Economics 172A: Introduction to Operations Resear ch Winter 2008
Problem set 2 Due Thursday, March 13 at start of class (no late papers)

Instructions

Unless otherwise noted, you are required to supphyplete answers and explain how
you got them. Simply stating a numerical answeénssifficient. For graphs, clearly label

the graph and identify what’s on it.

1. Consider the problem choose x (a scalar) toesmlaximize 3x subject to X5

where b (also a scalar) > 0.

(a) Graphically or by educated guess, whicheverpreter, compute x*(b), the optimal
value of x, as a function of the parameter b. Yanswer must tell what the optimal value
of xis for any value of b > 0; that is, it must be @atly specified function of b.

(Hint: Given that b > 0, could there ever be a soluwith x* = 0? Which constraint
would you expect to determine the solution when3®When b > 57?)

(b) Write the dual, using; fo represent the dual control variable that issti@dow price
of the ith constraint in the primal.

(c) Graphically or by educated guess, whicheverpreder, computey(b) and y*(b),

the optimal values ofjyand y, as functions of the parameter b. Your answer ralist
what the optimal values of yand g are for any value of b. (When b = 5, identify &kt
possible optimal values of*(b) and y*(b).)

(d) Use the Duality Theorem to show that your sohs to the primal in (a) and the dual
in (c) are both optimal for all values of b.

(e) Verify directly that your solutions to the paiin (a) and the dual in (c) satisfy
Complementary Slackness, saying clearly what Comgtary Slackness requires.

(H Compute V(b), the maximized value of the primobjective function, as a function of
b. Graph V(b), and check that its slopexly) for almost all values of b. What happens
to the optimal basis that makes V(b) have a kink at5? What is the relationship
between the slopes to the left and right of thé leind the possible optimal values of
y-*(b) when b =57



2. Consider the problem:

Choose xand xto solve maximize X+ 6% S.t. %<3
%+ 10% <20
%>0,%>0

(a) Solve the problem graphically (here and belwith x, on the vertical axis) when

there are no integer restrictions.

(b) Now solve the problem graphically when(but not %) must be an integer.

(c) Now solve the problem graphically when(kut not %) must be an integer.

(d) Now use the branch and bound method to sol@tbblem when bothyyand % must

be integers.



3. Reconsider the job assignment problem from Rroliet 1: You must assign three
people, A, B, and C, to fill five jobs, 1, 2, 3,ahd 5. Each persanust be given either
one or two jobs, but you are otherwise free to nthkeassignment in any way you like.
The costs are given in the following table; if agm is assigned to two jobs, the total
cost of that part of the assignment is computedduling the costs for the two jobg.is
the cost of having worker i assigned to job j.Ha table, | have already cloned each
worker (A becoming a and A, and so on) as needeld the problem by linear

programming.

1 2 3 4 5
a 4 9 3 5 3
A 4 9 3 5 3
b 3 6 2 6 1
B 3 6 2 6 1
c 1 7 7 3 4
C 1 7 7 3 4

(a) What else do you need to do to this problé@mything, to formulate it as an optimal
assignment problem suitable for the Hungarian Mé®hoo it, and explain why your
change yields a problem whose solution will yidld solution to the original problem.

(b) Solve the reformulated problem by the HungaN®ihod, explaining your steps.

(c) Now suppose, as Problem Set 1 #3(d), that job 5 has been elimindtedthe rest of
the problem is unchanged. In this case you shoave found that the problem cannot be
formulated as a linear programming problem, bectgusevay we did this in the first part
(and any other way anyone has ever thought of) haigsign the two dummy jobs to the
same person, which is not really feasible (in tht happens if you try to do it this way).
Can you, nonetheless, do this version of the prolidg the branch and bound method? If

so, do it and illustrate at least the first coupllsteps, explaining what you are doing.



4. Consider Matching Pennies with the payoff taRdfrom C) for matching on Heads

raised from 1 to 2 (where the Column player’s p&syafe minus the Row player’s):

H T
H 2 -1
T -1 1

(a) Write the linear programming problem that detees the Row player's maximin
(security level maximizing) mixed strategy, lettmdpe the Row player’s security level,
p: = Pr{Row plays H}, and p= Pr{Row plays T}. Explain why your problem’s
constraints ensure that the Row player’s secueitgllis at least v, no matter what pure or
mixed strategy the Column player uses.

(b) Solve the problem in (a) graphically, and idigrthe optimal values of pand p.

(c) Use the analogous method (without showing tetanless you want to) to determine
the Column player’s optimal choice of g Pr{Column plays H}, and.g= Pr{Column
plays T} and the resulting security level.

(d) Comparing your solutions in (b) and (c) witle thptimal mixed strategies in the
standard, symmetric version of matching penniée ¢his one, but with the payoff 2
changed to a 1), is Row’s response to the increpagalif from matching on H intuitive?
Is Column’s response to Row’s increased payoff froatching on Heads (and so
Column’s decreased payoff) intuitive? Why can’t Riake advantage of the increased
payoff by putting more rather then less probabiityH? Why does he get a higher
expected payoff, even though he puts less prolyabihi H?

(e) Now write the payoff matrix when Rwrongly said C on the first version of this
problem setmust choose between Heads and Tails first, ar@h®bserve R’s choice of
pure strategy before making his own choice. Cleidentify players’ pure strategies and
explain your notation.

() As you did in (b), and using the same notatn, and p), find R’s security-level-
maximizing strategy or strategies and his maximgeclrity level, either graphically or
by reasoning about the payoff matrix, or both. Risl security-level-maximizing

strategy or strategies and his maximized secueugll



