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Abstract

We study the design of optimal mechanisms when the designer is uncertain both
about the information held by the agents and also about which equilibrium will be
played. The guarantee of a mechanism is the minimum of the designer’s welfare across
all information structures and equilibria. The potential of an information structure
is the maximum welfare across all mechanisms and equilibria. We formulate a pair of
linear programs that upper bound the maximum guarantee across all mechanisms and
lower bound the minimum potential across all information structures. In applications
to public goods, bilateral trade, and optimal auctions, we use the bounding programs
to characterize guarantee-maximizing mechanisms and potential-minimizing informa-
tion structures and show that the max guarantee is equal to the min potential.
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1 Introduction

In the standard model of Bayesian mechanism design, the mechanism designer is assumed
to have a detailed description of agents’ higher-order beliefs about payoff relevant states
of the world. This description is in the form of a Harsanyi type space or, equivalently, an
information structure. As is well known, the predictions of the model may depend on fine
details of the agents’ information, which is problematic of the designer is uncertain about
about which information structure is empirically relevant, and presents a challenge to using
the model for normative predictions.1

Moreover, most of the existing theories of Bayesian mechanism design rely on the as-
sumption that the designer can choose which equilibrium will be played. In some cases the
mechanisms suggested by the theory have compelling equilibria that seem like a natural
prediction for behavior. But in other cases, the theory leads to mechanisms that are vul-
nerable to the agents coordinating on equilibria that are bad for the designer (such as low
revenue “bidding ring” equilibria of second-price auctions).

In this paper, we propose a new framework for informationally-robust mechanism design
that does not rely on detailed knowledge of agents’ beliefs. Our framework also identifies
mechanisms whose performance is robust to which equilibrium is played. We consider a
designer who knows the distribution of payoff relevant states, but is uncertain about the
agents’ information. The designer evaluates a given mechanism its guarantee: the lowest
expected performance across all common prior information structures and equilibria. We
characterize mechanisms that maximize the guarantee. Such mechanisms provide the best
possible lower bound on performance, given these limited assumptions about information
and behavior.

In parallel, we also study information structures that are especially challenging for
the designer: The potential of an information structure is maximum performance across
all mechanisms and equilibria. We characterize information structures that minimize the
potential. Potential minimizing information structures are important for two reasons: First,
they are technically useful for certifying that a mechanism maximizes the guarantee. In
particular, if a mechanism and an information structure have a guarantee and potential,
respectively, that are equal, then must respectively maximize the guarantee and minimize
the potential (and moreover, in this case, we would conclude that the max guarantee is
equal to the min potential). Second, the potential-minimizing information structures are in
a sense the environments that guarantee-maximizing mechanisms are guarding against, and
the plausibility of these environments is important for assessing the value of this particular
kind of robustness.

Our first main result, Theorem 1, describes a pair of bounding linear programs, one of
which provides a lower bound on the max guarantee, and the other of which provides an
upper bound on the min potential. The programs are parameterized by a finite number of
actions in the mechanism or signals in the information structure. They are obtained from
the max guarantee and min potential nonlinear programs by fixing an (arbitrary) order
on actions or signals, dropping equilibrium constraints that are non-local with respect to

1For example, whether or not there is correlation in agents’ signals can dramatically affect what outcomes
can be implemented (Myerson, 1981; Crémer and McLean, 1988; McAfee and Reny, 1992).
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that order, and normalizing the units for actions or signals so that the Lagrange multiplier
on local constraints has a given (arbitrary) value. The interest in these programs stems
primarily from the fact that for a number of applications, the bounds are in fact tight,
in the sense that difference between the optimal value of the bounding programs goes
to zero as the number of actions and signals grows large. In these cases, we conclude a
fortiori that the max guarantee is equal to the min potential. Moreover, when the bounds
are tight, the bounding programs provide a tractable means of calculating solutions, both
from a computational and an analytical perspective. Indeed, the solutions to the bounding
programs are necessarily (approximate) guarantee maximizing mechanisms and potential
minimizing information structures.

Additionally, the structure of the bounding programs sheds light on the essential proper-
ties of guarantee-maximizing mechanisms and potential-minimizing information structures.
In the context of a given information structure, we define a new object associated with each
signal profile and outcome, which we term the informational virtual objective. It is equal
to the designer’s objective less information rents accruing to the agents from the ability
to mimic a nearby (lower) type. In the special case of revenue maximization in private
goods allocation, the informational virtual objective coincides with the “virtual value” fa-
miliar from the theory of optimal auctions. The bounding program for min potential is
simply choosing the information structure to minimize the expectation (across signals) of
the highest (across outcomes) informational virtual objective.

Analogously, given a mechanism, an action profile, and a payoff relevant state, the
strategic virtual objective is equal to the designer’s objective plus a strategic adjustment
term coming from the agents’ ability to deviate to a nearby (higher) action. The bound-
ing program for the max guarantee is simply choosing the mechanism to maximize the
expectation (across states) of the lowest (across action profiles) strategic virtual objective.

The upshot is that when the bounding programs are tight, what makes a mechanism
robust in terms of the guarantee is that it achieves a favorable expected lowest strategic
virtual objective, and what makes an information structure unfavorable in terms of the
potential is that it depresses the expected highest informational virtual objective.

An issue that is of fundamental importance to this theory is whether or not the bounds
are tight. This is equivalent to asking whether there exist (approximate) strong maxmin
solutions, i.e., pairs of mechanisms and information structures for which the guarantee is
arbitrarily close to the potential. We show that the bounding programs are “almost” a dual
pair, in the sense that the dual of the upper bound program is the same as the lower bound
program, but with a subtly modified virtual objective, and vice versa. The key differences
are that in the max guarantee bound, the relevant equilibrium constraints point away from
the type with the relevant participation constraint, whereas in the min potential bound,
the relevant equilibrium constraints point towards the type with the relevant participation
constraint. Also, there is an important difference in how we model participation: in the
min potential bound, we impose the usual constraint that interim utility should be greater
than an outside option, whereas for the max guarantee bound, we impose a novel constraint
that we call participation security. This condition requires that each agent have an action
that guarantees them a payoff greater than their outside option no matter what (analogous
to bidding zero in a first- or second-price auction). Thus, whether or not the bounds are
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tight in a sense depends on whether the solutions are sufficiently smooth—so that the
direction of local equilibrium constraints is immaterial—and whether or not the two forms
of participation constraint are equivalent.

We illustrate and apply our framework in two applications: public goods provision and
optimal auctions. The application to public goods is fully developed in a companion paper
(Brooks and Du, 2023); in the present paper we simply outline the results, as they relate to
the bounding programs. We consider a standard public goods problem where the designer’s
goal is to maximize social surplus, subject to budget balance and participation constraints.
(The two agent version of this model can be reinterpreted as a model of bilateral trade,
thus showing that our methodology can be fruitfully applied to that problem as well.) We
use the bounding programs to construct a saddle point consisting of a mechanism and
an information structure for which the guarantee and potential coincide (so that the max
guarantee is equal to the min potential). The welfare guarantee is maximized by a pro-
portional cost-sharing mechanism: Agents make one dimensional bids, public expenditure
is a non-decreasing function of the aggregate bid, and each agent’s share of the expendi-
ture is proportional to their bid. The aforementioned results depend on the possibility of
large asymmetries in values across agents. On the other hand, when all of the agents have
the same value ex post, then the bounds are not tight: Min potential is strictly positive,
whereas the max guarantee is zero. This last case highlights the possibility of a gap due to
non-equivalence of the two forms of participation constraint that we mentioned previously.

We then turn attention to revenue maximization in multi-good auctions. Theorem 2 says
that the bounds are tight as long as the support of the bidders’ ex post values has a product
structure. This result is proven non-constructively, and reveals additional structure of the
bounding programs, in particular why it is suboptimal for the designer to use mechanisms
that have certain kinds of discontinuities. The hypotheses of Theorem 2 are by no means
necessary. Indeed, the more significant contribution of Theorem 2 is to strengthen the hope
that the bounds will be tight in a variety of settings, and thereby motivating us to search
for strong maxmin solutions (just as the strong duality theorem of linear programming
gives us hope and confidence to search for saddle points). We also apply the bounding
programs to characterize revenue guarantee maximizing mechanisms for a new class of
environments, where the designer knows the empirical distribution of agents’ values, but
does not know the agents’ individual values. Collectively, these applications and our prior
work demonstrate the utility of the bounding programs for solving informationally-robust
mechanism design problems.

A large literature on robust mechanism design has attempted to relax the assumption of
common knowledge of the information structure by employing stronger implementation con-
cepts, most prominently ex post implementation. When restricting to direct mechanisms,
this requires truthful reporting to be optimal regardless of agents’ beliefs, i.e., conditional
on all payoff-relevant aspects of the agents’ private information.2 But this approach is also
beset by a conceptual problem that is analogous to the one we started with: To provide

2Much of the literature on ex post implementation assumes that each agent knows everything that is or
could be payoff relevant to them, in which case ex post implementation is equivalent to dominant strategy
implementation (Dasgupta et al., 1979; Chung and Ely, 2007; Yamashita, 2016; Chen and Li, 2018; Che,
2020).
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ex post incentives, the designer has to know the structure of agents’ signals, and how they
are related to payoff-relevant fundamentals and the agents’ and designer’s preferences.3

Again, it is not obvious which structures are empirically relevant, especially when there
is interdependence in preferences. Moreover, ex post implementation entails an artificial
and restrictive assumption that the outcome of the mechanism cannot vary with agents’
beliefs, even when such variation might be acceptable or even desirable.4 Ultimately, ex
post implementation is addressing a different problem, which is how to provide the agents
incentives in a manner that does not depend on strong common knowledge assumptions
on the part of the agents. It does not address our primary concern, which is how to build
an normative theory of mechanism design that does not require the designer to have an
unreasonably detailed understanding of the environment.

Our work is also related to the literature on full implementation under complete infor-
mation, pioneered by Maskin (1999). In that framework, the agents commonly know the
state of the world but the designer does not; likewise in our model, the agents commonly
know their information structure but the designer does not. In fact, if we restrict the
information structures to have a fixed set of signals for each agent, then we can map our
model to the full implementation model by letting the state of the world be the information
structure, and viewing each agent-signal realization as a distinct agent, and considering the
agent normal-form of the game induced by a mechanism. Moreover, the guarantee maximiz-
ing mechanisms are implicitly fully implementing a particular social choice correspondence
that corresponds to the equilibrium outcomes as we vary the information structure. As a
result, this corresponds necessarily satisfies Maskin monotonicity. On the other hand, our
methodology is distinct from the full implementation literature in that we restrict attention
to finite games and allow mixed equilibria, which prevents us from using constructions such
as “integer” and “modulo” games to eliminate undesirable equilibrium outcomes. Also, we
do not explicitly characterize the correspondence that is implicitly being implemented, and
in fact, we do not know if this correspondence satisfies any of the well-known sufficient
conditions (such as no veto power) for full implementation via the standard arguments.
Rather, we use the strategic virtual objective to lower bound the welfare that is attained
in all equilibria across all information structures.

3For example, in their classic paper on ex post implementation, Bergemann and Morris (2005) restrict
attention to a class of information structures parameterized by a collection of “payoff types.” They assume
that agents know their own payoff types, which collectively capture everything about the environment that
is payoff relevant to the agents and the designer.

4Chung and Ely (2007) and Bergemann and Morris (2005) each give conditions under which a designer
would not benefit from the flexibility of implementing outcomes that depend on the agents’ beliefs. Our
view is that these conditions are quite demanding: In the case of the auction problem studied by Chung
and Ely (2007), this conclusion relies on a generalization of the regularity condition of Myerson (1981) and
also that agents’ beliefs may be inconsistent with a common prior. For Bergemann and Morris (2005),
they rely on a “separability” condition, which says that the part of the outcome on which the designer is
flexible has a component for each agent, there are no feasibility restrictions across agents, and each agent
cares only about their own component. Relatedly, Jehiel et al. (2006) show that in generic environments
with multidimensional types, only constant social choice functions can be implemented ex post. This is all
to say that the prospect of building a general theory of informationally-robust mechanism design using ex
post implementation appears to be limited.
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Our results on revenue maximizing auctions generalize prior work in the case of revenue
maximization from the sale a single good and pure common values (Bergemann, Brooks,
and Morris, 2016; Du, 2018; Brooks and Du, 2021b).5 The most closely related paper is
Brooks and Du (2021b), which used similar bounding methodology to prove that these
constructions maximize the revenue guarantee and minimize the revenue potential, respec-
tively. The contribution of this paper is to generalize the bounding methodology to a
broad class of mechanism design problems, to illustrate that this methodology can be fruit-
fully applied in diverse applications, and to prove non-constructively that the bounds are
tight for a more general class of optimal auction design problems with multiple goods and
interdependent values.

More broadly, we contribute to a growing literature on informationally robust auction
design. Previous papers have studied this problem under the assumption that values are pri-
vate, including Chung and Ely (2007), Yamashita (2016), Chen and Li (2018), Che (2020),
and Bachrach et al. (2022). Yamashita and Zhu (2018) also study robust mechanism de-
sign with interdependent values, but they focus on conditions under which ex-post incentive
compatible mechanisms are also max-min optimal when the seller-preferred equilibrium is
selected. He and Li (2022) also study robust revenue maximization in private value auc-
tions, but look for robustness with respect to the correlation between agents’ values rather
than information per se. In contrast, our model allows for values to be interdependent.
Other related studies of robust mechanism design include Neeman (2003), Brooks (2013),
Yamashita (2015), Carroll (2017), Bergemann, Brooks, and Morris (2019), Zhang (2022),
and the literature on algorithmic mechanism design (e.g., Hartline and Roughgarden, 2009).

To reiterate, in contrast to much of the aforementioned literature on robust mechanism
design, we are primarily focused on reducing the assumptions that the designer must make
about the environment in order for the theory to provide meaningful guidance regarding
optimal mechanisms. In contrast, much of the prior work on robust mechanism design is
also concerned with relaxing strong common knowledge assumptions on the part of the
agents, namely, the common prior assumption and Bayes Nash equilibrium, both of which
are retained in our framework. Nonetheless, the mechanisms that we derive are not tied to
a particular language for types, nor do the mechanisms that we derive require the agents to
explicitly report their higher-order beliefs or the information structure (even though this
is allowed under our assumptions). That the informationally robust optimal mechanisms
seem to use a natural language of “bids” is a desirable and emergent feature of the theory.
The discussion of motivation and interpretation continues in Section 7.

The rest of this paper proceeds as follows. Section 2 describes our model. Section 3
presents our main results on the bounding linear programs. Section 4 presents an applica-
tion to the public expenditure problem and bilateral trade. Section 5 presents our results
on revenue maximization in the allocation of multiple private goods with additive values.
Section 6 contains our second fully solved example, revenue maximization when the em-
pirical distribution of values is known. Section 7 concludes the paper with a discussion
of our assumptions and directions for future research. An Appendix contains additional

5Brooks and Du (2021a) extended the program to a model with single unit demand and interdependent
values, but where the designer only knows the mean of each agent’s value
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theoretical results and omitted proofs, and an Online Appendix contains further results
and numerical examples.

