, then x;, = x, = ay for all |
andallt =0, ....

The proof is in the Appendix. Proposition
0 shows that if there are no differences in
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players’ responses to new information from
period T on, the dynamics must converge to
an equilibrium dictated by, and bounded be-
tween, the ;7 and X7 that determine g () and
#(-)inperiod T. In VHBB’s environment X7
and x,r are the tenth and fifth largest x;; (be-
cause n = 9, g(-) is the (n + 1)th highest
bid, and % (-) is the median of the nine largest
X:r ). Thus, unless differences in responses
persist long enough to drive X, and X7 to
efficient levels, the model cannot explain the
convergence to the efficient equilibrium
VHBB observed.'®

If 07, 04, and o, converge to positive con-
stants, instead of remaining at O for all 7 = T,
.., an analysis of long-run equilibria seems pos-
sible, along the lines of the analysis of evolu-
tionary dynamics in Kim (1996). This would
probably reproduce Kim’s conclusion that there
is efficient coordination in the long run, as in
VHBB’s experiment. However, the closely re-
lated experiments of Weber (1994) and Cachon
and Camerer (1996) suggest that efficiency is
not inevitable for all values of m, n, and f(-)
(although no amount of data from experiments
with finite horizons can ever disprove a long-run
result). More importantly, we find below that
when %, 03, and o'¢, decline gradually to 0, as
one would expect as players learn to forecast g,
and y, from their common observations, the
model yields history-dependent dynamics that
closely resemble VHBB’s results. And in this
case the model also provides useful information
about the mechanism behind the efficiency-
enhancing effect of auctions and the effects of
changes in the environment—information that
would very likely be lost in an analysis of long-
run equilibria.

B. Closed-Form Solution

We now show how to analyze the dynamics,
whether or not the variances converge to zero,
in a way that yields a deeper understanding of

' This not the whole story because in our empirical
analysis «,, B, and v, sometimes differ from 0 and, as
explained below, these parameters also affect efficiency.
We set them equal to O here, except for ay, to focus on a
more subtle aspect of the dynamics.
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how outcomes are determined and makes it
possible to estimate the effects of changes in
the environment.

The key to much of our analysis is the fact
that the scaling properties of the order statistics
g(+)and A(-) and the form of players’ learning
rules allow us, despite the model’s nonlinear-
ity, to obtain a closed-form solution for the
entire history of players’ beliefs, bids, and ef-
forts as a function of the behavioral parameters
and the shocks that represent strategic uncer-
tainty. In what follows, sums with no terms
(like =2} &, , 1k, for t = 0) are understood to
equal 0, and products with no terms are un-
derstood to equal 1.

PROPOSITION 1: The unique solution of the
learning dynamics is given, for all i and t, by

t 7

(12) -xit = 2 [as + ﬂ,rés + y;] + z 558:

s=0 s=0

r—1

+ 2 &+ W + 2
s=0
and
' t
(13) y,= X [a,+ B4+ 7]+ 2 b8,
s=0 s=0
t—1
+ Z 8.T+]h.\’ + hn
s=0
where
(14) & = g[a: + Ney oo s Z_mr + nmx]a
hr = h(ZIn coo s Znes Z\z + My wee s Z_ml + T]m!)v

(15) i = z [(1 - 6,\)@13‘ + ais]

s=0

X [H (1— 6,7,41)(1 - 8:-j+1)],
j=1

and Z,=(1 — &)z, + §.
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The proof is in the Appendix. Proposition 1
expresses the outcome of the learning process as
the cumulative effect of trend terms «,, 3,6, and
v, and shock terms 4,g, and ¢, , |4, the effects of
which persist indefinitely.' This persistence
makes the process resemble a random walk in
the aggregate, but with nonzero drift and declin-
ing variances determined by the parameters and
the treatment variables. As explained in Section
1, subsection C, «, and the «, represent the av-
erage level of players’ initial beliefs and any
trends in their beliefs, the 8, correct their bidding
rules for the expected cost of strategic uncer-
tainty, and the 7, reflect their average forward
induction inferences on observing ¢,. The é,g,
reflect the effect of dispersion in players’ bids
on their beliefs via the market-clearing price g,.
The ¢, A, reflect the robustness effect of the
dispersion of the winners’ efforts via y,, char-
acterized in Broseta (1993a Proposition 3.1)
and Crawford (1995 Proposition 1), modified
here by the optimistic subjects effect. Proposi-
tion 1 is valid no matter how the shocks are gen-
erated, but much of its usefulness stems from the
fact that the shock terms are known functions of
the z;,, Z;, and 7;,, which are ex ante i.i.d. across
i for any ¢. This and the scaling properties of
g(-) and A(-) are crucial to the comparative dy-
namics analysis below.

C. Convergence

In the next proposition, for technical reasons,
we bound players’ efforts. This is done by in-
creasing x; to its lower bound, denoted x, or re-
ducing it to its upper bound, denoted x, when it
would otherwise fall outside the interval [ x, X].

PROPOSITION 2: Assume that the x;, are
bounded, so that they remain in the interval
[/_V, XL IF27 e, 270 B, 270 Vs 270
Chiss 2i=0 Ong, and 7. of, are finite, and
0<é,e =1forallt,with(l —g)(1 —6,)
bounded below 1 for sufficiently large t, then

' The remaining terms, z, in (12) and A, in (13), are
subsumed in the shock terms after the period in which they
first appear; and the remaining endogenous variables, X,
P, and g,, are easily computed from x;,_, and y, _, using
(1), (7), and (9).
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q:, ;. and the x;, and x;, converge, with prob-
ability one, to a common, finite limit.

The proof is in the Appendix. Proposition 2
gives conditions under which the learning dy-
namics converge to the bids and efforts asso-
ciated with one of the symmetric pure-strategy
subgame-perfect equilibria of the stage game.
The model’s implications for equilibrium selec-
tion are best summarized by the prior proba-
bility distribution of that equilibrium, which by
Proposition 1 is typically nondegenerate due to
the persistent effects of strategic uncertainty.
Although Proposition 2 is quite helpful in un-
derstanding the model, its conditions are for
convergence with probability one, and are only
sufficient; convergence can easily occur when
they are violated. The variance conditions are
as one would expect from the strong law of
large numbers, and probably cannot be weak-
ened significantly if one insists on convergence
with probability one. However, the estimated
model reported in Section III, subsection E,
converges strongly to the upper bound X in
VHBB’s environment, even though our param-
eter estimates violate Proposition 2’s conditions
on the 3, and vy,. This suggests that our con-
ditions on the «,, G, and -y, could be weakened,
but the additional insight this would yield
seems unlikely to justify the effort.

