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1 Introduction

Myerson (1997) suggested the idea of sustainable equilibrium. For example, in a coordina-

tion game

a b

a (2,2) (1,1)

b (1,1) (2,2)

The pure-strategy Nash equilibria (a,a) and (b,b) seem sustainable when the game is

played in culturally familiar context, while the mixed-strategy Nash equilibirum (1/2 a +

1/2 b, 1/2 a + 1/2 b) does not seem sustainable. One way to formalize sustainability, sug-

gested by Myerson (1997), is the notion of evolutionarily stable strategy (Maynard Smith,

1982): a and b are evolutionarily stable strategies, while 1/2 a + 1/2 b is not. Unfortu-

nately an evolutionarily stable strategy often does not exist. Hofbauer (2003) proposed a

weakening of evolutionarily stable strategy: learnable Nash equilibrium, which is asymp-

totically stable with respect to some myopic adjustment dynamic, a class of dynamics first

studied by Swinkels (1993); this is a weakening since an evolutionarily stable strategy is

asymptotically stable under a variety of myopic adjustment dynamics.

Hofbauer (2003) stated a theorem that in a generic two-player game, a Nash equilibrium

is learnable if and only if its index (as defined by Shapley (1974), Hofbauer and Sigmund

(1998)) is +1. However, the proof of the theorem has never been published and is not

available in any format. The only if direction of the theorem is implied by a general result

of Demichelis and Ritzberger (2003). In this note I give a simple proof of the if direction

for symmetric two-player games using some basic linear algebra. As is well known, for a
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generic game the Nash equilibria have either index +1 or -1, and the sum of indices is

+1. Thus learnability is a powerful equilibrium refinement that exists in generic games

and eliminates roughly half of the equilibria. This is in sharp contrast with the traditional

refinement such as perfect, proper, and stable equilibria, which have no bite in generic

normal-form games. I hope this note would make the notion of learnable equilibrium more

known and stimulate further developments.

2 Model and result

Consider a symmetric two-player (a.k.a. single population) game A: one’s payoff is Ai,j

when one plays pure strategy i and the opponent plays pure strategy j, where 1 ¤ i, j ¤ n.

Let ∆ � tx P Rn
�
:
°n

i�1 xi � 1u be the set of mixed strategies (a.k.a. population states).

The mixed strategy px P ∆ is a Nash equilibrium if px1Apx ¥ x1Apx for every x P ∆. Here we

take px and x to be column vectors and A a n-by-n matrix.

Let T be the tangent space to ∆: T � tx P Rn :
°n

i�1 xi � 0u. A myopic adjustment

dynamic is a mapping f : ∆ Ñ T such that (i) f is Lipschitz continuous, and fipxq ¥ 0

if xi � 0, (ii) fpxq1Ax ¥ 0 for all x P ∆, and (iii) fpxq � 0 if x is a Nash equilibrium.

Condition (i) ensures (by the Picard–Lindelöf theorem) that given any initial condition

the differential equation dx{dt � fpxq always has a unique solution xptq, and the solution

xptq stays in ∆. Condition (ii) says that the adjustment to x is always in the direction of

increasing the expected payoff: px � ϵfpxqq1Ax ¥ x1Ax for any ϵ ¡ 0. Finally, condition

(iii) says that a Nash equilibrium is a resting point of the dynamic f .

We say that a Nash equilibrium px is learnable if there exists a myopic adjust dynamic

f : ∆ Ñ T for which px is asymptotically stable; that is, for every neighborhood V of px,
there exists a neighborhood U of px such that xp0q P U implies xptq P V for all t ¥ 0 and

limtÑ8 xptq � px, where xptq is the solution to

dxptq

dt
� fpxptqq.