2 Model

There is a mechanism designer and a finite group of agents indexed by i “ 1, . . . , N .
The designer controls an outcome ω P Ω, where Ω is finite. The designer and the agents
have expected utility preferences over outcomes. In particular, the preferences of agent
i “ 1, . . . , N over outcomes and states are represented by the utility index uipω, θq, which
depends on a payoff-relevant state of the world θ P Θ and Θ is a finite set. The designer’s
preferences are similarly represented by the utility index wpω, θq.

Each agent could choose not to participate in the designer’s mechanism and receive
a certain state-dependent payoff. We normalize this outside option to zero, and simply
interpret agent i’s utility uipω, θq as their payoff net of the outside option.

The agents’ higher order beliefs about θ are described by an information structure,
which consists of: a finite set of signals Si for each agent i, with S “

ś

i Si,
6 and a joint

distribution σ P ∆pS ˆ Θq, with the marginal on Θ being µ. An information structure is
denoted I “ pS, σq, and I is the set of information structures.7

The designer can commit to a mechanism, which consists of: a finite set of actions
Ai for each agent i, with A “

ś

iAi, and an outcome function m : A Ñ ∆pΩq that
maps action profiles to lotteries over outcomes. An action ai P Ai is participation secure
if
ř

ω uipω, θqmpω|ai, a´iq ě 0 for all a´i and θ. A mechanism is participation secure if
every agent has a participation secure action. We will restrict the mechanism designer to
use only mechanisms that are participation secure. This ensures that all agents’ interim
payoffs exceed their outside options in any equilibrium under any information structure.
As such, they will not have a strict incentive to exit the mechanism and obtain their
outside option. A mechanism is denoted by M “ pA,mq. The set of all mechanisms is
M, the participation secure mechanisms are M˚. We assume that a participation secure
mechanism exists.

A mechanism and an information structure pM, Iq together define a Bayesian game,
in which a (behavioral) strategy for agent i is a mapping bi : Si Ñ ∆pAiq. A strategy
profile b “ pb1, . . . , bNq is identified with the function from S to ∆pAq defined by bpa|sq “
ś

i bipai|siq. Expected utility for agent i is

UipM, I, bq “
ÿ

θ,s,a,ω

uipω, θqmpω|aqbpa|sqσps, θq,

and the designer’s welfare is

W pM, I, bq “
ÿ

θ,s,a,ω

wpω, θqmpω|aqbpa|sqσps, θq.

6Throughout our exposition, a sum or a product with respect to a variable without qualification means
that the operation should be applied for all values of the variable. In this case, the product is over all i.

7The set of (finite) information structures is defined by identifying finite sets of signals with finite subsets
of the natural numbers. Likewise for the set of (finite) mechanisms.

7



A strategy profile b is a (Bayes Nash) equilibrium of pM, Iq if UipM, I, bq ě UipM, I, b1i, b´iq
for all i “ 1, . . . , N and b1i. The set of equilibria is EpM, Iq, which we note is non-empty,
since the mechanism and information structure are both assumed to be finite.

The guarantee of a mechanism M is

GpMq “ inf
IPI

inf
bPEpM,Iq

W pb,M, Iq,

that is, minimum welfare of the designer across all information structures and equilibria.
The potential of an information structure I is

P pIq “ sup
MPM˚

sup
bPEpM,Iq

W pb,M, Iq,

that is, maximum welfare of the designer across all participation-secure mechanisms and
equilibria. It is immediate that for any M and I, GpMq ď P pIq. The purpose of this
paper is to study mechanisms that maximize the guarantee and information structures
that minimize the potential, i.e., solutions to the programs

sup
MPM˚

GpMq (MAX-G)

inf
IPI

P pIq (MIN-P)

We illustrate these definitions with an application to the public expenditure problem:
Society chooses the total expenditure E P r0, 1s on a public good. The designer must
balance the budget, and therefore chooses the contribution ei of each agent i, with

ř

i ei “
E. Agent i’s private value from expenditure is θi, which is an element of a finite set
Θi Ă R`, and the utility index of agent i is ui “ θiE´ei. The designer’s objective is simply
to maximize social welfare: w “ p

ř

i θi ´ 1qE. The designer can choose any participation
secure mechanism, which maps actions to individual contributions. Since we allow θi ă 1,
this means that each agent has an action 0 that ensures eip0, a´iq “ 0, that is, the good
may be produced but agent i refused to shoulder any part of the cost. We can represent
this by setting Θ “

ś

i Θi and Ω “ t0, 1, . . . , Nu, where 0 is the outcome that E “ 0,
and i for i ‰ 0 is the outcome that ei “ E “ 1, i.e., agent i provides the full expenditure.
Thus, we can interpret Epaq “ 1 ´ mp0|aq as the total expenditure implemented by the
designer, and eipaq “ mpi|aq is agent i’s contribution to the expenditure. We will return
to this application in Section 4. It is fully developed in Brooks and Du (2023).

Another application is revenue maximization from private goods allocation, which we
call the optimal auctions model : There are L goods for sale, indexed by l “ 1, . . . , L. Agent
i’s a value for good l is θi,l, an element of the finite set Θi,l Ă R`. The outcome is a choice
of which agent is allocated each of the goods (or a choice to keep the good) and also a
transfer that each agent i pays to the mechanism. We write qi,l for the likelihood that
agent i is allocated good l and ti for agent i’s transfer. The allocation satisfies qi,l ě 0 and
ř

i qi,l ď 1 for all l, and the transfers are unrestricted. Each agent i has quasilinear-additive
utility

ř

l θi,lqi,l ´ ti, and the designer’s payoff is revenue:
ř

i ti. The designer can choose
any mechanism pqpaq, tpaqq subject to participation security, meaning that each agent i
has an action ai such that tip0, a´iq ď

ř

l qi,lp0, a´iqmin Θi,l for all a´i. The single-good
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version of this model was studied by Bergemann et al. (2016), Du (2018), and Brooks and
Du (2021b) in the case of common values (where θ1,1 “ ¨ ¨ ¨ “ θN,1) and by Brooks and Du
(2021a) where each agent has a known expected value for the good.8

The allocation q can be mapped into in our formalism in a similar manner as with
the public expenditure problem, where the designer chooses between the finitely many
alternatives of whether to withhold the good or to allocate to one of the agents. We can
also embed the transfers by fixing a large maximum transfer t and interpreting ti as the
expectation of a lottery on t´t, tu. Our analysis in Section 5 will in fact work with the
cleaner limit model where ti is unrestricted, to which our results readily generalize. But
to simplify exposition, Section 3 focuses on the case where the designer chooses between
finitely many alternatives. In Section 6 we solve a version with a single good and the mean
of the agents’ values is known.

3 Bounding linear programs

3.1 Main result

We now formulate the bounding programs that we described in the introduction, and state
our first result. This requires some additional notation. For each i and k P N, let

Xipkq “

"

l

k

ˇ

ˇ

ˇ

ˇ

0 ď l ď k2, l P N
*

,

and Xpkq “
ś

iXipkq. Given a function f : Xpkq Ñ RN , we introduce two operators.
First, the discrete upward partial derivative ∇`

i fpxq is9

∇`
i fpxq “

#

pk ´ 1qpfpxi ` 1{k, x´iq ´ fpxqq if xi ă k;

0 if xi “ k.
(1)

The second operator can also be interpreted as a discrete upward derivative, but with a
slightly different definition, primarily regarding the boundary cases:

∇̃`
i fpxq “

$

’

&

’

%

´fpk, x´iq if xi “ k

fpk, x´iq ´ kfpk ´ 1{k, x´iq if xi “ k ´ 1{k

kpfpxi ` 1{k, x´iq ´ fpxqq otherwise.

(2)

8Strictly speaking, those papers allow for unbounded transfers, whereas the current model with finitely
many outcomes can only formally represent bounded transfers. But as the preceding literature has shown,
in the optimal auction design problem, it is without loss to restrict attention to non-negative transfers that
are bounded above by the maximum value.

9Given that the increment between elements in Xipkq is 1{k, a seemingly more natural definition of the
discrete derivative would have a factor k rather than k ´ 1. Of course, these definitions are equivalent in
the limit as k tends to infinity, and by defining it with k´1, we simplify our notation for proving Theorem
2. See Remark 17 below.
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Also, let Mk be the set of outcome functions m : Xpkq Ñ ∆pΩq, and let M0
k be the subset

of Mk that satisfy
ÿ

ω

uipω, θqmpω|0, x´iq ě 0 @θ, x´i.

In other words, M0
k is the subset of Mk for which 0 P Xipkq is participation secure for each

agent i.
Finally, let Ik be the set of σ P ∆pXpkq ˆΘq such that the marginal on Θ is the prior

µ (so that pXpkq, σq is an information structure).
The bounding programs are

max
mPM0

k

ÿ

θ

µpθqmin
x

ÿ

ω

«

wpω, θqmpω|xq `
ÿ

i

uipω, θq∇`
i mpω|xq

ff

(LB-Gpkq)

min
σPIk

ÿ

x

max
ω

ÿ

θ

«

wpω, θqσpx, θq ´
ÿ

i

uipω, θq∇̃`
i σpx, θq

ff

. (UB-Ppkq)

Let W pP q denote the optimal value for the designer in program P . Our first result is the
following:

Theorem 1. For all k P N, we have

W (UB-Ppkq) ě W (MIN-P) ě W (MAX-G) ě W (LB-Gpkq).

Moreover,

• If m solves (LB-Gpkq), then GpXpkq,mq ě W (LB-Gpkq).

• If σ solves (UB-Ppkq), then P pXpkq, σq ď W (UB-Ppkq).

3.2 Comments on Theorem 1

Before presenting a self-contained proof of Theorem 1 in the next section, we provide several
remarks that explain the bounding programs and their characterization.

Remark 1. Theorem 1 asserts that the bounding programs are in fact bounds for the max
guarantee and the min potential. But more than that, they provide a means of comput-
ing approximate guarantee-maximizing mechanisms and potential-minimizing information
structures, by solving the programs (LB-Gpkq) and (UB-Ppkq). (This result is formalized
in Proposition 3 in Appendix A.) We say that the bounds are tight if

lim
kÑ8

W (UB-Ppkq)´W (LB-Gpkq) “ 0.

There is a duality gap ifW (MIN-P) ą W (MAX-G). Importantly, Theorem 1 does not assert
that the bounds are tight. But if the bounds are tight, then there is no duality gap, and max
guarantee is equal to min potential. In that case, by solving (LB-Gpkq) and (UB-Ppkq) for
k sufficiently large, one can obtain arbitrarily good approximations of the max guarantee
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and min potential. Moreover, these approximate solutions have the property that there is a
linear order on actions and signals, and the only relevant equilibrium constraints are those
that are local in that order. Also, interim participation is relevant only for the lowest type,
and participation security is relevant only for the lowest action. We will give examples
where the bounds are tight in Sections 4 and 6, and sufficient conditions for the bounds to
be tight in Section 5. In this case, the one-dimensionality of actions/signals is associated
with very particular forms for guarantee-maximizing mechanisms and potential-minimizing
information structures. We also give an example where there is a duality gap in Section 4.

Remark 2. We refer to the minimand in (LB-Gpkq) as the strategic virtual objective:

ÿ

ω

«

wpω, θqmpω|xq `
ÿ

i

uipω, θq∇`
i mpω|xq

ff

,

i.e., the designer’s expected welfare at a given px, θq, plus a strategic adjustment, where
the latter is the sum of sensitivities of agents’ utilities to local changes in their actions.
The program (LB-Gpkq) is the maximum expected lowest strategic virtual objective, where
the max is over mechanisms, the expectation is across states, and “lowest” is across action
profiles.

Similarly, the maximand in (UB-Ppkq) is the informational virtual objective:

ÿ

θ

«

wpω, θqσpx, θq ´
ÿ

i

uipω, θq∇̃`
i σpx, θq

ff

,

i.e., the designer’s expected payoff at a given px, ωq (in ex ante probability units), minus the
agents’ information rents, which depend on the sensitivity of their private information to
local changes in their signals. The program (UB-Ppkq) is therefore choosing the information
structure to minimize the expected highest informational virtual objective, where “highest”
ranges across all outcomes.10

Remark 3. The programs (LB-Gpkq) and (UB-Ppkq) are presented as saddle point problems,
but they are easily converted into linear programs by introducing auxiliary variables. In
particular, we convert (LB-Gpkq) by introducing free variables λpθq:

max
mě0,λ

ÿ

θ

µpθqλpθq

s.t. λpθq ď
ÿ

ω

«

wpω, θqmpω|xq `
ÿ

i

uipω, θq∇`
i mpω|xq

ff

@θ, x

ÿ

ω

uipω, θqmpω|0, x´iq ě 0 @i, x´i, θ

ÿ

ω

mpω|xq “ 1 @x

(3)

10In the optimal auctions problem, the informational virtual objective reduces to an interdependent
values analogue of the familiar virtual value of Myerson (1981). See Remark 16 below.
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Similarly, we convert (UB-Ppkq) by introducing free variables γpxq:

min
σě0,γ

ÿ

x

γpxq

s.t. γpxq ě
ÿ

θ

«

wpω, θqσpx, θq ´
ÿ

i

uipω, θq∇̃`
i σpx, θq

ff

@x, ω (4a)

ÿ

x

σpx, θq “ µpθq @θ (4b)

Remark 4. The LP formulations reveal an intuition for why the bounds would be tight.
Reusing notation (to emphasize the similarity), let mpω|xq be the multiplier on (4a) and
λpθq be the multiplier on (4b). The dual of (4) is therefore

max
mě0,λ

ÿ

θ

λpθqµpθq

s.t. λpθq ď
ÿ

ω

«

wpω, θqmpω|xq `
ÿ

i

ÿ

x

uipω, θq∇´
i mpω|xq

ff

@θ, y

ÿ

ω

mpω|xq “ 1 @x.

(5)

where

∇´
i fpxq “

$

’

&

’

%

fpk, x´iq ´ fpk ´ 1{k, x´iq if xi “ k;

kpfpxi, x´iq ´ fpxi ´ 1{k, x´iqq if 0 ă xi ă k;

kfp0, x´iq if xi “ 0.

This program can be written even more succinctly as

max
mPMk

ÿ

θ

min
ω

«

wpω, θqmpω|xq `
ÿ

i

uipω, θq∇´
i mpω|xq

ff

In other words, the dual of (UB-Ppkq) is also maximizing an expected lowest strategic
virtual objective, just as in (LB-Gpkq), but with two key differences: First, we have dropped
participation security as a requirement on the mechanism, and second, we have used the
downward discrete derivative ∇´

i in lieu of the upward discrete derivative ∇`
i . If there are

solutions to (5) that converge to a differentiable function that is participation secure, then
we can approximate that limit with feasible solutions to (LB-Gpkq) that have a similar
value, and hence the bounds will be tight. This observation is formalized as Proposition 6
in the Appendix.