D. Qualitative Comparative Dynamics

Proposition 1 shows that uniess the behav-
ioral parameters vary sharply with changes in
the treatment variables, the dynamics and lim-
iting outcome respond to such changes in sta-
ble, predictable ways. We now conduct a
qualitative comparative dynamics analysis of
changes in m, n, and f(-), holding the behav-
ioral parameters constant.

We define the jth order statistic of an em-
pirical distribution (&, ..., £,) as the jth small-
est of the &;; thus, the minimum is the first
order statistic and the median (for odd ») is
the (n + 1/2)th. If f(+) is an order statistic,
the index j identifies which one; and if f(-) is
a convex combination of order statistics, j in-
dexes the order statistics from which it is com-
puted. An ‘‘increase in j’ refers to any shift
in the weights used to compute f(-) that in-
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creases j in the sense of first-order stochastic
dominance, and a random variable is said to
“‘stochastically increase’” if its probability dis-
tribution shifts upward in this sense.

PROPOSITION 3: Holding m and n and
the behavioral parameters constant, in-
creasing j stochastically increases y, and x;,
foralliandt.

PROOF:

The proof is immediate from Proposition 1,
noting that for any history of shocks, increas-
ing j increases h, for all ¢ and leaves the g,
unaffected.

PROPOSITION 4: Holding m and j (or the
weights on alternative values of j) and the
behavioral parameters constant, increasing
n stochastically decreases y, and x,, for all i
andt.

PROOF:

The proof is immediate from Proposition 1,
noting that for any history of shocks, increas-
ing n (with i running from 1 to the larger value
of n) decreases both g, and A, for all r.

PROPOSITION 5: Holding n and j (or the
weights on alternative values of j} and the be-
havioral parameters constant, increasing m sto-
chastically increases y, and x;, for all i and t.

PROOF:

The proof follows from Proposition 1. It is
clear that for any history of shocks, increasing m
increases g,. It is not true that increasing m in-
creases h, for any history, because such an in-
crease may cause turnover among those who win
the right to play. However, it follows from (8)
and the fact that the 8, are i.i.d. with mean zero
that any turnover replaces players with players
whose effort distributions first order stochastically
dominate them (whether or not the x;, are
bounded), which stochastically increases h,.

Propositions 3 and 4 extend Broseta (1993a
Lemma 3.1) and Crawford ( 1995 Propositions
3-4), making precise, in the probabilistic
sense appropriate to the model, the intuitions
that coordination is less efficient when more
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efficient outcomes are robust only to devia-
tions by smaller sets of players, and less effi-
cient in larger groups because it requires
coherence among a larger number of indepen-
dent decisions. Proposition 5 addresses a new
issue, showing that increased competition for
the right to play favors efficiency because it
tends to yield higher market-clearing prices
and intensifies the optimistic subjects effect.

E. Quantitative Comparative Dynamics

We now conduct a quantitative comparative
dynamics analysis, showing how the mean co-
ordination outcome is affected by changes in
the treatment variables and the behavioral pa-
rameters. The analysis requires some addi-
tional notation. Let o2, and o7, respectively,
denote the common ex ante variances of the
pi (or, equivalently, the Z, + n,) and the z,.
Because the {;, and 6, are serially independent,
(15) and (7) imply that

(16) o2 =Y [(1 = 6)%¢ + o]
s=0

t— 5 2
X I:H (1- 6r—j+1)(1 - 8rj+l):|

j=1
and

(17) op=(1—¢)oi, +0i+ 0.
Finally, let u, = Eg((Zi, + 1)/ 0prs oo s (T +
nml)/o-/ﬂ) and v, = Eh(z,/0y, ..., Zul/ 0y (21,
+ M) Gy ooy (Ze + M)/ 0,). Because the
random variables (Z; + n,)/0,, and z,/0,, are
standardized, with mean 0 and variance 1, y,
and v, are purely statistical parameters, com-
pletely determined by the joint distribution of
these random variables and the treatment vari-
ables m, n, and f(-); they are subscripted be-
cause that distribution is time-dependent, and
their dependence on m, n, and f(-) is sup-
pressed for clarity. u, and v, respond to
changes in m, n, and f(-) in the expected di-
rections, as can be inferred from the responses
of g, and A, identified in the proofs of Propo-
sitions 3-5.
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PROPOSITION 6: The ex ante means of y,
and the x; are given, for all i and t, by

(18) Exil = z [ax + ﬁsés + y:]

s=0

r—1

t
+ z 5.\'0.(1:#« + z € 10V
s=0 =0
and

(19) Ey, =Y [a,+ B4, + 7v.]

s=0
f t—1
+ 2 6x0p.f/-1'x + 2 Es+ 1T ,Vs + s
s=0 a=0
PROOF:
Using (2), (4), (5), and (14) yields

(20) Eg =

E[O-psg((z_ls + nl:)/ava see s (Z_mr + nms)/o'ps)]
= 0,

and

(21) Eh,

E[ o.z.rEh(ZIA/o'z,r, ey Zrzs/azs;

(2—]3 + T’I;)/o.pw ser s (Z_ms + nms)/o-ns)]

= o,V

Taking expectations in (12) and (13) then
yields (18) and (19).

Proposition 6 expresses the mean coordi-
nation outcome as a simple function of the be-
havioral parameters; the o, and ¢, which can
be computed from the behavioral parameters
using (16) and (17); and the statistical param-
eters y, and v,, which reflect the influence of
m, n, and f(-) on the dynamics. To apply this
result we must estimate the behavioral param-
eters and evaluate u, and v,. The estimation is
carried out in Section IIL. u, and v, are difficult
to evaluate because their dependence on the
distribution of the z; + 7, and z, is complex,
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but it is possible to approximate them, as we
now describe.

The approximations are based on further as-
sumptions. The first addresses a difficulty in
evaluating Eh, that arises because unless o2, =
o4 = 0, so that there is no dispersion in play-
ers’ bidding rules and their inferences on ob-
serving ¢g,, the highest bidders need not be
those who would choose the highest efforts in
the coordination game. We assume that

(22) Ehr = Eh(Z],, ver s Tty
'ZII + nln ey Z—mt + nml)
=~ ER(Zirs oo s Zots Zis v s Zot) s

so that the increases and decreases in h(-)
caused by such ‘‘crossovers’’ approximately
cancel out on average. This should not be an
important source of bias, because

(23) it = (1 - 61)2_1'1 + 0:’1

= (1 - 6r)(z_u + nir)

- (1 - 6r)77ir + 91‘:9

so that there are no systematic differences be-
tween the orderings of the z, and zZ;, + 7.