An evolutionarily stable strategy px (px1Ax ¡ x1Ax for every x � px in a neighborhood ofpx) is a learnable Nash equilibrium: we can take f to be the replicator dynamics (fipxq �

xippAxqi � x1Ax))1, among many other myopic adjustment dynamics; see Hofbauer and

Sigmund (1998). Moreover, Demichelis and Ritzberger (2003) have proved that in a generic

1We can check that for the replicator dynamic, fpxq1Ax �
°

ipxippAxqiq
2 � xipx

1AxqpAxqiq �°
i xippAxqiq

2 � px1Axq2 ¥ 0, so it is a myopic adjustment dynamic (condition (i) and (iii) are imme-
diate).
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game if a Nash equilibrium is learnable, then it must have index +1. In a generic symmetric

two-player game A, if we normalize the payoffs so Ai,j ¡ 0 for all i and j, then the index

of a Nash equilibrium px is

indexppxq � p�1q#px�1 signpdetpA
pxqq,

where #px is the size of the support of px, and A
px is the submatrix of A restricted to the

support of px. This formula is originally obtained by Shapley (1974) for bimatrix games and

specialized for symmetric games by Balthasar (2009). The generic assumption implies that

the index is either +1 or -1; a pure strategy Nash equilibrium has index +1, and the sum

of the indices of all Nash equilibria is equal to +1 (Balthasar (2009), Proposition 4.4). For

example, for the coordination game in the introduction, the a and b equilibria have index

+1, while the 1/2 a + 1/2 b equilibrium has index -1.

In this paper we prove a converse to Demichelis and Ritzberger (2003):

Theorem 1. For a generic A, if a Nash equilibrium has index +1, then it is learnable.

Consider a 3-by-3 coordination game:

a b c

a (2,2) (1,1) (1,1)

b (1,1) (2,2) (1,1)

c (1,1) (1,1) (2,2)

It is easy to verify that the 1/3 a + 1/3 b + 1/3 c equilibrium has index +1. However it

is not learnable since this is a potential game, and any myopic adjustment dynamic moves

in the direction of increasing potential, which is maximized by the pure-strategy equilibria.

Theorem 1 suggests that some small payoff perturbations to this game would make the 1/3

a + 1/3 b + 1/3 c equilibrium learnable.

3 A reformulation

Fix a Nash equilibrium px with full support: pxi ¡ 0 for every i � 1, . . . , n. Let B be a

pn� 1q-by-pn� 1q matrix, where

Bi,j � pAi,j � Ai,nq � pAn,j � An,nq,

for 1 ¤ i, j ¤ n� 1.
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Let ui be the column vector where ui
j is 1 if i � j, -1 if j � n and 0 otherwise. Let U

be the n-by-n matrix whose i-th column is ui, for i � 1, . . . , n� 1, and the n-th column ispx. Then we have pB � U 1AU , where

pB �

�
B 0

0 px1Apx
�
.

If A is normalized to have strictly positive payoffs, we have signpdetBq � signpdetAq.

Thus, indexppxq � p�1qn�1 signpdetBq.

We can map x P ∆ to y P Rn�1, where yi � xi � pxi for i � 1 . . . , n � 1, and vice

versa when y is sufficiently small. In words, y is x’s displacement from px. Dynamics on x

(dx{dt � fpxq) and y (dy{dt � gpyq) are related by

fipxq � gipyq, i � 1, . . . , n� 1; fnpxq � �
n�1̧

i�1

fipxq. (1)

We have

fpxq1Ax �
ņ

i�1

fipxqppApxqi � pApx� pxqqiq � gpyq1By, (2)

where we use the fact that pApxqi is constant over i.
Here is an intuitive argument for the necessity of index +1 for a learnable px (see

Demichelis and Ritzberger (2003) for the proof): suppose there exists a myopic adjust-

ment dynamic dx{dt � fpxq for which px is asymptotically stable. For the correspond-

ing dy{dt � gpyq, y � 0 is asymptotically stable. Let us linearize the dynamic in a

small neighborhood around y � 0: gpyq � Dy for some non-singular pn � 1q-by-pn � 1q

matrix D. Then the matrix D is Hurwitz-stable: all eigenvalues of D have negative

real parts. Thus, signpdetDq � p�1qn�1. Moreover, the myopic adjustment condition

means that pDyq1By ¥ 0 for all y in the small neighborhood around 0. This implies that

detpD1Bq � detpDq detpBq ¥ 0, so signpdetBq � p�1qn�1, i.e., px has index +1.