3.3 Proof of Theorem 1

We now present the proof of Theorem 1, in three parts.
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3.3.1 W (MIN-P) is greater than W (MAX-G)

For any participation secure mechanism M , information structure I, and equilibrium b P
EpM, Iq, we clearly have

P pIq “ sup
M 1PM˚,b1PEpM 1,Iq

W pM 1, I, b1q ě W pM, I, bq ě inf
I 1PI,b1PEpM,I 1q

W pM, I 1, b1q “ GpMq.

As a result,

W (MIN-P) “ inf
IPI

P pIq ě sup
MPM˚

GpMq “ W (MAX-G),

as desired.

3.3.2 (UB-Ppkq) is an upper bound on (MIN-P)

For each k, we can obtain an upper bound on W (MIN-P) by taking the infimum potential
across all information structures of the form pXpkq, σq for σ P Ik.

Now, fix an I “ pXpkq, σq, σ P Ik. For any M P M˚ and equilibrium b P EpM, Iq, it
must be that for all i and xi, agent i’s interim payoff given a signal xi is non-negative. If
not, then agent i could profitably deviate to a strategy that plays the participation-secure
action 0 with probability one and guarantee themselves a non-negative payoff. Thus, we
may relax participation security by maximizing the designer’s payoff over all mechanisms
and equilibria that give each agent a non-negative equilibrium payoffs in the interim stage.
This upper bound on P pIq may be computed by applying the revelation principle and
maximizing the designer’s payoff over all incentive compatible and individually rational
direct mechanisms, i.e.,

max
mě0

ÿ

x,θ,ω

wpω, θqmpω|xqσpx, θq

s.t.
ÿ

x´i,θ,ω

uipω, θq rmpω|xi, x´iq ´mpω|x
1
i, x´iqsσpxi, x´i, θq ě 0 @i, xi, x

1
i (6a)

ÿ

x´i,θ,ω

uipω, θqmpω|xi, x´iqσpxi, x´i, θq ě 0 @i, xi (6b)

ÿ

ω

mpω|xq “ 1 @x (6c)

This program has a bounded feasible set, and by hypothesis it is non-empty because a
participation-secure mechanism exists. It therefore has an optimal value, and by strong
duality, it is equal to the optimal value of its dual.

Let αipxi, x
1
iq ě 0 be the multiplier on the truthtelling constraint (6a), let βipxiq ě 0 be

the multiplier on individual rationality (6b), and let γpxq be the multiplier on feasibility
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(6c). The dual to (6) is

min
αě0,βě0,γ

ÿ

x

γpxq

s.t. γpxq ě
ÿ

θ

wpω, θqσpx, θq

´
ÿ

θ,i,x1i

uipω, θq rαipx
1
i, xiqσpx

1
i, x´i, θq ´ αipxi, x

1
iqσpxi, x´i, θqs

`
ÿ

θ,i

uipω, θqβipxiqσpx, θq @x, ω

(7)

Since any choice of non-negative α and β is feasible for (7), we obtain an upper bound on
the optimal value by fixing

αipxi, x
1
iq “

$

’

&

’

%

1 if xi “ x1i ` 1{k “ k;

k if xi “ x1i ` 1{k ă k;

0 otherwise

βipxiq “

#

k if xi “ 0

0 otherwise.

The resulting program is

min
γ

ÿ

x

γpxq

s.t. γpyq ě
ÿ

θ

«

wpω, θqσpx, θq ´
ÿ

i

uipω, θq∇̃`
i σpx, θq

ff

@x, ω,

(8)

where ∇̃`
i is as defined in (2). Note that for any σ P Ik, the value of (8) is an upper bound

on (7), which is in turn an upper bound on P ppXpkq, σq, which is in turn an upper bound
on W (MIN-P). Minimizing the upper bound (8) over all σ P Ik is precisely the program
(4), which is equivalent to (UB-Ppkq).

3.3.3 W (LB-Gpkq) is a lower bound on W (MAX-G)

We proceed analogously as with our characterization of (LB-Gpkq). For each k, a lower
bound on W(MAX-G) is the supremum guarantee over all mechanisms of the form pXpkq,mq
for m P M0

k. Note that all of these mechanisms are participation secure (with 0 P Xipkq
being the participation secure action).

For a fixed M “ pXpkq,mq, m P M0
k, we compute GpMq by applying the revelation

principle for information design and minimizing welfare over Bayes correlated equilibria,
i.e., information structures in which signals are actions in the mechanism and playing an
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action equal to one’s own signal is an equilibrium. This program is

min
σě0

ÿ

x,θ,ω

wpω, θqmpω|xqσpx, θq

s.t.
ÿ

x´i,θ,ω

uipω, θq rmpω|xi, x´iq ´mpω|x
1
i, x´iqsσpxi, x´i, θq ě 0 @i, xi, x

1
i (9a)

ÿ

x

σpx, θq “ µpθq @θ (9b)

This program has a bounded feasible set (which is non-empty, by Nash’s theorem), so again
by strong duality, it has an optimal value which is equal to the optimal value of its dual.
Let αipxi, x

1
iq ě be the multiplier on the obedience constraint (9a), and let λpθq be the

multiplier the marginal constraint (9b). Then the dual of the program (9) is

max
αě0,λ

ÿ

θ

µpθqλpθq

s.t. λpθq ď
ÿ

ω

»

–wpω, θqmpω|xq `
ÿ

i,x1i

uipω, θqαipxi, x
1
iq pmpω|x

1
i, x´iq ´mpω|xi, x´iqq

fi

fl .

(10)

Again, we obtain a lower bound on the value of this program by fixing multipliers

αipxi, x
1
iq “

#

k ´ 1 if xi “ x1i ´ 1{k;

0 otherwise

The resulting lower bound is

max
λ

ÿ

θ

µpθqλpθq

s.t. λpθq ď
ÿ

ω

«

wpω, θqmpω|xq `
ÿ

i

uipω, θq∇`
i mpω|xq

ff

,

(11)

where ∇`
i is as defined in (1). Thus, for any choice of M PM0

k, the value of (11) is a lower
bound on (10), which is in turn a lower bound on (MAX-G). Maximizing (11) across all
M PM0

k is precisely (LB-Gpkq). This concludes the proof of Theorem 1.

3.4 Further remarks on Theorem 1

This section provides additional commentary on the intuition behind Theorem 1 and the
connection to the literature. This material is not essential for understanding the remainder
of the paper.

Remark 5. The prior µ is essentially the only parameter of our model that needs to be
specified by the designer, which is much less demanding in terms of the designer’s knowledge
than the standard model. Even so, a natural concern is that our model’s predictions are
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sensitive to the choice of µ. This is not the case. Proposition 4 in Appendix A shows that
when the bounds are tight, the change in the optimal mechanism’s guarantee with respect
to µ is bounded below by a linear function of µ (in fact the expectation of the optimal λ
with respect to µ). In that sense, the model is robust to misspecification of the prior.

Remark 6. In contrast to the discrete model studied here, Brooks and Du (2021b) allow for
mechanisms and information structures that have arbitrary measurable spaces of actions
and signals, in order to attain the max guarantee and min potential exactly. Moreover,
the critical action and signal spaces end up being a continuum. (Indeed, when k is large,
the grid Xipkq “fills in” the positive real line.) The obvious advantage of working directly
in the continuum limit is that it allows one to use calculus in deriving and characterizing
solutions, and in our applications below, we will often work in the continuum limit, guided
by the discrete bounding programs (LB-Gpkq) and (UB-Ppkq) as a heuristic. On the other
hand, the discrete model allows us to rely on the powerful but elementary theory of fi-
nite dimensional linear programming, and the focus on finite mechanisms and information
structures removes any doubt that the desirable properties of our solutions are due to a
controversial use of infinite action or signal spaces, as in the integer games of strong Nash
implementation.

Remark 7. When working directly with infinite mechanisms and information structures,
Brooks and Du (2021b) introduced a new solution concept called a strong maxmin solu-
tion, which is a triple pM, I, bq, where b P EpM, Iq, and GpMq “ P pIq. In Appendix A.1.3,
we define an analogous ε-strong maxmin solution, appropriate to the discrete setting where
the optimum may only be attained in the large k limit. Proposition 5 asserts an equiva-
lence between “max guarantee equals min potential” and the existence of ε-strong maxmin
solutions for ε arbitrarily small.

Remark 8. In general, we do not expect the solutions to the bounding programs to be
unique. Moreover, even when the bounds are tight, there may be solutions to (MAX-G)
and (MIN-P) that are not solutions to the bounding programs. For example, it is in
principle possible that the designer could maximize the guarantee by asking the agents to
report the information structure (which is common knowledge among them). However, this
is implicitly ruled out as a possible solution to (LB-Gpkq) by the focus on mechanisms that
admit an optimal lower bound on welfare derived from one-dimensional binding equilibrium
constraints.

Remark 9. A key step of the proof of Theorem 1, in deriving the bounding programs, is se-
lecting the particular multipliers for participation, truthtelling, and obedience constraints.
The logic behind these multipliers can be understood by examining the Lagrangian relax-
ations of the potential and the guarantee. Considering (6), for any choice of multipliers
αtruth and β, we can add a multiplier-weighted sum of truthtelling constraints and partici-
pation constraints to the objective to obtain an upper bound on the min potential:

min
σPIk

max
mPMk

ÿ

x,θ,ω

σpx, θq
”

wpω, θqmpω|xq `
ÿ

i,x1i

αtruthi pxi, x
1
iquipω, θq rmpω|xq ´mpω|x

1
i, x´iqs

`
ÿ

i

βipxiquipω, θqmpω|xq
ı

.
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Considering (9), for any choice of multipliers αobed, we can subtract a multiplier-weighted
sum of obedience constraints from the objective to obtain a lower bound on the guarantee:

max
mPMk s.t. p.s.

min
σPIk

ÿ

x,θ,ω

σpx, θq
”

wpω, θqmpω|xq ´
ÿ

i,x1i

αobedi pxi, x
1
iquipω, θq rmpω|xq ´mpω|x

1
i, x´iqs

ı

In the outer maximization, we have restricted to mechanisms in Mk that are participa-
tion secure (but not necessarily with 0 being the participation secure action). These two
bounds are distinguished by (i) the order of moves, (ii) interim participation constraints
versus participation security, and (iii) the sign on truthtelling/obedience constraints. The
minimax theorem implies that (i) is not an issue: For any choice of multipliers, these are
bounded finite dimensional bilinear saddle point problems, and we can exchange the order
of moves without changing the value. But (ii) and (iii) are substantive, and we have en-
gineered the multipliers and choice of participation secure action to make the two bounds
as “similar as possible.” To finesse (ii), we fixed a particular action/signal for each agent
(labeled as zero) to be the one which is participation secure/has a positive multiplier on
participation. And to finesse (iii), we have reversed the sign on the constraints by linearly
ordering actions and signals, and specifying a pattern for binding truthtelling constraints
that are local and point towards the action with the participation constraint, whereas the
pattern for binding obedience constraints is local and pointing away from the participation
secure action. The resulting programs look structurally similar, with the terms involving
truthtelling/obedience reducing to discrete derivatives.

Remark 10. We emphasize that the particular labels for actions and signals and the par-
ticular values for the multipliers are not important. What matters is that the binding
truthtelling constraints point towards the type with the binding participation constraint,
and the binding obedience constraints point away from the participation secure action. The
choice of multipliers that are constant (away from the boundary) is essentially a normal-
ization of units for actions and signals, wherein the “size” of a local deviation is scaled so
that shadow cost of tightening local equilibrium constraints is constant across actions. In
applications, we have found this to be a natural choice of units, but it is not a theoretical
necessity.

Remark 11. The fact that local constraints appear so prominently in the maxmin solution
is not entirely surprising. The pattern of binding local downward truthtelling that point to
a unique type with binding participation is familiar from the analysis optimal auctions in
Myerson (1981). At the same time, strong assumptions on primitives are usually needed
for these constraints to be the only ones that bind at the optimum, such as independence,
private values, and concavity of the revenue curve. It is more surprising that this structure
emerges as optimal for the applications we describe, and with minimal assumptions on
information and preferences.

Remark 12. The structure of the optimal multipliers is also suggested by prior work on
potentials and guarantees for revenue-maximization in common-value auctions (Bergemann,
Brooks, and Morris, 2016, 2017, 2019, 2020; Du, 2018; Brooks and Du, 2021a,b). Bergemann
et al. (2017) showed that for the first-price auction, the obedience multipliers that achieve
the guarantee have a particular form: All upward constraints bind, and the multiplier
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depends only on the deviation, and not the recommendation. (Note that the lowest action
in the first-price auction, a bid of zero, is participation secure.) Suppose we used these
multipliers in the lower bound on the max guarantee described in Remark 9 (instead of the
local-upward multipliers), and specialized to revenue maximization. We do not know what
is the optimal mechanism for these multipliers, but one feasible choice is the first-price
auction itself, and for that mechanism, the analysis of Bergemann et al. (2017) shows that
revenue is bounded away from zero. This demonstrates that imposing an arbitrary order
on actions and a pattern on the binding constraints can yield non-trivial lower bounds
on the maximum guarantee. And yet, there are reasons to think that this pattern of
multipliers does not maximize the lower bound. First, Bergemann et al. (2020) computed
the potential for the “maximum signal” information structure that is the worst-case for
the first-price auction, and its potential is strictly greater than the guarantee of the first-
price auction, so that this pair is not a saddle point. More significantly, in the limit
where the number of bidders becomes large and the expected value is held fixed, the
guarantee of the first-price auction is bounded away from total surplus. But Du (2018)
shows that there are other mechanisms that asymptotically extract all the surplus. In fact,
Du (2018) constructs mechanisms and corresponding lower bounds on their guarantees,
using just local upward obedience multipliers (which point away from the lowest action,
which is participation secure).11 This shows that for revenue maximization in common
value auctions, local upward obedience constraints are asymptotically optimal. Brooks
and Du (2021b) pursued this logic even further, and showed that for any fixed number
of bidders, the max guarantee and min potential coincide, and they prove it essentially
using the pattern of local multipliers underlying the bounding programs (LB-Gpkq) and
(UB-Ppkq), specialized to that setting, and in the continuum limit. A contribution of the
present paper is to extend this logic to more general environments.