This approximation yields a simple charac-
terization of the optimistic subjects effect, in
which the order statistic is adjusted to reflect
the auction’s tendency to select players who
choose higher efforts. In VHBB’s environ-
ment, where the right to play a nine-person
median game was auctioned in a group of 18,
Eh, is approximated by the robustness effect
in an 18-person game without auctions in
which the order statistic is the fifth highest ef-
fort (the median of the nine highest efforts).
Thus, for the purpose of evaluating Eh, the
auctions effectively transformed VHBB’s me-
dian game, which without auctions would
have a robustness effect that contributes zero
drift to the dynamics, into a 75th-percentile
game (0.75 = 13.5/18) with a robustness effect
that contributes a large upward drift.

To estimate the magnitude of this drift we
assume, as in Broseta (1993a) and Crawford
(1995), that Z;, + 7, and z,, are approximately

CRAWFORD AND BROSETA: WHAT PRICE COORDINATION? 213

jointly normal for all i and . Normality is a
reasonable approximation because Z;, + 7, and
z;, are weighted sums of serially independent
random variables. It makes the distributions of
(Z: + ni)o, and z,/0,, independent of ¢ as well

as I, so that 4, = p and v, = v. Given that
(Zi + ni)o,, and z;/0,, are independent across
i, 1 and v can be estimated [using (22) for v]
from D. Teichroew (1956 Table I) for any or-
der statistic and m = 20. For VHBB’s envi-
ronment this yields g = —0.069 and v =
0.665, the respective means of the tenth and
fifth largest [the (n + 1)st and the median of
the n largest] of 18 i.i.d. standard normal
variables.

Continuing to ignore the discreteness of ef-
fort, Proposition 6 can now be used to analyze
the sources of the efficiency-enhancing effect
of auctions in VHBB’s experiment. Assume,
as in Section III’s econometric analysis, that
g=c¢fort=1,...,and 4, =6fort =0, ...,
andset oy = aand a, = O fort = 1, ... %°
Proposition 6 then implies

(24) Exit = a + Z [6[3: + yx]

s=10

=1

t
+ou Y, o tEv Y Oy
s=0

s=0

and

(25) Ey,=a+ 3 [66,+ v] +d6u 2 o,
§=0

s=0

r—1
+ ev 2 O, + VO,
s=0

which express Ex;, and Ey, as functions of u,
v, and identified behavioral parameters. & is
the average initial level of players’ beliefs; 64,

# Setting a, = 0 involves no loss of generality because,
as (26)—(27) make clear, of the four parameters in the
constant terms of (18) and (19), «, + 8,6, + 7., only §, and
the combinations @, + 5, and (1 — §,)a, + v, are identified.
Setting «, = O replaces those combinations by g, and v,
which now partly reflect the trends in beliefs in «,.
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TABLE 1—APPROXIMATIONS OF THE DYNAMICS FOR VHBB'S EXPERIMENT

t a 68, v, buo, v, vo., Ex,, Ey, Ex, Ey,

0 4.940 —0.050 0.297 —-0.036 0.811 5.151 5.962 5.542 5.750
1 — —0.060 0.358 —0.025 0.622 0.554 6.046 6.600 6.166 6.375
2 — —0.068 0.400 -0.020 0.427 0.444 6.785 7.000 6.610 6.625
3 — -0.073 0.432 -0.017 0.341 0.379 7.000 7.000 6.721 6.875
4 — -0.077 0.458 -0.015 0.291 0.335 7.000 7.000 6.902 6.875

reflects the adjustment of players’ bids for stra-
tegic uncertainty and any trends in beliefs; and
v, combines the forward induction effect and
trends in beliefs. 6uo,, is the effect of the dis-
persion of bids via g,. evo_ is the persistent
component of the optimistic subjects/robust-
ness effect, which incorporates the inertia of
players’ adjustments through &. Finally, vo,,
in (25) is the direct effect of the dispersion of
efforts on Ey,. Part of this last effect is tran-
sient; after the period in which it first appears
it is multiplied by £ and incorporated into the
sum in the preceding term.

Table 1 presents approximations of Ex, and
Ey, based on (24) and (25) and Section III's
estimates of the behavioral parameters, re-
ported in Table 2. They are computed under
the parameter restrictions described above and
simple intertemporal restrictions on g,, ,, and
the shock distributions imposed in estimation,
described in Section II1, subsection E. The sec-
ond through sixth columns in Table 1 give the
terms in (24) and (25) for periods 0—4, with
the implied values of Ex, and Ey, and the av-
erage values of x; and y, in the eight trials of
VHBB'’s experiment, Ex;, and Ey, for com-
parison. FEx; is computed by summing the sec-
ond through fifth columns in row ¢ and adding
the result to Ex;, _ , truncating at 7.000 as nec-
essary. (For Ex,, Ex; _ is replaced by the es-
timated value of &, 4.940.) Ey, is computed by
adding the transient term vo,, to Ex;, and trun-
cating at 7.000.

Because some parameters are not precisely
estimated, we view Table 1’s results as illus-
trative. The approximations track the dynam-
ics reasonably well, somewhat overestimating

the rate at which Ex;, and Ey, — 7. They suggest
that of the four components of Ex;, and Ey, in
our theoretical analysis, only two were impor-
tant in VHBB’s experiment: v, forward in-
duction, and evo,_, the optimistic subjects/
robustness effect. Both favor efficiency, with
roughly equal strength. In the three periods
(0-2) it takes Ex;, and Ey, to reach 6.785 and
7.000 from the initial level set by @ = 4.940,
v, contributes 1.049 to their increases, and
evo,, _, contributes 1.055. The transient term
va, contributes an additional 0.444 to the in-
crease in Ey,.”'