4 Proof of Theorem 1

For a generic A, every Nash equilibrium px is quasi-strict: pxi � 0 ñ pApxqi   px1Apx (von

Stengel (2002), Theorem 2.10). So in a sufficiently small neighborhood around px, if xi ¡ 0

but pxi � 0, we can set fipxq   0 to drive xi to zero, while ensuring fpxq1Ax ¡ 0, since

pAxqi   pAxqj for pxj ¡ 0 if x is sufficiently close to px. So without loss, we can assume
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that px has full support. Suppose indexppxq � �1, i.e., signpdetpBqq � p�1qn�1, where B is

defined in Section 3.

We will construct

gpyq �MBy,

where M is a pn� 1q-by-pn� 1q matrix such that

z1Mz ¥ 0,

for every z P Rn�1, and MB is Hurwitz-stable, i.e., all eigenvalues of MB have negative

real parts.

Using (1), (2), and setting z � By, this gives a myopic adjustment dynamic fpxq around

a neighborhood of px. Since MB is Hurwitz-stable, this implies y � 0 is asymptotically

stable for dy{dt � gpyq �MBy. Thus, x � px is asymptotically stable for dx{dt � fpxq.

4.1 The n � 3 case

Let

M � αI � βJ,

where α ¡ 0, β P R,

I �

�
1 0

0 1

�
, J �

�
0 �1

1 0

�
.

First, we check that

z1Mz � αz1z ¥ 0,

since z1Jz � 0 for every z P R2.

A 2-by-2 matrix MB is Hurwitz-stable if and only if detpMBq ¡ 0 and tracepMBq   0.

Now,

detppαI � βJqBq � pα2 � β2q detB ¡ 0,

since detB ¡ 0 by assumption.

Suppose

B �

�
a b

c d

�
,

then

traceppαI � βJqBq � αpa� dq � βp�c� bq   0

if b � c and β is sufficiently positive or negative. And b � c is clearly the generic case.
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4.2 The general case

We now use the special case in Section 4.1 to prove the general case of Theorem 1. As

before, let px be a Nash equilibrium with full support, with p�1qn�1 detpBq ¡ 0.

Using real Schur decomposition (Horn and Johnson (2012), Theorem 2.3.4), we can

write B � Q1TQ, where Q is a real orthogonal matrix (Q1Q � I), and T is a real quasi-

triangular matrix:

T �

������
C11 C12 . . . C1m

0 C22 . . . C2m

...
...

. . .
...

0 0 . . . Cmm

������ ,

where each Cii is either a 1-by-1 matrix or 2-by-2 matrix. In the former case, Cii is a real

eigenvalue of B; in the latter case, Cii has non-real (conjugate) eigenvalues which are also

eigenvalues of B. We can rearrange the rows and columns to group the positive eigenvalues

together, so that

T �

������
T11 T12 . . . T1k

0 T22 . . . T2k

...
...

. . .
...

0 0 . . . Tkk

������ ,

where each Tii is either (i) a 2-by-2 upper triangular matrix whose diagonal are two positive

eigenvalues of B, (ii) a 2-by-2 matrix with non-real (conjugate) eigenvalues which are also

eigenvalues of B, or (iii) a 1-by-1 matrix which is a negative eigenvalues of B. This can be

done because signpdetpBqq � p�1qn�1, so the number of positive eigenvalues of B is always

even.

If Tii is a 2-by-2 matrix, choose Ki � pαI � βJq as in Section 4.1 so that KiTii is

Hurwitz-stable and y1Kiy ¥ 0 for every y P R2. If Tii is a negative number, choose Ki � 1.

Let

K �

������
K1 0 . . . 0

0 K2 . . . 0
...

...
. . .

...

0 0 . . . Kk

������ ,
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we then have y1Ky �
°k

i�1 y
1

iKiyi ¥ 0 for every y � py1, y2, . . . , ykq P Rn�1, and KT is

Hurwitz-stable, since a block upper triangular matrix is Hurwitz-stable if and only if each

matrix on the diagonal is Hurwitz-stable2.

Finally, we set

M � Q1KQ.

Clearly, we have z1Mz ¥ 0 for every z P Rn�1, and MB is Hurwitz-stable.
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