Remark 13. As we argued above in Remark 4, the programs (LB-Gpkq) and (UB-Ppkq)
are “approximately” a dual pair, where the likelihood σpx, θq corresponds to a multiplier
on the constraint that the strategic virtual objective is minimized at px, θq, and mpω|xq
corresponds to a multiplier on the constraint that the informational virtual objective is max-
imized at px, ωq. When the bounds are tight, one has the intuition that this approximate
duality becomes exact as k grows large. If we make the conceptual leap from approximate
to exact duality, then the usual characterizations of solutions of linear programming prob-
lems would apply, and a feasible pair pm,σq are part of optimal solutions if and only if they
satisfy complementary slackness : σpx, θq ą 0 only if x minimizes the strategic virtual value
for m at θ, and mpω|xq ą 0 only if ω maximizes the informational virtual objective for σ
at x. To be clear: we do not formally establish that this exact complementary slackness
is either necessary or sufficient for pσ,mq to be optimal for (LB-Gpkq) and (UB-Ppkq) (nor
do we think it is true with finite k). Nonetheless, this form of complementary slackness
is present in the limiting solutions that we have constructed thus far, in cases where the
bounds are tight, including in Brooks and Du (2021a,b, 2023). Moreover, it has proven
to be a useful heuristic for deriving the analytical solution, as we will demonstrate with
examples in Sections 4 and 6.

11The working paper version of Du (2018) used discrete actions, whereas the published version worked
in the continuum limit.
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4 Social welfare and public expenditure

4.1 Setup

We now describe an application of our methodology to the public expenditure problem
(Samuelson, 1954; Güth and Hellwig, 1986). This application is developed in greater detail
in a companion paper (Brooks and Du, 2023). Here we present an informal overview of the
solution, in a special case where the social value of the good is known. At the end of this
section, we will explain how the model with N “ 2 can be reinterpreted as one of bilateral
trade.

The model was previously introduced in Section 2. We further assume that Θ consists
of the vectors θ P RN where for some i, θi “ θ and θ´i “ 0. The prior µ is uniform on Θ.
Thus, there is common knowledge that values are positive and the aggregate/social value is
θ.12 We further assume that θ ě 1, so that the socially efficient outcome is full expenditure.
While the social value of expenditure is known, what is unknown is the agents’ idiosyncratic
values. Moreover, each agent can opt out of the mechanism and pay nothing. This gives
rise to a free-rider problem: Agents have the option of behaving as if their value is low, so
as to avoid paying for the public good, while still enjoying its benefits.

4.2 The saddle point

In Figure 1, we plot the numerical solutions to the bounding programs (LB-Gpkq) and
(UB-Ppkq) when k “ 14, N “ 2 and θ “ 3. The figures reveal some striking structures:
(1) the total expenditure function Epxq in the mechanism that solves (LB-Gpkq) is an in-
creasing function of the aggregate action Σx, and the probability of a signal profile ρpxq
in the information that solves (UB-Ppkq) is a decreasing function of the aggregate signal
Σx ”

ř

i xi; (2) the expenditure Epxq becomes 1 when Σx exceeds a critical threshold,
and at the same boundary ρpxq discontinuously drops to 0; (3) agent i’s share of expen-
diture eipxq{Epxq in the mechanism is exactly the proportional fraction xi{Σx, and the
interim value of agent i (conditional on a signal profile with a positive probability) in the
information structure is ηipxq “ θxi{Σx.

We will presently use the structures from Figure 1 to guess-and-verify the guarantee-
maximizing mechanism and potential-minimizing information in the continuum limit. Within
this class of solutions, we will deduce the exact optimal parameters by examining the strate-
gic and informational virtual objectives, and by applying the complementary-slackness
heuristic discussed in Remarks 4 and 13.13 As shown formally in Brooks and Du (2023),
the bounding programs are tight, and the mechanism and information that we derive indeed
maximizes the guarantee and minimizes the potential.

12Our results would remain the same if we relaxed the symmetry assumption and instead just assumed
that values are positive and the aggregate value is at least θ. This is the formulation adopted in Brooks
and Du (2023). That paper also considers an extension where there are lower and upper bounds on the
social value of the good, and a lower bound on the expectation.

13To be clear, the complementary slackness heuristic is just that: a heuristic. In Brooks and Du (2023),
we prove directly that the guarantee of the constructed mechanism coincides with the potential of the
constructed information structure.
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Figure 1: Numerical solutions for public goods when N “ 2, θ “ 3, and k “ 14.

4.2.1 Guarantee maximizing mechanism

In the continuum limit as k Ñ 8, Xipkq “fills in” all of R`, which is the domain of agents’
actions and signals. As one can see in the top row of Figure 1, the guarantee is maximized
by what we term a proportional cost-sharing mechanism, where the aggregate expenditure
depends only on the aggregate action, and individual shares are proportional to actions.
Formally, if the agents take actions x P RN

` , the resulting expenditure is EpΣxq. The precise
functional form will be given shortly, but importantly, E is differentiable and Ep0q “ 0.
Moreover, agent i’s share of the expenditure is given by

eipxq “
xi
Σx

EpΣxq,

with the convention that if Σx “ 0, then eipxq “ 0 for all i.
The logic behind this mechanism can be understood by examining of the strategic

virtual objective. In the public expenditure application, if Epxq is the total expenditure
and eipxq is agent i’s share, then

ÿ

ω

wpω|θqmpω|xq “ pθ ´ 1qEpxq.
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Moreover, in the continuum limit, the strategic adjustment can be approximated as
ÿ

ω

uipω, θq∇`
i mpω|xq “ θi∇`

i Epxq ´∇`
i eipxq « θi∇iEpxq ´∇ieipxq,

where ∇`
i is the discrete upward derivative in (1) and ∇i “ B{Bxi is the partial derivative

with respect to xi, and assuming that m converges to a differentiable function.14 Hence,
the strategic virtual objective is approximately

pθ ´ 1qEpxq `
ÿ

i

pθi∇iEpxq ´∇ieipxqq .

Now, if Epxq “ pEpΣxq and eipxq “ pxi{Σxq pEpΣxq, where pE is differentiable, then

∇iEpxq “ pE 1pΣxq and ∇ieipxq “
xi
Σx

pE 1pΣxq `
Σx´i
pΣxq2

pEpΣxq,

and the strategic virtual objective reduces to

pθ ´ 1qp pEpΣxq ` pE 1pΣxqq ´
pN ´ 1q pEpΣxq

Σx
.

In other words, the strategic virtual objective only depends on the aggregate action and the
social value. As a result, nature’s ability to depress welfare by coordinating the agents’
actions is limited to coordinating the aggregate action, depending on the realized social
value. Note that participation security of xi “ 0 is satisfied only if pEp0q “ 0, which is a
feature of the solution we now derive.

In fact, the optimal expenditure function E is obtained by pursing this logic one step
further, and making the strategic virtual objective independent of the aggregate action
as well. This can be justified using the complementary slackness heuristic of Remark 13:
since the information structure σ in Figure 1—as well as that constructed in the next
subsection—has σpθ, xq ą 0 for all θ and all x for which Σx ď x, all such x must minimize
the strategic virtual objective and hence induce the same value for the strategic virtual
objective.

This reduces to the following linear first-order ODE, where y “ Σx is the aggregate
action:

pθ ´ 1qp pEpyq ` θ pE 1pyqq ´
N ´ 1

y
pEpyq “ λ,

for a constant λ ě 0 (which can be thought of as the multiplier on the constraint that the

aggregate value is θ). The solution pEpy;λq, subject to the initial condition pEp0;λq “ 0, is

pEpy;λq ”
λ

θ ´ 1

ż y

z“0

exppz ´ yq

ˆ

z

y

˙´pN´1q{pθ´1q

dz. (12)

14The convergence of m to a differential function is defined precisely in the discussion before Proposition
6 in the appendix.
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The integral converges as long as θ{N ą 1. We now maintain this assumption, which will
be discussed further below.

Note that pEpy;λqmonotonically increases without bound, so in order for the mechanism
to be feasible, we can only use this functional form until the total expenditure hits 1 at a
boundary implicitly defined as pypλq, and for y ą pypλq, we set pEpy;λq “ 1. As a result, the
strategic virtual objective for y ą pypλq is

pθ ´ 1q ´
N ´ 1

y
.

Since this expression is increasing in y, the minimum strategic virtual objective for y ě pypλq
is attained at y “ pypλq, resulting in

pλpλq ” pθ ´ 1q ´
N ´ 1

pypλq
.

In other words, any y above the boundary pypλq cannot minimize the strategic virtual
objective. This is again consistent with complementary slackness: for the information
structure in Figure 1 and in the next subsection, all Σx above the boundary pypλq have zero
probability.

By construction, the strategic virtual objective below the boundary pypλq is constant and

equal to λ. Therefore, the overall minimum strategic virtual objective is mintλ, pλpλqu. Note

that as λ increases, pEpy;λq will increase faster, so that both pypλq and pλpλq are decreasing in
λ. Hence, the expected minimum strategic virtual objective is maximized by choosing λ as
large as possible so that pλpλq ě λ. A straightforward application of the intermediate value

theorem shows that this achieved by the unique λ that solves λ “ pλpλq, and the optimal

aggregate expenditure function is Epyq “ pEpy;λq. Finally, we note that the boundary
condition Epyq “ 1 implies that

λ “ pθ ´ 1q
exppyqy´pN´1q{pθ´1q

şy

z“0
exppzqz´pN´1q{pθ´1qdz

,

where y “ pypλq. This formula will be useful for comparing the guarantee of this mechanism
with the potential of the information structure that will construct in the next subsection.

4.2.2 Potential minimizing information

Just as with the guarantee maximizing mechanism, we can understand the information
structure in Figure 1 by examining the informational virtual objective. Passing to the
continuum limit, where ρpxq is the density function on the signal profile x and ηpxq is the
conditional expectation of θ given x, we have that15

ÿ

θ

wpω, θqσpx, θq “
ÿ

θ

pIω‰0θi ´ Iω“iqσpx, θq « Iω‰0pθ ´ 1qρpxqdx

15This approximation is valid as long as the signal distribution converges uniformly to a limit of the form
ρpxqdx, and as long as the discrete derivatives converge uniformly to the derivatives of the limit density
(cf. the discussion preceding Proposition 6).
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and

ÿ

θ

uipω, θq∇̃`
i σpx, θq “ ∇̃`

i

˜

ÿ

θ

pIω‰0θi ´ Iω“iqσpx, θq

¸

« ∇i rpηipxqIω‰0 ´ Iω“iqρpxqs dx.

Hence the informational virtual objective is approximately

Iω‰0pθ ´ 1qρpxqdx´
ÿ

i

∇i rpηipxqIω‰0 ´ Iω“iqρpxqs dx.

Now consider an information structure where the interim expected value is proportional,
ηi “ θxi{Σx, and the density only depends on the aggregate signal: ρpxq “ pρpΣxq. Then
the informational virtual objective becomes

Iω‰0pθ ´ 1qpρpΣxqdx´
ÿ

i

∇i

”´

θ
xi
Σx

Iω‰0 ´ Iω“i
¯

pρpΣxq
ı

dx

“ Iω‰0

ˆ

pθ ´ 1qppρpΣxq ` pρ1pΣxqq ´ θ
N ´ 1

Σx
pρpΣxq

˙

dx.

In other words, the informational virtual objective only depends whether the full expenditure
is implemented, and not on how the cost is shared between the agents. This limits the
mechanism designer’s ability to increase welfare by controlling the agents’ individual shares.

The optimal pρ can be deduced by pursuing this logic one step further, and making
the informational virtual objective independent of ω. This is again justified by the com-
plementary slackness heuristic: since the optimal expenditure function in Figure 1 and
in the previous subsection has mpω|xq ą 0 for all outcome ω P t0, 1, . . . , Nu when Σx is
below the boundary y, the informational virtual objective must be the equal for all ω when
Σx “ y ď y. Thus, the signal distribution satisfies

pθ ´ 1qppρpyq ` pρ1pyqq ´ θ
N ´ 1

y
pρpyq “ 0,

for y ď y. This is a first-order linear ODE, with solutions

ρpyq “

$

&

%

exppyqy´pN´1qθ{pθ´1q

şy
z“0 exppzqz´pN´1qθ{pθ´1q zN´1

pN´1q!
dz

if y ď y;

0 if y ą y.
(13)

The constant of integration in the solution of the ODE is pinned down by the condition that
ρ integrates to 1 on the simplex tx P RM

` |x ď yu. Again, the integrals in this expression
converge as long as θ{N ą 1.

Equation (13) ensures that the informational virtual objective is zero for every outcome
when Σx ă y. Moreover, when Σx ą y, the density and the informational virtual objective
are both zero. But this leads to a minor paradox: If the strategic virtual objective is zero
everywhere, then the potential would be zero! However, we must recall that at the top of
the support where Σx “ y, the density ρ drops discontinuously to zero. As a result, at
Σx “ y the informational virtual objective is

Iω‰0pθ ´ 1qpρpΣxq ´
ÿ

i

∇̃`
i

”´

θ
xi
Σx

Iω‰0 ´ Iω“i
¯

pρpΣxq
ı

« Iω‰0pθ ´ 1qρpyqk.
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when pρ “ ρ, since the left-hand side is dominated by ∇̃`
i ρpyq “ p0´ ρpyqqk. In particular,

the informational virtual objective is positive when ω ‰ 0. As a result, the optimal expen-
diture at the boundary Σx “ y implements full expenditure (ω ą 0 with probability one),
which again also satisfies complementary slackness and the numerical solutions depicted in
Figure 1.

At the same time, as k Ñ 8, the mass on the boundary goes to zero, and is ap-
proximately yN´1{pkpN ´ 1q!q. The boundary’s contribution to the informational virtual
objective is therefore approximately

pθ ´ 1qρpyq
yN´1

pN ´ 1q!
“ pθ ´ 1q

exppyqy´pN´1q{pθ´1q

şy

z“0
exppzqz´pN´1q{pθ´1qdz

“ λ. (14)

Thus, the boundary’s contribution to the potential remains large even in the limit as k goes
to infinity. Moreover, this expression for the potential exactly coincides with the guarantee
constructed in the previous subsection! A fortiori, λ is both the max guarantee and the
min potential, and moreover, the bounds in Theorem 1 coincide. A rigorous proof of this
fact appears in Brooks and Du (2023).

4.3 Discussion

In this application to the public goods problem, we deduced the form of a guarantee-
maximizing mechanism from the ansatz that the strategic virtual objective should be
equalized across action profiles, thereby limiting the scope for correlation between actions
and states to reduce welfare. Similarly, the potential-minimizing information was deduced
from the hypothesis that the informational virtual objective should be equalized across
outcomes, thereby limiting the scope for the choice of outcome to increase the designer’s
welfare. These educated guesses led us to the additive-proportional form and, ultimately,
the verification that the guarantee and potential coincide.

2 4 6 8 10
θ

0.2
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-1+θ

Figure 2: Optimal guarantee as a fraction of the efficient surplus, N “ 2.

Figure 2 shows the max guarantee as a fraction of the efficient welfare, λ{pθ´ 1q, as we
vary θ. This calculation is for N “ 2. For θ ă 1, both the guarantee and the efficient welfare
are zero. As θ Ñ 8, the guarantee converges to the efficient surplus. But for finite θ, the
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optimal guarantee is intermediate. Interestingly, when θ P r1, 2s, the efficient outcome is
full expenditure, but the maximum guarantee is zero. This fact is tightly connected to
the assumption that the per-capita value is at least 1, θ{N ą 1, which we adopted after
equation (12).