Our methods can also be used to assess the
likely effects of changes in the treatment vari-
ables, on the assumption that the behavioral
parameters do not vary sharply with such
changes. Consider replacing VHBB’s median
game with a nine-person minimum game, with
all else unchanged. u = —0.069 as before be-
cause m and n are unchanged, but v is now
approximately the robustness effect in an 18-
player game without auctions, in which pay-
offs and best responses are determined by the
ninth largest (the minimum of the nine largest)
of players’ efforts. For this game Teichroew’s
Table 1 yields v = 0.069, as the optimistic sub-
jects effect is almost neutralized by the ro-
bustness effect of the minimum game. This
tenfold fall in v reduces eveo,_, and vo, in
Table 1 proportionately, yielding approximate

2" These contributions sum to more than 7 — 4.940 be-
cause the other two components contribute —0.259, and
the approximated Ey, must be rounded down to 7.
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TABLE 2—PARAMETER ESTIMATES

4 a B, Y Ar b € 0';%1 Uir Ay P
0 4.940 —0.0949 0.2973 — 0.5287 — 1.4872 1.0000 — 0.5226
(0.511) (0.154) (0.221) (0.137) (0.383) — 0.217)
1 — -0.1144 0.3583 —0.2689 0.5287 0.9348 0.6938 0.4665 1.0999 0.5226
©0.177) (0.181) (0.402) (0.137) (0.309) (0.132) (0.072) (0.223) (0.217)
2 — -0.1276 0.3995 —0.2689 0.5287 0.9348 0.4442 0.2987 1.0999 0.5226
(0.195) (0.156) (0.402) (0.137) (0.309) (0.090) (0.073) (0.223) (0.217)
3 — —0.1378 0.4317 —0.2689 0.5287 0.9348 0.3237 0.2177 1.0999 0.5226
0.211) (0.144) (0.402) (0.137) (0.309) (0.075) (0.067) (0.223) 0.217)
4 — —0.1464 0.4583 —0.2689 0.5287 0.9348 0.2533 0.1703 1.0999 0.5226
(0.224) (0.144) (0.402) (0.137) (0.309) (0.067) (0.061) (0.223) 0.217)
5 — —0.1537 04814  —0.2689 0.5287 0.9348 0.2072 0.1393 1.0999 0.5226
(0.236) (0.152) (0.402) (0.137) (0.309) (0.061) (0.056) (0.223) (0.217)

Note: Asymptotic standard errors in parentheses; log L = —834.955.

values for Ey, of 5.235, 5.629, 6.031, 6.448,
and 6.879 in periods 0-4.

These values are consistently higher than
those observed in Weber’s (1994) single trial
in this environment, which yielded y, of 3, 4,
1, 1, and 3 in periods 0—4. We suspect the
discrepancy arises because the minimum is too
far from the median to justify ignoring
changes in the behavioral parameters, and be-
cause the approximations ignore the bounds on
x; and y,. To predict outcomes accurately by
our methods in this new environment would
require empirical information about behavior
in nearby environments.

F. Analysis and Simulations
with Discrete Efforts

Most of our analysis extends to the model
with discrete efforts £, outlined in Section I,
subsection D. The dynamics are still Markov,
with state vector X, representing players’ be-
liefs; the only difference is in how beliefs de-
termine efforts and y.. Adapting the arguments
in Crawford (1995 Sec. 5) shows that Propo-
sitions 0 and 2-5 hold as stated, and Propo-
sitions 1 and 6 hold approximately when the
grid of feasible efforts is fine enough.

The prior probability distributions of the dy-
namics and limiting outcome can be estimated

precisely for the model with discrete efforts
only by repeated simulation. As a check on the
approximations we computed frequency dis-
tributions for 5,000 simulation runs with the
estimated parameters reported in Table 2, un-
der normality assumptions described in Sec-
tion III, subsection A. The simulation results
are reported in Tables 3 and 4 and Figure 1.
Comparing the simulations with the approxi-
mations in Section II, subsection E, suggests
that the approximations overstate the rate of
increase of £;, and y, because they ignore their
upper bounds, which cut off the upper tails of
the normal distributions on which our esti-
mates of y, and v, are based. Although this
problem will probably arise whenever either
an upper or a lower bound comes dispropor-
tionately into play, the analysis of Crawford
(1995) suggests that our approximation tech-
nique will otherwise yield reasonably accurate
results.”

* Crawford and Broseta (1995 Figures 11-1V) report
simulation estimates of Eg, and Ey, for alternative envi-
ronments in which f{-) (/" in Section II, subsection D)
varies from the fifth to the third or seventh order statistic,
n varies from 9 to 7 or 11, and m varies from 18 to 16 or
20, holding other treatment variables constant at VHBB’s
values. These results suggest that, at least for moderate
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TABLE 3-——MEAN VALUES OF g, AND y, (1 = 0, ..., 9)

Actual Predicted
! mean q,, v, mean g,, y,
0 4.775.5.750 4.782, 5.648
1 5.650, 6.375 5.454, 6.207
2 6.213, 6.625 6.465, 6.864
3 6.450, 6.875 6.768, 6.963
4 6.700, 6.875 6.921, 6.993
5 6.775, 7.000 6.979, 6.998
6 6.850, 7.000 6.996, 6.999
7 6.838, 7.000 6.999, 7.000
8 6.913. 7.000 7.000, 7.000
9 6.988, 7.000 7.000, 7.000

III. Econometric Specification and Estimation

This section provides a general econometric
framework for estimating the behavioral pa-
rameters and reports estimates and tests for
VHBB’s (1993) experimental data.

A. The Model

We continue to assume that players’ bids,
P., the market-clearing price, ¢,, and their be-
liefs, x;,, are continuously variable, but we now
assume that players’ efforts are determined by
an ordered probit model of discrete choice, de-
scribed in Section III, subsection B.

Substituting x;, from (9) into (7)-(8) yields

(26) py =B +a tey

+ (] - 8,)X,~,,,| + giz + N

and

changes, all three of these treatment variables have sig-
nificant effects, close to those suggested by our
approximations.

MARCH 1998
27 xi=v,+ (-8 + bgq

+ (1 = b)ey

+ (1= 8)1 — g)x;

+ (1 - 6[)Cir + 91‘1

fort =1, ..,and i = 1, ..., m, with initial
conditions given by setting presample values
to 0. For simplicity we write 7, = {, + n,,
and v, = (1 — 6){, + 6,. We maintain the
following distributional assumptions. Condi-
tional on I, the history of p;; and x;, through
time ¢ (up to and including y,), the vector of
innovations (7, v;) is jointly i.i.d. across i and
serially uncorrelated, and has a bivariate nor-
mal distribution with means 0, variances 52, =
ot + o3 and o7, = (1 — 6)0f + o4, and
covariance (1 — 8,)0%.

The model defined by (26)—(27) determines
all m players” current bids and beliefs, as func-
tions of the observed values of y, _, and g, and
players’ past beliefs x;, _, (but not their past
efforts). For any given ¢, player i plays the co-
ordination game if and only if (barring ties,
which have zero probability) p, = g.. This
yields two regimes for x;: one in which p,, <
g, and x;, is completely censored; and one in
which p,, = ¢, and x; is not directly observed,
but acts as a latent variable determining player
i’s observed effort. Thus, sample separation is
determined endogenously by whether or not
pe < q.”

The resulting model raises three economet-
ric issues: discrete choice, endogenous sample
selection, and latent explanatory variables. We
discuss these in Section III, subsections B-D,
constructing the likelihood function as we go.
We then discuss specification and estimation
issues and report estimates in Section IIl, sub-
section E.

** We assume that the p;, are unobserved, and to make
the computations tractable we treat ¢, as exogenous. These
are reasonable approximations in VHBB’s treatment.
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TABLE 4—DYNAMICS OF v, (t = 0, ..., 6)

Yo ¥ Y2 Y3 Y4 ¥s Ve

7 0.125 0.625 0.625 0.875 0.875 1.000 1.000
0.055 0.329 0.654 0.871 0.964 0.994 0.999

6 0.500 0.125 0.375 0.125 0.125 0.000 0.000
0.550 0.551 0.315 0.122 0.036 0.006 0.001

5 0.375 0.250 0.000 0.000 0.000 0.000 0.000
0.382 0.117 0.031 0.007 0.000 0.000 0.000

4 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.013 0.002 (3.000 0.000 0.000 0.000 0.000

=3 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000

Note: Actual frequency distributions in first lines, predicted distributions in second lines.

B. Discrete Choice

Because players’ efforts are naturally or-
dered by their payoff implications, we use an
ordered probit discrete-choice model, as in
Daniel McFadden (1984), in which the x, de-
termine players’ bids and efforts. We partition
the state space of x,,—the extended real line—

into response regions C, (k = 1, ..., K), where
C, is the interval (a;_,, ], and g, = —¢ <
a, < - < ag=+». Wethenset£, = kifand

only if x, € (,. Under our normality
assumption, player {’s choice probabilities at
time ¢, conditional on I, _,, can be written

(28) Pr[xit € Ck“t— ]] = f f;r(x:r) dx,-,
G

= q)[(ak —E_ Ixir)/al/,]
- (D[(ak,| - Et~ lxit)/az/,]’
k=1,..,K,

where f(-) and ®(-) denote the marginal den-
sity of x;, and the standard normal cumulative
distribution function, respectively.

It is commonly assumed that the thresholds
a, are independent of i and 7. We make the
stronger assumption that a, = k + '/, for k =

L, ..., 6, so that £, is determined simply by
rounding x; to the nearest integer in the set {1,
L, 11

C. Endogenous Sampling

Because the subsample of n players whose
efforts are observed each period is endoge-
nously determined, and 7, and v, are generally
correlated for any given player, standard
maximum-likelihood estimates of the param-
eters in (26)—(27) will suffer from sample
selection bias unless corrective action is
taken.”

Let T, denote the set {i|p;, = q,} of players
who (barring ties) play the coordination game
at time ¢, which VHBB recorded along with
the other data from their experiment. We

** There is no loss of generality in identifying the scales
on which £, and x, are measured. The equal spacing of
thresholds is restrictive, but it is optimal in VHBB’s me-
dian game when players are risk neutral and x, is player
i's estimate of E[y,|L ] (Crawford 1995 footnote 27 p.
127), and fixing the g, greatly reduces the number of pa-
rameters to be estimated and identifies the conditional
variance of v,,.

** Various corrective methods have been proposed in
the literature. See for example G. S. Maddala (1983 Ch.
9) for limited dependent variable models and Charles
Manski and McFadden (1981) or Takeshi Amemiya (1985
Ch. 9) for qualitative response models.
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Order Statistics and Prices

@®——— Predicted mean q¢

Y © ~ — - Predicted mean q¢ + 1 S.0.
/ © -~ — - Predicted mean g¢ ~ 1 S.D.
7 &———— Predicted mean yx

o ° / 8 - — - Predicted mean yt + 1 S.0.

~ 8 —~ = Predicted mean yr ~ 1 5.0.
. #—~ — Actual mean q¢ 1

P 4= — Actual mean ye
] ‘ ‘ J \

Yo 1 2 3 4 5 5 7

Period

FIGURE 1. SiMULATED DYNAMICS

propose a full-sample estimation procedure, in
which (26)—(27) are estimated simultaneously
using all available information on subjects’ de-
cisions. For each k = 1, ..., 7, define the
dummy variable DY = 1 when £, = k and 0
otherwise. Let w, denote the vector of param-
eters of interest at time . Conditional on I, _ |,
the contribution of the (if)th observation to the
likelihood function can then be written

(29) Lir(wr) = l{i eI} f: fp(Pn) dPn

» 2
fC f Fxio pi) dx;, dpn] s

k4t

,
+ljer) 2 [

k=1

where 1 4 is the indicator function of the set
A, and f{-) and f,(-) denote the joint condi-
tional density of (x,, p;;) and the marginal den-
sity of p,, respectively. The two regimes in
(29) reflect observations in which subject i
does not play and we learn only that p; < gq,,
and those in which subject i plays and we learn
both that p;, = g, and that x, € C, when £, =
k. In this respect our model resembles differ-

ential response models for analyzing cross-
section data from surveys with voluntary
participation (Stephen Pudney, 1989 Sec. 2.6)
or James Heckman’s (1974) model of labor
supply, with the added complications of the
dynamic structure and the double integral in
(29).

This estimation technique makes great
demands on the sample. Both the sample se-
lection equation, (26), and the equation de-
scribing the adjustment of beliefs, (27), must
be estimated from observations of £, y, and
g, and g, for which we have only eight ob-
servations per period, plays a crucial role in
identifying the parameters. Muthén and
Joreskog’s results, reported in Maddala (1983
p. 267), suggest that we may not obtain very
precise estimates of the parameters 3, + «,, &,
and o2, in (26).