Indeed, there is a straightforward argument that if θ{N ď 1, then the guarantee of any
participation secure mechanism is zero. To see why, consider the information structure
in which the agents have no information, so that each agent’s interim expected value is
always θ{N . Under such information, we claim that it is an equilibrium for all agents to
play the participation secure action with probability one. To prove the claim, suppose
agent i deviates from this strategy profile to a non-participation secure action. The other
agents’ actions are participation secure, so ej “ 0 for all j ‰ i. Hence, ei “ E, and agent
i’s payoff is pθ{N ´ 1qE ď 0. In effect, any agent who deviates has to provide all of the
funds, which is not worthwhile from the agent’s selfish perspective.

A näıve reaction to this argument is that the issue is equilibrium selection: Under
no information, there are obviously alternative mechanisms and equilibria under which
the agents would be willing to fund full expenditure.16 Could a positive guarantee then be
attained if we select a different equilibrium? The answer, perhaps surprisingly, is no: When
θ{N ď 1, there are information structures for which the potential is arbitrarily close to zero,
meaning that surplus is close to zero under all mechanisms and all equilibria. Indeed, such
is the case if an information structure of the same form as in (13) but with a positive lower
bound y{N ą 0 for the signals.17 The resulting potential would be the same as (14), but the
integral in the denominator would range from z “ y to y. As y Ñ 0, the denominator blows
up, and the potential converges to zero. Thus, for information structures approaching the
y “ 0 limit, there are no mechanisms and equilibria that achieve non-vanishing welfare,
even though it is common knowledge that the efficient outcome is full expenditure.

These information structures exhibit an extreme form of the free-rider problem. This
relies on our assumption that the differences in interim expected values can be relatively
large: In particular, it is possible that the interim value of the public good is zero for all
but one of the agents. In the potential-minimizing information structures, the possibility
of such extreme interim values creates a contagion effect that causes strategy profiles with
non-trivial welfare to unravel.

One way to rule out this collapse would be to limit the heterogeneity in ex post values.
For example, we could assume that all agents have a value of θ{N . In this case, the potential
is always the efficient surplus, and it can be achieved by a simple binary-action mechanism
described in Footnote 16. Indeed, this is an example of an environment where the duality

16For example, consider the mechanism in which agents can either opt out or opt in; there is full
expenditure only if all agents opt in, in which case they share the cost equally, and otherwise the total
expenditure is zero. Under this mechanism and no information, it is an equilibrium for all agents to opt in
(under the hypothesis that full expenditure is socially efficient).

17Specifically, the signal distribution is given by

ρpyq “

$

&

%

exppyqy´pN´1qθ{pθ´1q

şy
z“y

exppzqz´pN´1qθ{pθ´1q zN´1

pN´1q!dz
if y P ry, ys;

0 otherwise.
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gap is positive, and the min potential is strictly greater than the max guarantee. In such
an example, a positive guarantee can be obtained only if we relax participation security.

Nonetheless, the results of this section demonstrate that proportional cost-sharing mech-
anisms provide favorable welfare guarantees when it is common knowledge that the social
value of the public good is relatively large, even when there is significant heterogeneity
across agents. This condition seems most likely to be satisfied when the number of agents
is relatively small. A relevant application may be to deciding country-level targets for the
reduction of greenhouse gas emissions, to mitigate the effects of climate change due to
human activity. The proportional cost-sharing mechanisms have the intuitive feature that
as an agent increases their action, the supply of the public good will rise, but so will that
agent’s share of the cost. While our analysis has relied on the assumption that the social
value is common knowledge, Brooks and Du (2023) show that the result is unchanged if
θ is only a lower bound on the social value. Moreover, they generalize the model to allow
for uncertainty about the social value, and find that proportional cost-sharing mechanisms
are still guarantee maximizing, albeit with a different form for the aggregate expenditure
function. Another promising direction for future research is to study the performance
of proportional cost-sharing mechanisms in other benchmark environments, such as the
independent private value model studied by Güth and Hellwig (1986).

4.4 A bilateral trade interpretation

We conclude this section with an alternative interpretation. Consider a model of bilateral
trade between a seller i “ 1 and a buyer i “ 2. The seller’s value for the good is θ1 P t0, vu,
both equally likely, and the buyer’s value is θ2 “ θ2 ` g. The buyer’s outside option is
zero and the seller’s outside option is θ2. The designer’s objective is to maximize the gains
from trade, using any mechanism that is participation secure and involves only transfers
between the agents (i.e., ex post budget balance). Thus, there is common knowledge that
the gains from trade are g. But the presence of adverse selection may prevent efficient
trade from being realized, as in Akerlof (1970) and Carroll (2016). Since the problem is
trivial if v ď g (in which case both parties are always willing to trade at a price of v), we
assume that v ą g, and as an innocuous normalization, we assume that v “ g ` 1.

We claim that this problem is identical to the public expenditure problem when N “ 2.
Indeed, public expenditure of E is equivalent to trade occurring with probability E. The
event where agent 1 pays for the public good is equivalent to trading at a price of g (the
low value of the buyer, and terms least favorable to the seller) whereas agent 2 paying for
the public good corresponds to trading at a price of v (the high value of the seller and the
terms least favorable for the buyer).18 Finally, we can identify v “ θ and g “ θ ´ 1.

The proportional cost-sharing mechanism can also be interpreted as a mechanism for
bilateral trade, where the buyer and seller each make non-negative bids, and trade occurs

18Allowing for trade at prices higher than v or lower than g would not change the maximum guarantee
for gains from trade, just as allowing for transfers between agents in the public expenditure problem would
not increase the guarantee for social welfare. See Brooks and Du (2023) for a discussion of this point.
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with probability Epx1 ` x2q at a proportional price

ppxq “ g
x1

x1 ` x2

` v
x2

x1 ` x2

.

Note that this mechanism is participation secure, because if xi “ 0, then trade only ever
occurs at the price most favorable to agent i.

This reinterpretation shows that our methodology can also be fruitfully applied to the
bilateral trade problem. The max guarantee for gains from trade is equal to the min poten-
tial, and it will be strictly positive as long as g ą v{2 (corresponding to the condition in the
context of public expenditure that θ{2 ą 1). The proportional-price trading mechanisms
that achieve the optimal guarantee have the intuitive feature that increasing one’s action
results in higher probability of trade, but on terms that are less favorable. If g ď v{2, how-
ever, then there are information structures where no trade is realized in any equilibrium of
any mechanism, even if we relax participation security to the usual interim participation
constraint. This illustrates that welfare maximization in bilateral trade may be even more
challenging than suggested by either the lemons market of Akerlof (1970) or the information
structures constructed by Carroll (2016) in the context of posted price mechanisms.

5 Optimal multi-good auctions

We next consider the optimal auctions model introduced in Section 2 and prove non-
constructively that the bounds are tight.

5.1 Solving out transfers

Using the functional forms for the agents’ and the designer’s preferences, the bounding
programs are

max
pqp¨q,tp¨qqPM0

k

ÿ

θ

µpθqmin
x

«

ÿ

i

tipxq `
ÿ

i

˜

ÿ

l

θi,l∇`
i qi,lpxq ´∇`

i tipxq

¸ff

; (15)

min
σPIk

ÿ

x

max
pq̃,t̃qPt0,...,NuLˆt´t,tuN

ÿ

θ

«˜

ÿ

i

t̃i

¸

σpx, θq ´
ÿ

i

˜

ÿ

l

θi,lq̃i,l ´ t̃i

¸

∇̃`
i σpx, θq

ff

, (16)

where for q̃ P t0, . . . , NuL, we write q̃i,l “ 1 (respectively, q̃i,l “ 0) if q̃l “ i (respectively,
q̃l ‰ i). In writing the programs in this manner, we have simply integrated out ω and
replaced the terms corresponding to m with q and t, which are the interim allocation
probabilities and transfers, respectively. Note that we have formulated the programs for
general bounds on the ex post transfers. We will henceforth study the case where t “ 8,
so that the transfers are free variables.

Note that Theorem 1 does not immediately apply to this model. However, the proof of
Theorem 1 can be readily extended to the optimal auctions model. The only critical issue
is proving that the upper bound on min potential is bounded. But as we prove shortly,
there is a choice of σ that causes transfers to drop out and be replaced by a simpler object,
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the aggregate excess growth (following terminology established in Brooks and Du (2021b)).
This reduction is the main advantage of working with unbounded transfers. Moreover, it
will be self-evident that the reduced program has a finite value.

To that end, observe that the coefficient on t̃i in (16) is

ξ̃ipxq ”
ÿ

θ

”

σpx, θq ` ∇̃`
i σpx, θq

ı

.

If σ is such that ξ̃ipxq is non-zero, then the designer can set t̃i “ signpξ̃ipxqq ¨ 8 and make
the inner maximum infinite. Thus, in order for the value of the inner program to be finite,
it must be that ξ̃ipxq “ 0. This yields a first-order difference equation in the marginal of σ
on x, for which the unique solution has the form

ÿ

θ

σpx, θq “ ρipxiq
ÿ

θ

σp0, x´i, θq,

where

ρipxiq ”

ˆ

1´
1

k

˙kxi 1

kIxiăk

is a geometric distribution, censored at k. Repeating the same argument for each agent,
and using the fact that

ř

xi
ρipxiq “ 1, we conclude that

ÿ

θ

σpx, θq “ ρpxq ”
ź

i

ρipxiq.

We have proven the following:

Proposition 1. The value of the inner program (16) is finite only if the marginal of σ on
x is ρ.

Remark 14. This result relies on the fact that the designer places positive weight on trans-
fers. It would remain true if, say, the designer’s objective were a weighted average of rev-
enue and social welfare. At a higher level, it is not surprising that the potential-minimizing
signals should be independent when the objective is revenue maximization, because of
the well-known result that correlation between signals can be exploited to extract surplus
through side bets (Myerson, 1981; Crémer and McLean, 1988; Luz, 2013). Note that this is
not a general property of potential minimizing information: in the public goods application
of Section 4, where the objective is social welfare maximization and transfers have to satisfy
ex post budget balance, the potential minimizing signals are actually correlated.

Remark 15. There is a curious connection between Proposition 1 and the characterization
of revenue maximizing mechanisms in the independent private value model due to Myerson
(1981). As mentioned above, in that model, all of the local downward incentive constraints
and the lowest participation constraint bind. Moreover, in the regular case, the optimal
multiplier on the local downward constraint is the inverse hazard rate of the marginal
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distribution of the signal.19 (See also discussions in Vohra, 2011; Cai et al., 2019). Propo-
sition 1 provides a partial converse: If these are the binding constraints at the optimum,
then signals must be independent, with the multiplier being the inverse hazard rate of the
marginal.

In light of Proposition 1, we can rewrite the program (16) as:

min
σě0,γl

ÿ

x,l

γlpxq

s.t. γlpxq ě ´
ÿ

θ

θi,l∇̃`
i σpx, θq @x, i, l

ÿ

θ

σpx, θq “ ρpxq @x

ÿ

x

σpx, θq “ µpθq @θ.

(17)

It is now evident that the program (17) has a finite value (and therefore so does (16)).
Note that agent i’s interim expected value for good l is:

ηi,lpxq “
1

ρpxq

ÿ

θ

θi,lσpx, θq.

We can therefore write, for xi ă k,

´
ÿ

θ

θi,l∇̃`
i σpx, θq “ k rηi,lpxqρpxq ´ ηi,lpxi ` 1{k, x´iqρpxi ` 1{k, x´iqs

“

ˆ

ηi,lpxq ´
k ´ 1

k
∇̃`
i pxqηi,lpxq

˙

ρpxq.

Remark 16. The term in parentheses is no more than agent i’s virtual value for good l. In-
deed, as shown by Bulow and Klemperer (1996), in the independent-signal interdependent-
values model, the correct formula for the virtual value of agent i for good l is

ηi,lpxq ´
1´ Fipxiq

fipxiq
∇iηi,lpxq,

where Fi is the cumulative distribution of i’s signal and fi is the density. This formula
reduces to that of Myerson (1981) in the special case of private values and a single good,
and under the normalization that ηipxq “ xi. Thus, in the optimal auctions model, the
min potential problem reduces to choosing an independent-signal information structure
to minimize the expected highest virtual value (the classical Myersonian upper bound on
revenue).

19For this result, it is necessary to formulate the truthtelling constraint in ex ante probability units.
Otherwise, the optimal multiplier is the upward cumulative distribution.
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The dual of (17) is:

max
qě0,Ξ,λ

ÿ

θ

µpθqλpθq `
ÿ

x,l

ρpxqΞpxq

s.t. λpθq ` Ξpxq ď
ÿ

i,l

∇´
i qi,lpxqθi,l @θ, x

ÿ

i

qi,lpxq ď 1 @x, l.

(18)

This program is similar to (15), except that the direction of discrete derivatives is reversed,
and we have substituted the transfers for the variable Ξ.

A similar substitution can be made in (15). Let us define

Ξpxq ”
ÿ

i

“

∇`
i tipxq ´ tipxq

‰

. (19)

Clearly, Ξ is the only feature of the transfer that matters for the value of (15). So, we could
substitute Ξ for the transfers, but we will have to incorporate the extra constraint that Ξ
satisfies the relationship (19) with some participation secure transfer rule. The appropriate
condition is provided by the following lemma:

Lemma 1. Given Ξ : Xpkq Ñ R, there exists a t that solves

Ξpxq “ ∇`
¨ tpxq ´ Σtpxq @x; (20)

tip0, x´iq “ 0 @i, x´i (21)

if and only if

ÿ

x

ρpxqΞpxq “ 0. (22)

Proof of Lemma 1. By Fredholm’s alternative, there exists a t that solves (20) and (21) if
and only if there does not exist a ρ̃ such that

ÿ

x

ρ̃pxqΞpxq ‰ 0 (23)

ρ1pxq “

#

k´1
k
ρ̃pxi ´ 1{k, x´iq if 0 ă xi ă k;

pk ´ 1qρ̃pk ´ 1{k, x´iq if xi “ k.

Thus, the choice of ρ̃p0q pins down the rest of ρ̃, and in fact

ρ̃pxq “ ρpxq
ρ̃p0q

ρp0q
.

As a result, (23) holds if and only if
ř

x ρpxqΞpxq ‰ 0, and therefore (20)–(21) has a solution
if and only if Ξ satisfies (22).
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We refer to aggregate excess growth functions that satisfy (22) as balanced. This condi-
tion appeared in earlier work on the optimal auctions model (Brooks and Du, 2021b). We
comment more on the connection in Appendix B.1.