D. Latent Explanatory Variables

Standard estimation techniques, such as
two-stage probit and Tobit models (David
Grether and Maddala [1982] and Maddala
[1983 Ch. 9]), deal with the latent variable
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X;, - on the right-hand sides of (26) and (27)
by estimating the reduced form of the model.
Here, however, the error terms of the reduced
form are serially correlated, so that full
maximum-likelihood estimation would in-
volve calculating the 7-fold integral of the
joint distribution of x;, and p;, (i = 1, ..., m;
t =0, ..., 7). This is computationally intractable
even for simple types of serial correlation, and
our model already involves additional diffi-
culties due to endogenous sampling and a non-
stationary error structure.

We address these problems by using the re-
duced forms of (26)—(27) to maximize the
likelihood function L(w) = I1;, L(w,), with
w = (w, ..., wy) and L,() as in (29), with re-
spect to the parameters of interest. Thus we
ignore the serial correlation, which will result
in inefficient parameter estimates, while taking
the heteroskedasticity of the error terms fully
into account as described below. We are not
aware of any consistency or asymptotic nor-
mality results for maximum-likelihood esti-
mators in models like ours. Thus our estimates
of the behavioral parameters and standard er-
rors must be interpreted with caution.

E. Empirical Specification and Estimation

As explained in Section I, subsection C,
there is a danger of overfitting unless we rule
out ad hoc time variation in the behavioral pa-
rameters. We therefore impose simplifying in-
tertemporal restrictions on the parameters,
which allow an adequate econometric descrip-
tion of behavior. As in Section II, subsection
E,wesetg, =¢gfort=1,..and é = é for

t=0,... Wealso set ay, = @ and &, = 0 for
t=1,..,sothata, + 8, = G,and (1 — §)a, +
v, = v, for ¢t = 1, ... ; this involves no loss of

generality because only «, + £, and (1 — ), +
v, are identified. We further assume that g, =
Bo(1 + O™ and vy, = yo(1 + M fort =1,
... . Finally, following Broseta (1993b) and
Crawford (1995), we impose the following
intertemporal constraints on the variance-
covariance matrix of the innovations 7, and v,
in (26)-(27): i, = oi(l + DN, 0}, = oF,
(1 + »7", and Cov(ri, v;) = Cov(Ty, Vi)
(1 + 07, so that the correlation coefficient
pp=pfort=0,...
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Under these assumptions, backward substi-
tution for x,,_, in (26)—(27) yields

(30) pi = Bo(1 + )™ + (1 — &)

XS UL=8)(1-e)] ' t—k+1)™

k=1
+(1=8)(1=8)" [y + (1 —6)a]
+e X [ =6)(1 - )"y«

k=1

+6(1 — &)

XXM =8)(1—e)l* g o+ 74
k=1

+ (1 —¢) Zr. (1 =8)(1 = &)1 vy

k=1
and
(31) xi=7v X [(1 =& —¢8)]*
k=0
X(t—k+1)™
+ (1 —&)(1 =8)]'[yo+ (1 -d)a]
+ e(1 —4)

X2 [(1=8)(1 =) 'y,

k=1

+6 X [(1 =) - e)l'qs

k=0

+ 2 [ =8 - ) vy

k=0

Letting e, = 7, + (1 — &) 2=, [(1 — 8)
(1 — & vy and u, = Zi_, [(1 ~ &)
(1 — £))*v; _, represent the error terms in (30)
and (31), it is clear that the e, and u; are
serially correlated for any given i, but
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uncorrelated across i. The relevant components
of the variance-covariance matrix are now given,
fort =0, ... by

(32) Var(uy) = oy, Y, [(1 = &)1 — &)*

k=10
X (t—k+ )7,

(33)  Var(e,) = o2 (1 + D™ + (1 — £)°02,

X X[ =61 - "

k=1

X(t—k+ 1™,

and
(34)  Cov(ey, uy) = Cov(ry, vi)(1 + )™

+ (1 — &),

x ¥ [(A-860-gP* !

k=1

X(—k+ 1)

For each period there are eight observations
of g, and y, and, counting both regimes in (29),
144 of £,. The model defined by (28)-(34)
was estimated by maximum likelihood, using
the data from the first six periods of VHBB'’s
eight trials.”® There are ten parameters of in-
terest: @, Bo, Yo M» 6, €, T3 Ty Ay, and p.’
All ten are theoretically identified. However,

** Although the trials lasted 10—15 periods, conver-
gence was so rapid that there was little sample variation
after period 6 and none after period 7. We excluded the
data in every period for subject 1 in trial 10, who paid a
high price to play the coordination game in period 3 and
then played the lowest effort. Preliminary estimates re-
vealed that this subject’s behavior had a large impact on
the estimated o7,. The program code and the results of
intermediate computations are available on request.

¥ Ten may seem like a large number, but Section IT’s
analysis shows that to explain VHBB’s result the model
must describe the dynamics of a heterogeneous population
of learning rules. Our estimates strongly suggest that no
simpler model can do this, and if tighter estimates are de-
sired further experimental data can be produced at will.

MARCH [998

o, is only weakly identified, because [by (5)]
when the p, are unobserved the only observ-
able consequence of an increase in their vari-
ance is an increase in the variance of ¢, In
practice the estimated o2, ‘‘blows up’” because
when n/m = 0.5, as in VHBB’s design, this
makes the fit in the sample selection equation
(26) approximately independent of the esti-
mated 3, and &, which can then be chosen to
maximize the rest of the likelihood function.
We deal with this problem by estimating the
model under the normalization o7, = 1, which
is arbitrary but unavoidably so when the p,, are
unobserved. Fortunately, as just explained, the
level of the o7, (as opposed to their time trend,
Ay, which is precisely estimated) has little ef-
fect on the model’s implications for observ-
able variables.

Table 2 reports the estimated parameters,
with asymptotic standard errors in parenthe-
ses. The estimates confirm that the model
gives an adequate econometric description of
VHBB’s subjects’ behavior. With the excep-
tion of A, the estimate of which is slightly and
insignificantly less than zero, they satisfy the
restrictions suggested by the theory.?® The es-
timated adjustment coefficients ¢ and e are
plausible, though the latter, at 0.93, is much
higher than the 0.58 estimate for the analogous
parameter in the analogous treatment without
auctions (Crawford, 1995 Table I) and some-
what higher than our prior. The estimated -y,
are positive and quite large, also somewhat
higher than our prior; together with our esti-
mate of é they imply a large forward induction
effect, raising efforts nearly half a unit above
the value suggested by g, and prior beliefs, on
average. The estimated [, are negative as ex-
pected, small (recalling that bids are scaled
like efforts) and insignificantly different from
0. The estimated o7, are significantly positive,
so that constraints ruling out strategic uncer-
tainty are strongly rejected. The estimated cor-

2 \; is naturally positive because it represents the rate
of decline of 3, and y,, which should approach zero over
time as strategic uncertainty is eliminated by experience.
Recall that a, has been normalized to zero, so that 5, and
v, include any exogenous trends in beliefs that show up in
players’ bids (5,) and/or efforts (y,).
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relation coefficient p is significantly positive,
as expected because {;, enters both 7, and v,
with positive weights. Finally, the estimated Ay
is significantly positive, confirming that there
were substantial learning effects, and greater
than one (though insignificantly so), so that
Proposition 2’s variance conditions for con-
vergence are satisfied.”