By Lemma 1, the program (15) is equivalent to the following:

max
qě0,Ξ,λ

ÿ

θ

µpθqλpθq

s.t. λpθq ` Ξpxq ď
ÿ

i,l

∇`
i qi,lpxqθi,l @θ, x

ÿ

x

ρpxqΞpxq “ 0

ÿ

i

qi,lpxq ď 1 @x, l.

(24)

Here we have substituted Ξ according to (19), and added the balance constraint (22).
Equivalently, rather requiring that Ξ be balanced, we can instead add the expectation of
Ξ to the objective, to obtain a program equivalent to (15) that is closer to (18):

max
qě0,Ξ,λ

ÿ

θ

µpθqλpθq `
ÿ

x

ρpxqΞpxq

s.t. λpθq ` Ξpxq ď
ÿ

i,l

∇`
i qi,lpxqθi,l @θ, x

ÿ

i

qi,lpxq ď 1 @x, l.

(25)

To see why adding the expectation of Ξ under ρ to the objective is equivalent to imposing
the balance condition (22), note that if pλ,Ξq is feasible for (24), then it is also feasible for
(25) with the same objective value. On the other hand, if we take pλ,Ξq that are feasible
for (25), then we can define

pλpθq ” λpθq ´
ÿ

x1

ρpx1qΞpx1q, pΞpxq ” Ξpxq ´
ÿ

x1

ρpx1qΞpx1q.

Then ppλ, pΞq is feasible for (24), and

ÿ

θ

µpθqpλpθq “
ÿ

θ

µpθqλpθq `
ÿ

x

ρpxqΞpxq.

We have proven the following:

Proposition 2. The program (15) has the same value as (25). The program (16) has the
same value as (18).

Thus, the task of showing the bounds are tight is reduced to showing that (18) and (25)
have approximately the same value, in the limit as k becomes large.
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Remark 17. We defined ∇`
i to have a scaling factor pk´1q rather than k so as to achieve the

dual characterization in Lemma 1. In particular, with this definition of ∇`
i , the distribution

on x in the characterization is precisely ρ, the marginal distribution of signals in the upper
bound on min potential. Of course, if we had used k instead of k ´ 1 in the definition of
∇`
i , we would have a similar characterization, but the distribution in the balance condition

(22) would be slightly different from ρ. By making it exactly ρ, we put the focus on the
difference between the discrete upward and discrete downward derivatives applied to the
allocation rule.

Remark 18. In addition to proving tightness, the reduced programs are also useful for
computation. Indeed, we explain in Appendix B.1 that it is possible to go back and forth
between solutions to (15) and (25). In that Appendix, we prove several further results
about transfers. In particular, we construct “canonical” transfers associated with balanced
aggregate excess growth functions, and we use solutions to an associated homogeneous
excess growth equation to characterize all transfer rules with a given aggregate excess
growth.

5.2 Tightness of the bounds

We now arrive at the main result for this section:

Theorem 2. Consider the optimal auctions model, and suppose that Θ “
ś

i,l Θi,l for Θi,l

finite subsets of R`, and that µpθq ą 0 for all θ P Θ. Then

lim
kÑ8

W (UB-Ppkq) “ W (MIN-P) “ W (MAX-G) “ lim
kÑ8

W (LB-Gpkq).

The formal proof appears in Appendix A.2. Here we sketch the argument. In light
of Proposition 2, it suffices to show that (18) has the same value as (25), in the limit as
k Ñ 8. The remaining key difference is the direction of local derivatives. We show that
it is possible to find a solution pλ,Ξ, qq to (18) that can be manipulated into a feasible
solution pλ1,Ξ1, q1q of (25), such that the difference in value is small when k is large. In
fact, this is easy to do when q is non-decreasing, in which case we can define, for 0 ă xi ă k,

q1i,lpxq “ qi,lpxi ´ 1{k, x´iq. (26)

As a result, for all l,

∇´
i ql “

k

k ´ 1
∇`
i q
1
l,

and (setting aside delicate boundary cases) the values of the two solutions in their respective
programs will be close as k becomes large. But if q decreases, then the “shifted” solution
(26) may be infeasible, because it could be that

ř

i q
1
i,lpxq ą 1. But as long as the absolute

decrease in q is small when k is large, we can simply rescale the allocation q1 so that it is
feasible, without significantly changing the discrete upward derivative.

Thus, the heart of our proof establishes that there exist optimal q such that qi,lpxq ´
qi,lpxi´ 1{k, x´iq ě ´εpkq, where εpkq goes to zero sufficiently quickly. At a high level, this
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is because a downward discontinuity in q at some action profile would induce a strategic
virtual objective of minus infinity, which creates an opportunity for Nature to push down
the guarantee by coordinating the agents on that action profile.20

To formally prove that optimal allocations have no downward jumps, we first add ap-
proximate monotonicity constraints to the program (18), and then prove that the con-
straints are redundant for appropriately chosen εpkq. This is established by looking at the
dual of the augmented program and proving that the optimal multipliers on the approxi-
mate monotonicity constraints must be zero.

An additional simplifying trick is to replace the marginal constraint on the distribution
of θ (for which λ is the optimal multiplier) with an equivalent penalty in the objective,
which is the expectation of λ according to the chosen state distribution. This gives us
the program (31) in the appendix. The hypothesis that the support of µ has a product
structure is used to prove the crucial fact that the optimal λ for (18) is bounded uniformly
across θ and k.

The program (31) is essentially choosing the information structure to minimize a sum
(across goods) of the expected highest virtual value (across agents), where the virtual value
has the classic form of Myerson (1981), as explained above in Remark 16. But in addition,
the effect of the multipliers on the monotonicity constraints is to shift virtual value from
lower to higher signal realizations (so that the designer is willing to choose a non-decreasing
allocation).21 With the approximate monotonicity constraint, these multipliers appear in
the objective as well, as a cost proportional to εpkq. The key observation that completes the
proof is that when k is large, because λ is bounded, the relative cost of shifting virtual value
by changing the underlying value distribution is much smaller than the cost from using the
monotonicity multipliers. As a result, the multipliers on monotonicity constraints must
eventually be zero.

Remark 19. As suggested by this sketch, the proof also establishes a bound on the rate of
convergence of the values of the bounding programs, which is shown to be on the order
of 1{k. This explained in detail in Proposition 9 in the Online Appendix. Note that our
argument shows that the values of the bounding programs converge only in the limit as k
goes to infinity, and in general, we do not expect them to be exactly equal at any finite k.

5.3 Exchangeable values

An interesting special case is when the distribution of values is exchangeable across goods,
meaning that if the two value profiles v and v1 are related by permuting agent i’s values
for the different goods, then the value profiles are equally likely. In this case, it is without
loss to restrict attention to mechanisms in which the seller only offers the grand bundle
(meaning that the probability of being allocated each good is the same), and to information
structures in which agents only receive information about the value of the grand bundle.
The reason is as follows. Clearly, if we restrict the seller to only offering the grand bundle

20Strictly speaking, we are not referring to the lower bound on the guarantee associated with the programs
(LB-Gpkq) and (25), but rather the analogue of the guarantee associated with the dual of (UB-Ppkq) and
(18), where the direction of local derivatives is reversed.

21This role for the multipliers on monotonicity constraints also appears in Vohra (2011).

33



in (15), then it is without loss to consider information structures that only give information
about the value of the grand bundle. In the other direction, suppose the value distribution is
exchangeable across goods and the information structure is only directly informative about
the value of the grand bundle. Under such information, and supposing that the value
distribution is exchangeable across goods, the agents will have the same interim expected
value for each good, so it is without loss to restrict the seller to mechanisms that in which
the allocation is the same for all goods, i.e., the seller only offers the grand bundle.

In independent and concurrent work, Deb and Roesler (2021) studied the design of
informationally robust optimal auctions in the special case of a single agent.22 They also
conclude that when values are exchangeable across goods, there is a guarantee-maximizing
mechanism in which the seller only offers the grand bundle. In the Online Appendix,
we give numerical examples in which the exchangeability hypothesis fails, and guarantee-
maximizing mechanisms offer more than just the grand bundle.

6 Revenue maximization with known empirical distri-

bution

We now apply our theory to an instance of the optimal auctions model where the empirical
distribution of the agents’ ex post values is known, but the distribution of values is uncer-
tain. This assumption would be especially natural in a large market (although for the sake
of analytical simplicity, we will mostly focus on the case of N “ 2). It is in a sense the
extreme opposite of the common value model of Brooks and Du (2021b), where there is
uncertainty about the empirical distribution (i.e., the common value), but no uncertainty
about the difference between agents’ values.

So suppose that N “ 2 and the value profiles p1, 0q and p0, 1q are equally likely. The
support of µ does not have a product structure, so Theorem 2 does not apply. However, it
does apply for nearby models where there is small probability of the value profiles p1, 1q and
p0, 0q. We will prove that the asymptotic convergence holds when p1, 1q and p0, 0q occur
with probability zero by explicitly constructing ε-strong maxmin solutions, for ε arbitrarily
close to zero.

6.1 Potential-minimizing information structures

If the agents have no information about their values, no mechanism can guarantee more
revenue than 1{2, which is each agent’s ex ante expected value for the good. This is also
the value of (UB-Ppkq): for any k, σpx, θq “ ρpxq{2 for all px, θq, ηipxq “ 1{2 for all x, and
γpxq “ ρpxq{2 is a feasible solution with value 1{2.23

22Che and Zhong (2021) study a closely related model, but rather than fixing the distribution of ex
post values, they consider value distributions with fixed mean values for each good, goods are divided into
“product groups,” and some convex moment is known for the sum of the values within each product group.
They similarly find that the maxmin mechanism involves bundling all of the goods within a product group.

23Since there is a single good, we will simply write ηipxq “ ηi,1pxq.
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Moreover, the potential of any information structure I “ pS, σq is at least 1{2: Clearly,
η1psq ` η2psq “ 1 for all s. Consider the direct mechanism that allocates the good to
whichever agent has ηipsq ě 1{2 (breaking ties arbitrarily when η1psq “ η2psq “ 1{2), and
charge that agent a price of 1{2 whenever they are allocated the good. This mechanism
generates revenue of 1{2, and it is incentive compatible and individually rational (and hence
can be extended with a participation secure action without changing the equilibrium).

We conclude that the min potential is 1{2 for all I, and the no-information information
structure minimizes the potential.

6.2 Posted prices and discussion mechanisms

We will presently construct mechanisms that guarantee profit arbitrarily close to 1{2. This
turns out to be a subtle matter, as we now explain. A natural guess is that the max
guarantee can be approached by posting a price of p “ 1{2 ´ ε for ε small (so as to
break ties in favor of buying). Such mechanisms would be approximately optimal under
no information. However, posted prices actually have a guarantee bounded away from
1{2. Consider the following information structure: Si “ t0, 1u, signals are conditionally
independent, and match one’s true value with probability 3{4. Then when ε is small,
there is an equilibrium of the posted price mechanism with this information structure in
which agents purchase if and only si “ 1.24 Thus, under this information structure and
equilibrium, a sale occurs only if at least one agent has a signal si “ 1, which occurs with
probability strictly less than 1.

So, posted prices cannot be optimal. Nonetheless, there is a heuristic argument that the
max guarantee should be 1{2: Suppose the seller offers the good at a price of p “ 1{2 ´ ε
and then lets the agents “discuss” what they think the good is worth, for as long as they
like, until they reach a consensus. Aumann’s (1976) agreement theorem implies that if the
agents have common knowledge of their beliefs, then they must have the same belief. As a
result, either (i) both agents believe that η1 ą p, in which case agent 1 wants to purchase,
or (ii) both believe that η1 ď p, in which case they agree that η2 ě 1 ´ p ą p (since
η1`η2 “ 1), so agent 2 wants to purchase. Either way, one of the agents will buy the good,
and the seller earns p.

This argument is intuitive but it is not obvious how to translate it into a finite mech-
anism. Instead, we simply construct feasible solutions for (25) that have value arbitrarily
close to 1{2.

24Conditional on a signal si “ 0 and asking to purchase the good, the posterior probability that vi “ 1
is only 1{4, so that the expected utility from buying the good is

1

4

ˆ

3

4
`

1

4

1

2

˙

p1´ pq `
3

4

ˆ

1

4
`

3

4

1

2

˙

p0´ pq “ ´
1

8
`

11

16
ε,

which is negative when ε ă 2{11.
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6.3 Guarantee-maximizing mechanism

Let λpvq ” 1{2 for all v. Fix a positive number m, and define

qipxq ”

$

’

&

’

%

1 if xi ą xj `m;

0 if xi ă xj ´m;
xi´xj`m

2m
otherwise

and

Ξpxq ” min
v
v ¨∇`qpxq ´ λpvq

“ min
i“1,2

∇`
i qpxq ´ 1{2.

Note that

∇`
i qpxq “

#

k´1
k

1
2m

if m ą xi ´ xj ě ´m and xi ă k;

0 otherwise.

Hence,

Ξpxq “ ´1{2`

#

k´1
k

1
2m

if |x1 ´ x2| ă m and maxpx1, x2q ă k;

0 otherwise.
(27)

The above constructions ensure that the strategic virtual objective is equalized across
all x. In the information structure of Section 6.1, at every x the informational virtual
objective from allocating to bidder 1 is equal to that from allocating to bidder 2. Hence
the complementary slackness discussed in Remark 13 is again satisfied.

Now, when k is large, x converges in distribution to independent exponential, so x1´x2

converges to Laplace, and |x1´x2| converges to exponential. Thus, when k is large we have

ÿ

xPXpkq

ρpxqΞpxq « ´1{2`
1

2m

ż m

y“0

expp´yqdy

“ ´1{2`
1´ expp´mq

2m
.

The limit profit guarantee associated with this mechanism is therefore arbitrarily close to
p1´ expp´mqq{2m. Using L’Hôpital’s rule, we find that

lim
mÑ0

1´ expp´mq

2m
“ lim

mÑ0

expp´mq

2
“

1

2
.

Hence, by first taking k large and then m small, the seller can guarantee profit arbitrarily
close to 1{2. We conclude that the maximum revenue guarantee is 1{2 in the limit as
k Ñ 8 and as m Ñ 0. In this limit, the good is essentially allocated to whichever agent
has the highest action.
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Note that for finite k, the function Ξ given by (27) is not balanced. But it is straight-
forward to modify the solution by setting C equal to the expectation of Ξ, replacing λ and
Ξ with λ`C and Ξ´C, respectively. Then Ξ´C is balanced, and hence by Lemma 1 and
Proposition 7 in Appendix B.1, there exist participation secure transfers t with aggregate
excess growth Ξ´C, so that pλ`C, q, tq is feasible for (15) and has value close to Π˚ “ 1{2.

Finally, we relate the optimal Ξ to the guarantee-maximizing transfers. As before, we
first take k Ñ 8 and then m Ñ 0 in our computation of the transfers using Propositions
7 and 8. In Appendix B.5 we show that the balanced division Ξ1pxq “ Ξ2pxq “ Ξpxq{2
leads to fairly complicated transfers (equation (41)). However, by adding an odd function
to the division (Ξipxq “ Ξpxq{2 ´ signpxi ´ xjq{4, where signpzq is the sign of z), we get
the following transfers in the limit:

tipxq “

$

’

&

’

%

0 xi ă xj;

1{4 xj “ xi;

1{2 xi ą xj,

when xj ą 0, and

tipxq “

#

0 xi “ 0;

1{4 xi ą 0,

when xj “ 0. Thus, as mÑ 0 the good is allocated to the highest agent for a posted price
of 1{2!

The bottom line is that the seller can guarantee revenue of 1{2 with a mechanism
wherein agents bid non-negative real numbers; to a first-order approximation, the high-
bidder gets allocated the good; and the high-bidder pays a posted price of 1{2. The
equilibrium jockeying over the high bid facilitates the “discussion” needed to determine
which bidder has the higher interim expected value.

6.4 Extensions

The construction can be generalized to priors µ supported on value profiles for which
θ1 ` θ2 “ θ for some constant θ, and the two agents have the same ex ante expected value
θ{2. (We do not need to assume that µ is exchangeable.) We can proceed with the same
allocation q as before, λpθq “ θ for all θ,

Ξpxq “ θmin
i“1,2

∇`
i qpxq ´ θ{2

ď min
θ
θ ¨∇`qpxq ´ λpθq

for all x, and multiplying the transfers by a factor of θ. Our constructed solution pλ,Ξ, qq
is still feasible for (25), and the mechanism remains optimal.

The generalization to more than two agents, while maintaining the hypothesis that
Σθ “ θ on the support of µ, is more interesting and less straightforward. The critical step
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in showing that this is also the limit value of the (15) is to construct an allocation with the
property that

ÿ

xPXpkq

ρpxq min
i“1,...,N

∇`
i qpxq « 1{N.

Simulations indicate that such an allocation does exist for N “ 3, and we conjecture that
it exists for N ą 3 as well. If such an allocation exists, then it is straightforward to extend
the rest of our construction to prove that (16) has value θ{N .

6.5 Additional examples

In the Online Appendix, we report additional numerical examples for the optimal auctions
model. First, we give an example with values that are perfectly correlated, but where
one agent’s value is always larger by a fixed amount. In this case, guarantee-maximizing
mechanisms distort the allocation towards the higher-value agent, and the lower-value
agent is only allocated the good when the low-value agent’s action is relatively low. We
also give an example in which values are independent uniform. In this case, when the
good is fully allocated, the allocation seems to only depend on the difference in the agents’
actions. Finally, there is an example with two agents and two goods. When the values are
exchangeable, the problem collapses to a single good model where the seller only offers the
grand bundle. We also present a non-exchangeable example where the problem does not
collapse.

7 Conclusion

This paper has developed new tools for informationally robust optimal mechanism design
and the characterization of guarantee-maximizing mechanisms and potential-minimizing
information structures. When max guarantee is equal to min potential, the designer can
guarantee the same welfare, whether or not the mechanism can directly condition on the
information structure and no matter which equilibrium is played. The bounding programs
we derived have a natural economic interpretation in terms of the informational and strate-
gic virtual objectives, which adjust the designer’s welfare to account for agents’ incentives
to mimic nearby types or deviate to nearby actions. We used the bounds to construct
solutions for public expenditure, bilateral trade, and optimal auctions, and we showed
non-constructively that the bounds are tight for optimal auctions with multiple goods and
interdependent values.

There remain many promising directions for future research, including:

• Solving for guarantee-maximizing mechanisms and potential-minimizing information
structures in other and more general environments.

• Finding more general conditions for the bounds to be tight and for max guarantee to
equal min potential.
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• Reformulating the bounding problems and their duality directly in the continuum
limit.

• Incorporating more flexible restrictions on the agents’ information, to explore the
middle ground between the present theory and the standard model.

We conclude by discussing the interpretation of our results. The program (MAX-G)
can be understood literally as representing the preferences of a designer who evaluates
each mechanism by its minimum welfare across all information structures and equilibria.
We do not believe that real-world designers generally exhibit such extreme pessimism and
paranoia. At the same time, we suspect that designers in a practical setting may be unable
or unwilling to commit to a single model of information and equilibrium as the correct
description of behavior, as required by the classical Bayesian mechanism design paradigm.
The truth is likely somewhere in between: Designers may know some features of agents’
information without being able to give a complete description. Of course, ambiguity about
agents’ information may be accompanied by distinct concerns about the complexity of the
mechanism or the empirical validity of the equilibrium hypothesis. It is beyond our present
abilities to incorporate all such concerns into the theory of optimal mechanism design. We
can, however, ask what mechanisms are robust to ambiguity about agents’ information in
an extreme sense, provided we are still willing to accept the common prior and Bayes Nash
equilibrium as an as-if description of behavior. Our results show that the designer may not
need the agents to explicitly articulate or communicate their higher-order beliefs in order
to attain the optimal guarantee, and in that sense, the approach does not unduly strain
the credulity of our assumptions.

In our view, the greatest promise of this approach is that it may lead to the discov-
ery of new mechanism designs, such as the proportional auction, proportional cost-sharing
mechanisms, and proportional-price trading mechanisms, that are compelling both for their
optimal worst-case performance as well as for their simplicity.25 The guarantee of a mecha-
nism is, in a sense, a measure of how “safe” it is. To be sure, it is just one of many criteria
that might be considered in applied mechanism design. For example, one may also wish to
consider how the mechanism performs in particular benchmark environments, such as affil-
iated values in the auction context. Importantly, these criteria need not conflict with one
another: when values are common and the number of agents is large, the maximum guar-
antee for profit is approximately the entire surplus, so that profit-guarantee-maximizing
mechanisms are nearly optimal in all information structures (Du, 2018; Brooks and Du,
2021b); and likewise for the welfare-guarantee-maximizing mechanism in Section 4 when
the social value θ is large. This will not always be the case, however, and an important

25The worst-case analysis naturally leads to a great deal of structure on information and mechanisms,
which we view as being relatively “simple,” at least compared to the benchmark of full surplus extracting
mechanisms in correlated type spaces (Crémer and McLean, 1988; McAfee et al., 1989): In the case of
optimal auctions, this is related to the implication of Theorem 2 that the potential is always minimized
by information structures with independent signals. But even when signals are correlated, as they are in
the potential-minimizing information structures for public goods and bilateral trade, there is still a great
deal of structure coming from the one-dimensional binding equilibrium constraints at the strong maxmin
solution.
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task for future work is to evaluate guarantee-maximizing mechanisms on a variety of infor-
mation structures and under different solution concepts. Such analyses will lead to a more
balanced view of the merits and demerits of these new mechanisms, and of the tradeoff
between informational robustness and Bayesian optimality.
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A Omitted results

A.1 Additional theoretical results for Section 3

A.1.1 Approximate solutions

Any mechanism that is feasible for (UB-Ppkq) has a corresponding lower bound on its
guarantee

Proposition 3. Suppose pγ, σq is a feasible solution to (UB-Ppkq), and let I “ pXpkq, σq.
Then

sup
M1PM

sup
bPBpM1,Iq

W pM1, I, βq ď
ÿ

xPXpkq

γpxq.
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Suppose pλ,mq is a feasible solution to (LB-Gpkq), and let M “ pXpkq,mq. Then

inf
I1PI

inf
bPBpM,I1q

ΠpM, I 1, βq ě
ÿ

vPV

λpvqµpvq.

Proof. This is an immediate implication of the proofs of Theorem 1. In particular, the pro-
gram (UB-Ppkq) is obtained by taking the dual of the inner maximization over mechanisms
and equilibria from (MIN-P), so that any feasible solution to that dual provides an upper
bound on the value of the primal, meaning that it provides an upper bound on welfare
under any mechanism and equilibrium. Similarly, we obtained (LB-Gpkq) by taking the
dual of the inner minimization program, and any feasible solution to the dual provides a
lower bound on welfare in the primal program.

A.1.2 Robustness to the prior

This observation leads to the following corollary, which generalizes Proposition 7 of Brooks
and Du (2021b):

Proposition 4. Suppose that pλ, q, tq is a feasible solution to (LB-Gpkq). Then for all
µ1 P ∆pΘq, welfare in any information structure and equilibrium is at least

ÿ

θ

λpθqµ1pθq. (28)

In particular, the bound (28) holds for an optimal solution pλ˚,m˚q.

Proof of Proposition 4. Suppose that the prior is µ1. Then clearly pλ,mq is a feasible so-
lution for the program (LB-Gpkq), where we replace µ with µ1. From Proposition 3, we
conclude that (28) is a lower bound on equilibrium welfare.

Thus, while we have treated the prior over θ as a feature of the environment that is
ostensibly known by the designer, in fact our theory remains valid and useful even if the
designer has only approximate knowledge of the distribution of θ.

A.1.3 Strong maxmin solutions

As discussed in Remark 7, Brooks and Du (2021b) characterize analogues of (LB-Gpkq)
and (UB-Ppkq) in a setting with infinitely many actions and signals. When the action
and signal space are infinite, equilibrium existence is not guaranteed, and care has to be
taken that guarantees and potentials are not vacuous, due to non-existence of equilibria.
To finesse this issue, we solved for a strong maxmin solution, which is a triple pM, I, bq such
that b P EpM, Iq, and P pIq “ GpMq.

With finite action and signal spaces, an equilibrium always exists, but it may not be
possible to attain the profit guarantee exactly. We now formulate an analogous solution
concept that is appropriate to this, and relate its existence to whether or not there is a
duality gap.

A pair pM, Iq is an ε-strong maxmin solution if P pIq ´GpMq ď ε.
The following result is straightforward:
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Proposition 5. The min potential is equal to the max guarantee if and only if for every
ε ą 0, there exists an ε-strong maxmin solution.

Proof of Proposition 5. The result follows almost immediately from the definitions. If
W (MIN-P) “ W (MAX-G) “ W ˚, then for every ε ą 0, there exists an M and I such
that GpMq ě W ˚ ´ ε{2 and P pIq ď W ˚ ` ε{2, and hence P pIq ´ GpMq ď ε. Con-
versely, suppose pM, Iq is an ε-strong maxmin solution. Then W (MIN-P) ď P pIq and
W (MAX-G) ě GpMq. Hence, W (MIN-P) ´W (MAX-G) ď P pIq ´ GpMq ď ε. Since ε is
arbitrary, we conclude that W (MIN-P) “ W (MAX-G).

As a consequence of Proposition 5 and Theorem 2, we obtain the following:

Corollary 1. Under the hypotheses of Theorem 2, for every ε ą 0, an ε-strong maxmin
solution exists.

Corollary 1 is essentially a “strong minimax theorem” for the zero-sum game in which
the designer chooses the mechanism and an adversary chooses the information structure
to maximize and minimize welfare, respectively. It is important to note, however, that
this is not quite a game, because for a given pM, Iq, there may be multiple equilibria
with different payoffs for the designer, and therefore the standard results on zero-sum
games do not apply. In (MAX-G), we have effectively selected the mechanism designer’s
preferred equilibrium, and in (MIN-P), we selected the worst case for the designer. The
theorem therefore implies that the values of these programs would coincide regardless of
how an equilibrium is selected. Equivalently, we could consider the collection of zero-sum
games that are parameterized by the choice of equilibrium selection rule (as a function
of the mechanism and information structure). Then any ε-strong maxmin solution is an
ε-equilibrium of all of the zero-sum games with different equilibrium selection rules.

A.1.4 A sufficient condition for tight bounds and zero duality gap

Consider a non-decreasing sequence of sets Yk Ď RN
` . For a sequence of functions tfku8k“1,

where fk : Yk Ñ R, and a function f : RN
` Ñ R, we say that tfku converges (pointwise)

to f if for all k and x P Yk, limk1Ñ8 f
k1pxq “ fpxq. The convergence is uniform if for all

ε ą 0, there exists a K such that if k ě K and x P Yk, then |fkpxq ´ fpxq| ď ε. Given
a f : RN

` Ñ R, we denote by ∇if the partial derivative with respect to the ith argument
(when it exists). Also denote by X ipkq “ tx P Xpkq|xi ă ku, i.e., the subset of profiles in
Xpkq where xi is not at the upper bound.

Proposition 6. Suppose that there exist optimal solutions to (5), tpmk, λkqu8k“1, for which
mk converge uniformly to m : RN

` Ñ ∆pΩq. Further suppose that partial derivatives of m
exist and are Lipschitz continuous, ∇´

i m
k restricted to X ipkq converges uniformly to ∇im

for all i, and that xi “ 0 is participation secure under m for all i, that is, for all i, x´i, θ,
ÿ

ω

uipω, θqmipω|0, x´iq ě 0.

Then

W (UB-Ppkq) “ W (MIN-P) “ W (MAX-G) “ W (LB-Gpkq).
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Proof. Let M be any upper bound on |wpω, θq| and |uipω, θq|. Since λk is optimal, we must
have

λkpθq “ min
x

ÿ

ω

«

wpω, θqmk
pω|xq `

ÿ

i

uipω, θq∇´
i m

k
pω|xq

ff

.

The program (UB-Ppkq) is feasible with σpx, θq “ µpθq{k2N for all θ, which generates an
upper bound on the value of (UB-Ppkq) equal to

max
ω

ÿ

θ

µpθq

«

wpω, θq `
1

k2N

ÿ

i

uipω, θq
`

p1´ kqIxi“k´1{k ´ Ixi“k
˘

ff

ď pN ` 1qM.

We conclude that for all k,
ÿ

θ

λkpθq ď pN ` 1qM.

Now, let us define m̃kpω|θq to be the restriction of m to Xpkq, and define

λ̃kpθq “ min
x

ÿ

ω

«

wpω, θqm̃k
pω|xq `

ÿ

i

uipω, θq∇`
i m̃

k
pω|xq

ff

.

Participation security of m̃k follows from that of m, so pm̃k, λ̃kq is feasible for (3), so that

W (UB-Ppkq)´W (LB-Gpkq) ď
ÿ

θ

µpθqpλkpθq ´ λ̃kpθqq.

Let L be a Lipschitz constant for ∇im and m. Fix ε ą 0. From uniform convergence, we
have that there exists a K ě maxtL{2, 1{εu such that for k ą K and x P Xpkq,

|mk
pω|xq ´mpω|xq| ď ε,

and for all i and x P X ipkq,

|∇´
i m

k
pω|xq ´∇impω|xq| ď ε.