We estimated the model’s implications for
the prior probability distributions of the dy-
namics and limiting outcomes by repeated
simulation, as described in Section II, subsec-
tion F, taking the discreteness and bounded-
ness of efforts fully into account. Table 3 and
Figure 1 report the actual and predicted mean
values of ¢, and y,, and Table 4 reports the
predicted distributions of y, in the second lines
of each cell, with the actual frequency distri-
butions in the first lines for comparison. Figure
1 illustrates the dynamic interplay between g,
and y, that underlies the efficiency-enhancing
effect, in which g, exerts upward pressure on
the distributions of the x, and y, via forward
induction, y, then exerts upward pressure on
the distributions of the X; ., the p;,,, and
g, ., and so on.*

The actual and predicted means and distri-
butions seem very close, with the single ex-
ception of the distribution of y,. Their
closeness is difficult to judge by eye, because
the frequency distributions for eight trials must
be coarser than the predicted distributions.
However, x* tests of goodness of fit, con-
ducted for the distribution of v, each period,
never come close to rejecting the hypothesis
that the actual frequencies were drawn from
the predicted distributions.”’ The relevant x*

*” Because Ay < 0, Proposition 2’s conditions on 8, and
v, are violated. As explained in Section II, subsection C,
convergence occurs despite these violations because the
x,, are bounded.

% The upward pressure on the x; and y, from ¢, comes
mainly from an estimated vy, > 0. g,,, is not generally
higher than y, because the estimated 8, < O and & < 1.

*' These tests are not independent across periods be-
cause of the history dependence; we offer them only as a
way to gauge how closely the model reproduces the
results.
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statistics, each with six degrees of freedom, are
0.854 with p-value 0.991 in period 0; 5.999
with p-value 0.423 in period 1; 1.826 with p-
value 0.935 in period 4; and 0.350, 0.057,
0.048, and 0.008 in periods 2, 3, 5, and 6.
These results suggest that the model closely
reproduces the dynamics of subjects’
interactions.

IV. Conclusion

In this paper we propose, estimate, and an-
alyze a model of the learning dynamics in a
recent experiment by Van Huyck et al. (1993),
whose subjects repeatedly played a coordina-
tion game with seven Pareto-ranked equilibria,
with the right to play auctioned each period in
a larger group. The auctions had a striking
efficiency-enhancing effect, in that subjects in-
variably bid the market-clearing price to a
level recoverable only in the efficient equilib-
rium and then converged to that equilibrium,
although subjects who played the same coor-
dination game without auctions always
converged to inefficient equilibria. The
efficiency-enhancing effect of auctioning the
right to play suggests a new and potentially
important way in which competition may pro-
mote efficiency. And its effectiveness in fo-
cusing subjects’ expectations on desirable
equilibria may eventually help to unify our un-
derstanding of preplay communication, via
‘‘cheap talk’’ as well as costly signaling.

VHBB's contribution is a good example of
how carefully designed and conducted exper-
iments can change the way we think about im-
portant economic problems. Although it
conveys a powerful impression by itself, its
power to inform analysis can only be fully re-
alized by a theory that identifies the mecha-
nism behind the efficiency-enhancing effect
and provides a firm basis for generalization to
other laboratory or field environments. Work-
ing with a model that is flexible enough to nest
alternative explanations, as in our earlier anal-
yses of equilibrium selection in VHBB’s
(1990, 1991) experiments in Broseta (1993a,
1993b) and Crawford (1995), we find that ex-
plaining VHBB’s (1993) result requires a
model of stochastic, history-dependent learn-
ing dynamics, in which interactions between
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nonnegligible amounts of strategic uncertainty
and the learning dynamics have a persistent
effect on the efficiency of the limiting out-
come. Our analysis quantifies this effect, re-
lating it to the treatment variables (the
numbers of players in the coordination game
and the auction, and the order statistic that de-
termines the robustness of desirable equilibria)
in a way that makes it possible to assess its
likely magnitude in other environments. We
find that auctions can be expected to enhance
efficiency to some extent in a wide range of
environments that share the basic ingredients
of the mechanism we identify —our optimistic
subjects, forward induction, and robustness ef-
fects. However, in other environments this ef-
fect may be too small to assure fully efficient
coordination.

Our methodology offers some more general
insights about the analysis of learning and
equilibrium selection. Because the extent of
strategic uncertainty cannot usefully be ex-
plained by theory alone, its persistent effect on
the limiting outcome gives the analysis an em-
pirical component, which we describe via
exogenous behavioral parameters in our spec-
ification of players’ learning rules. Much of
our analysis is independent of the precise val-
ues of these parameters, but they do affect the
quantitative results. We close the model, when
necessary, by estimating them using the ex-
perimental data. This dependence on empirical
parameters and the need to analyze stochastic,
history-dependent learning dynamics are
likely to be encountered in realistic models of
equilibrium selection in other environments.
Although our analysis does not immediately
generalize beyond VHBB’s environments, we
hope it shows that such analyses need not be
intractable, and that the theoretical and empir-
ical understanding needed to address eco-
nomic questions involving equilibrium
selection and coordination may be achievable
in other settings.

APPENDIX
PROOF OF PROPOSITION 0:

Under the stated conditions n;, = 8, = {,, =
Ofort =T, ...(11) reduces to
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(Al) f;r+l =61g(-x_'ln ser 9-x_ml)+81+l(1 _6r)
XA(Xrrs woe s oy X oon s Xor)
+ (1 — &+ 1)(1 - (5,).{,,.
Because ¢, &, 1, g(xy,, ... , X,u), and h(x,, ...,

Xty X1y o0 5 X)) are the same for all players
and 0 = (1 — g, X1 —8,) < 1,(Al) leaves
the order of the x;, (weakly) unchanged over
time. It follows that there exist players, j and
k, such that g(x,,, ..., X,,) = X;, and h(x,, ...,
Xty Xips oo s X)) = X forall e =T, ... (Al)
then implies

(A2) fjr+| = 6»’?11 + & (1 — 8)x,

+ (1 - €t+l)(1 - 6,)13,
= [1 —& (1 - 6:)]2:

+ 81+l(1 - 6r)x_kt
and

(A3) -x_7k1+1 = 6@;: + &4 1(1 - 6t)x_kr

+ (1 — & l)(l - 6r)fkt

= 6#%1 + (1 - 61)5«-

When 0 < 4, &, =< 1, (A2) and (A3) imply that
X;, and X, converge to a common value weakly
between X;; and x;r, which is completely de-
termined by X7, X;r, the 6,, and the g,. It is clear
from (A1) and (8) that the other X, and x;, con-
verge to the same value, and from (6)-(9),
(11), (A2), and (A3) thatif T=0, %, = x;, =
apforalliandt =0, ...

PROOF OF PROPOSITION 1:

As in Crawford (1995 Proposition 1), the
proof is immediate by induction once the so-
lution has been found. Here we give the
method of constructing the solution, which is
informative. Substituting from (1), (3), and
(6)—(9) yields

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(A4) y, — yi-
= h(X1, e s Xoniy Pty o+ » Pot)
— A1 gy e s X 1
Pie—ts oo s Pr—1)

=a, + 66+ v,
+ 68l —e)xy 1 + 8o+ 1y -on
(A — e + 850 + e
+ Al(1 — 6)(1 — &)x,,_,
+ (1 =6)C, +6,, ..,

(1 - 61)(1 - 8,)x,,,,,1

+ (1 - 6:)Cmr + Hmt;pln ,pmt]
- (l - 8,)h[x1,, Iy woe s X — 15
Pir—ts oo s Pu—1)-

It is clear from (12) that z,, is the idiosyncratic
component of x;, from (9) and (15) that z;, is
the idiosyncratic component of ¥, and from
(7) that z;, + 7, is the idiosyncratic component
of p;. The second part of (15) is immediate
from (9), and (8)—(9) imply that

(AS) Ze = (1 = 8)(1 — &)y -

+ (1 - 6r)§ir + 01':’
which yields the first part of (15) by successive
substitution. Using (2), (4)-(5), (18), and
(AS), (A4) can be rewritten
(A6) Y= Y1 T Q + ,Brér + Y:
+ 6Ig(z-ll + 77|n EERIR} an + nmt)

+ h(zy, ... ™)

> Zmes Z_II + Mes oe-
— (1 = &)h(Zri— 15 e s T — 1

Tt Mi—ts s =1+ Nr—1)-
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Summing (A6) and substituting from (14)
yields (13). To derive (12) from (13), note
that

(A7) Xy —ye=Xy— h(X(p oo s X3 Prs oo s Pot)

=Zy— h(ZI/, cor s T Z_lx + Mts <o Zm + nmz)

= Zii — hz-

This completes the proof.

PROOF OF PROPOSITION 2:

The proof follows the martingale con-
vergence arguments of Nevel’son and
Has’minskii (1973 Theorem 2.7.3). Substitut-
ing (1), (3), and (7)—(9) into (26)—(27) shows
that x, can be taken as the state vector instead
of X,, which is convenient because it is the x,,,
not the ¥, that are directly affected by the
bounds and by the discreteness of effort. De-
fine the Lyapunov function V, = =, (x,, — x;,)%,
where the summation is taken over all [, j =
1, ..., m* Clearly, V, = O for all x,, with V, =
0 if and only if x,, = x, for all i and j. Substi-
tuting from (27) and simplifying yields

(AS) Vl = 2 [(1 - 8:)(1 - 6r)(~xit— 1

iy

_x/‘z—l)

+ (1 - 6!)(Cit - gr) + 01‘1 - 9]{]2

= 2 [(1 - 81)2(1 - 61)2(xir—l — K- I)2

i

+ 2(1 - 81)(1 - 5,)(X[,_|

_x;r—l)
X {(1 - 6!)(Cit - gr) + Oit - 9/1}

+ {(1 - 6:)(§i1— (_u() + oir - oj }2]

2 Nevel’son and Has'minskii assume that V, = = as
|| = o, but they use this condition only to ensure that
solution paths are bounded; we assume boundedness
directly.
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Taking expectations in (A8) conditional on
X, _, then yields

(A9) E — 1(V,|X,7 1)

= (1 - 81)2(1 - 61)2 E (xi:~l

i

- xjr—1)2

+2(1 — &)1 - 6)

X ZE{(I - 6:)(Cir - Q,) + 9:‘: - 91}

X (xi/fl - -sz-l)
+ z E{(l - 6r)(€ir - C_»jt) + 0:‘1 - 0j }2'

Y

The first term on the right-hand side of (A9)
is plainly bounded below V,_, for all x,_, out-
side any given neighborhood of the set for
which V,_, = 0. Without the bounds the sec-
ond term equals 0, and the third term con-
verges to O with probability 1 because the
finiteness of =7_ , o7, and 27_, o}, implies that
(1 — é)0f + oi — 0, which implies that
E[(1 — 6)C; + 6,)* — 0 with probability 1.
Thus, without the bounds {V,} eventually be-
comes a nonnegative supermartingale, so that
V, — 0 with probability 1. Because the bounds
can never increase E[(1 — 6, + 8.]% or [by
(A8)] E,_ (V,]x,. ), this is also true for the
bounded version of the {V,} process. In either
case, it follows that for all i and j, (x; — x;,) =
0 with probability 1. Using (9), the strong law
of large numbers, and the continuity of A(-)
then shows that (y, — x,) and (x;, — x;) = 0
with probability 1. y,, X, and x; must then con-
verge to a common limit because X, and x, can-
not (with positive probability) return infinitely
often to a given point at which X, # X, or
x; # x; for some i and j; and X, or X, cannot
(with positive probability) oscillate infinitely
often between distinct points at which X, = X,
or x, = x, for all i and j, because X,_, a,,
2;:0 ﬁn 2220 Vs z";:0 9”, and Efv:() Cis also
converge to finite limits (the last two with
probability 1). The convergence of p, and g,
to the same limit follows from the continuity
of g(-) and the facts that 8 — 0 as t = » and
X! _, 7 converges with probability one.
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