As a result, if xi P X
ipkq, then

∇`
i m̃

k
pω|xq “ pk ´ 1q

ż xi`1{k

y“xi

∇impω|yi, x´iq

“
k ´ 1

k
∇impω|xq ` pk ´ 1q

ż 1{k

z“0

p∇impω|xi ` z, x´iq ´∇impω|xqq dz

Hence,
ˇ

ˇ

ˇ

ˇ

∇`
i m̃

k
pω|xq ´

k ´ 1

k
∇´
i m

k
pω|xq

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

∇`
i m̃

k
pω|xq ´

k ´ 1

k
∇impω|xq

ˇ

ˇ

ˇ

ˇ

` ε

ď pk ´ 1q

ż 1{k

z“0

|∇impω|xi ` z, x´iq ´∇impω|xq| dz ` ε

“
Lpk ´ 1q

2k2
` ε ď

L

2K
` ε ď 2ε.
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In addition, if x P XpkqzX ipkq, then

ˇ

ˇ

ˇ

ˇ

∇`
i m̃

k
pω|k, x´iq ´

k ´ 1

k
∇´
i m̃

k
pk, x´iq

ˇ

ˇ

ˇ

ˇ

“
k ´ 1

k

ˇ

ˇmk
pω|k, x´iq ´m

k
pω|k ´ 1{k, x´iq

ˇ

ˇ

ď |mpω|k, x´iq ´mpω|k ´ 1{k, x´iq| ` 2ε

ď L{k ` 2ε ď 3ε.

We conclude that

λ̃kpθq “ min
xPXpkq

ÿ

ω

«

wpω, θqmpω|xq `
ÿ

i

uipω, θq∇impω|xq

ff

ě
k ´ 1

k
min
xPXpkq

ÿ

ω

«

wpω, θqmk
pω|xq `

ÿ

i

uipω, θq∇im
k
pω|xq

ff

´M |Ω|

ˆ

pN ` 1q 3ε`
1

k

˙

“
k ´ 1

k
λkpθq ´M |Ω|

ˆ

pN ` 1q3ε`
1

k

˙

We therefore find that

ÿ

θ

µpθq
´

λkpθq ´ λ̃kpθq
¯

ď
1

k

ÿ

θ

µpθqλkpθq ` 3MpN ` 1q|Ω|ε

ď
1

k
pN ` 1qM ` 3MpN ` 1q|Ω|ε

ď 4MpN ` 1q|Ω|ε.

Since ε is arbitrary, we conclude that (UB-Ppkq) and (LB-Gpkq) have the same value when
k Ñ 8, as desired.

Proposition 6 may be of limited practical use, because the conditions are endogenous
and depend on the limiting behavior of solutions to the dual of (UB-Ppkq). The value of
the proposition is more in stating precisely the kind of smooth limiting behavior that is
sufficient for the bounds to be tight. Of course, the conditions we presented, Lipschitz
continuity of the derivative of the limit function in particular, are stronger than what is
needed and are not always satisfied in the case of optimal auctions studied in Brooks and
Du (2021b).

A.2 Proof of Theorem 2

We now maintain the assumptions of Theorem 2, throughout the rest of this section. Let
θ “

ř

l maxi,θPΘ θi,l.

Lemma 2. For all k and θ, if pλ˚,Ξ˚, q˚q is an optimal solution to (18) such that Ξ˚ that

satisfies (22), then |λ˚pθq| ď maxθ1
θ

µpθ1q
for all θ.
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Proof of Lemma 2. We first show that λ˚pθq ď θ. For the sake of contradiction, suppose
not, i.e., there exist some θ1 such that λ˚pθ1q ą θ. Consider the program (18) but where we
hold fixed λ “ λ˚. This program has the dual:

min
γě0, σě0

ÿ

x,l

γlpxq ´
ÿ

θ

λ˚pθq

˜

ÿ

x

σpx, θq ´ µpθq

¸

s.t. γlpxq ě ´
ÿ

θ

θi,l∇̃`
i σpx, θq @i, x, l

ÿ

θ

σpx, θq “ ρpxq @x,

(29)

Let σpx, θq “ ρpxqδθ1pθq and γlpxq “ ρpxqmaxi θ
1
i,l (in other words, put probability one

on θ1, and assign good l to whichever agent has the highest value for good l). It is easy to
check that pσ, γq is feasible for (29) (because ρpxq “ ∇̃`

i ρpxq) and the resulting objective is

ÿ

l

max
i
θ1i,l ´ λ

˚
pθ1q `

ÿ

θ

µpθqλ˚pθq ă W (18)

This is a contradiction since the optimal value of (29) must be W(18).
Since λ˚pθq ď θ and

ř

θ µpθqλ
˚pθq “ W (UB-Ppkq), we must have λ˚pθq ě pW (UB-Ppkq)´

θq{µpθq ě ´θ{µpθq.

Next, let

C ” max
ti,l,θ,θ1,θ2|θ1i,l‰θ

2
i,lu

2θ{µpθq

θ2i,l ´ θ
1
i,l

and define

εpkq ”
C ` 1

k
.

Fix an optimal solution pλ˚,Ξ˚, q˚q (18) such that Ξ˚ that satisfies (22) (which is a normal-
ization, as we remarked after Proposition 2). Consider the modification of program (18)
where we hold the optimal λ˚ fixed and impose an additional approximate monotonicity
constraint on q:

max
Ξ,qě0

ÿ

x

ρpxqΞpxq `
ÿ

θ

µpθqλ˚pθq

s.t. Ξpxq ` λ˚pθq ď
ÿ

i,l

θi,l∇´
i qlpxq @θ, x;

ÿ

i

qi,lpxq ď 1 @x, l;

qi,lpxi ´ 1{k, x´iq ´ qi,lpxq ď εpkq @i, l, x such that 0 ă xi ă k.

(30)
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The dual of (30) is:

min
γě0,σě0,ζě0

ÿ

x,l

γpxq ´
ÿ

θ

λ˚pθq

˜

ÿ

x

σpx, θq ´ µpθq

¸

`
ÿ

i,l,x

ζi,lpxqεpkq

s.t. γlpxq ě ´
ÿ

θ

θi,l∇̃`
i σpx, θq

`

$

’

&

’

%

ζi,lpxq ´ ζi,lpxi ` 1{k, x´iq if xi ă k ´ 1{k;

ζipxq if xi “ k ´ 1{k;

0 if xi “ k,

@i, x;

ζi,lp0, x´iq “ 0 @i, x´i;
ÿ

θ

σpx, θq “ ρpxq @x,

(31)

where ζi,lpxq is the multiplier on the constraint qi,lpxi ´ 1{k, x´iq ´ qi,lpxq ď εpkq.
Let θi,l “ maxθ θi,l and θi,l “ minθ θi,l and define

K0 ” 2`max
i,l

θi,l

θi,l ´ θi,l
.

Lemma 3. If k ą K0 and pγ˚, σ˚, ζ˚q is an optimal solution to (31), then ζ˚i pxq “ 0 for
all i and x.

Proof. For the sake of contradiction, let x be a signal profile with the lowest Σx such that
ζ˚i,lpxq ą 0 for some i and l. Notice that by construction, 0 ă xi ă k. Let η˚pxq be the
interim expected values at x under σ˚:

η˚i,lpxq ”
1

ρpxq

ÿ

θ

θi,lσ
˚
px, θq.

Case 1: η˚i,lpxq ă θi,l.

In this case, there must exist a θ such that θi,l ă θi,l and σ˚px, θq ą 0. Fix such a θ,
and define

σpx1, θ1q “

$

’

&

’

%

p1´ τqσ˚px1, θq if x1 “ x, θ1 “ θ;

τσ˚px1, θq ` σ˚px1, θ1q if x1 “ x, θ1 “ pθi,l, θ´pi,lqq;

σ˚px1, θ1q otherwise.

Choose τ ą 0 such that

0 ă k
ÿ

θ1

θ1i,l pσpx, θ
1
q ´ σ˚px, θ1qq “ kpθi,l ´ θi,lqτσ

˚
px, θq ď ζ˚i,lpxq.

Set

ζ i1,l1px
1
q “

#

ζ˚i,lpxq ´ kpθi,l ´ θi,lqτσ
˚px, θq if pi1, l1, x1q “ pi, l, xq;

ζ˚i1,l1px
1q otherwise,

γl1px
1
q “ γ˚l1px

1
q.

48



By construction, pγ, σ, ζq is feasible for (31). Notice that
ÿ

θ1

λ˚pθ1qσpx, θ1q ´
ÿ

θ1

λ˚pθ1qσ˚px, θ1q “ pλ˚pθi,l, θ´pi,lqq ´ λ
˚
pθqqτσ˚px, θq.

Therefore, the difference between the objectives of pγ˚, σ˚, ζ˚q and pγ, σ, ζq in (31) is:
˜

ÿ

x1

γ˚px1q ´
ÿ

θ1,x1

λ˚pθ1qσ˚pθ1, x1q `
ÿ

i1,l1,x1

ζ˚i1,l1px
1
qεpkq

¸

´

˜

ÿ

x1

γpx1q ´
ÿ

θ1,x1

λ˚pθ1qσpθ1, x1q `
ÿ

i1,l1,x1

ζ i1,l1px
1
qεpkq

¸

“εpkqkpθi,l ´ θi,lqτσ
˚
px, θq ` pλ˚pθi,l, θ´pi,lqq ´ λ

˚
pθqqτσ˚px, θq ą 0,

since εpkqk ą pλ˚pθi,l, θ´pi,lqq´λ
˚pθqq{pθi,l´θi,lq by Lemma 2 and the definition of C, which

contradicts the optimality of pγ˚, σ˚, ζ˚q.

Case 2: η˚i,lpxq “ θi,l and η˚i,lpxi ´ 1{k, x´iq ą θi,l.
In this case, there must exist a θ such that θi,l ą θi,l and σ˚pxi ´ 1{k, x´i, vq ą 0. Fix

such a θ, and define

σpx1, θ1q “

$

’

&

’

%

p1´ τqσ˚px1, θq if x1 “ pxi ´ 1{k, x´iq, θ
1 “ θ;

τσ˚px1, θq ` σ˚px1, θ1q if x1 “ pxi ´ 1{k, x´iq, θ
1 “ pθi,l, θ´pi,lqq;

σ˚px1, θ1q otherwise.

Choose τ ą 0 such that

0 ă k
ÿ

θ1

θ1i,l pσ
˚
pxi ´ 1{k, x´i, θ

1
q ´ σpxi ´ 1{k, x´i, θ

1
qq

“ kpθi,l ´ θi,lqτσ
˚
pxi ´ 1{k, x´i, θq ď ζ˚i,lpxq.

Set

ζ i1,l1px
1
q “

#

ζ˚i,lpxq ´ kpθi,l ´ θi,lqτσ
˚pxi ´ 1{k, x´i, θq if pi1, l1, x1q “ pi, l, xq;

ζ˚i1,l1px
1q otherwise,

γl1px
1
q “ γ˚l1px

1
q.

As in Case 1, pγ, σ, ζq is feasible for (31) and has a strictly lower objective than pγ˚, σ˚, ζ˚q,
a contradiction.

Case 3: η˚i,lpxq “ θi,l and η˚i,lpxi ´ 1{k, x´iq “ θi,l.

The virtual value at pxi´ 1{k, x´iq is θi,l´pk´ 1qpθi,l´ θi,lq ă 0 because k ą K0. Since
γ˚l pxi ´ 1{k, x´iq ě 0 and ζ˚i,lpxi ´ 1{k, x´iq “ 0, we must have

γ˚l pxi ´ 1{k, x´iq ą
ÿ

θ1

θ1i,lkrσ
˚
pxi ´ 1{k, x´i, θ

1
q ´ σ˚px, θ1qs ` ζ˚i,lpxi ´ 1{k, x´iq ´ ζ

˚
i,lpxq,

so we can decrease ζ˚i,lpxq to lower strictly the objective, again contradicting optimality.
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Lemma 4. There exists an optimal solution of the form pλ˚,Ξ, qq to (18) that satisfies

qi,lpxi ´ 1{k, x´iq ď qi,lpxq ` εpkq (32)

for every i, l, and x such that 0 ă xi ă k.

Proof. Lemma 3 implies that program (30) has the same value, holding fixed the optimal
λ˚, even if we drop the constraints (32). This implies the result.

Proof of Theorem 2. By Lemma 4, for arbitrary k ą K0, let pλ˚,Ξ˚, q˚q be an optimal
solution of (18) that satisfies q˚i,lpxi´ 1{k, x´iq ď q˚i,lpxq ` εpkq for every i and every x such
that 0 ă xi ă k. Since (18) and (UB-Ppkq) are equivalent, this solution has a value equal
to W(UB-Ppkq).

We will modify q˚ to obtain a feasible solution for (25) that has a value close to
W(UB-Ppkq). Define

q1i,lpxq “

#

q˚i,lpxi´1{k,x´iq

1`Nεpkq
if 0 ă xi ă k;

0 if xi “ 0 or xi “ k;

λ1pθq “
k ´ 1

kp1`Nεpkqq
λ˚pθq @θ;

Ξ1pxq “

#

k´1
kp1`Nεpkqq

Ξ˚pxq if x R BXpkq;

´pk ´ 1qNθ ´maxθ λ
1pθq if x P BXpkq,

where BXpkq “ tx P Xpkq | xi ě k ´ 1{k for some iu.
We claim that pλ1,Ξ1, q1q is feasible for the program (25): First, the constraint on λ1`Ξ1

holds for x P BXpkq because

Ξ1pxq “ ´pk ´ 1qNθ ´max
θ
λ1pθq ď

ÿ

i,l

θi,l∇`
i q
1
lpxq ´ λ

1
pθq

for all θ; it also holds for x R BXpkq because ∇`
i q
1
lpxq “

k´1
kp1`Nεpkqq

∇´
i q
˚
l pxq, Ξ1pxq “

k´1
kp1`Nεpkqq

Ξ˚pxq, λ1pθq “ k´1
kp1`Nεpkqq

λ˚pθq, and Ξ˚pxq ` λ˚pθq ď
ř

i,l θi,l∇
´
i q
˚
l pxq. Also, q1

is feasible, as

ÿ

i

q1i,lpxq “
ÿ

i

q˚i,lpxi ´ 1{k, x´iq

1`Nεpkq
I0ăxiăk ď

ÿ

i

q˚i,lpxq ` εpkq

1`Nεpkq
ď 1.
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Finally, the difference in objectives of (18) under pλ˚,Ξ˚, q˚q (which is equal to W(UB-Ppkq)
and of (25) under pλ1,Ξ1, q1q is

ÿ

x

ρpxqpΞ˚pxq ´ Ξ1pxqq `
ÿ

θ

µpθqpλ˚pθq ´ λ1pθqq

“
ÿ

x

ρpxq

ˆ

1´
k ´ 1

kp1`Nεpkqq

˙

Ξ˚pxq `
ÿ

xPBXpkq

ρpxq

ˆ

k ´ 1

kp1`Nεpkqq
Ξ˚pxq ´ Ξ1pxq

˙

`
ÿ

θ

µpθq

ˆ

1´
k ´ 1

kp1`Nεpkqq

˙

λ˚pθq

“

ˆ

1´
k ´ 1

kp1`Nεpkqq

˙

W (UB-Ppkq)

`
ÿ

xPBXpkq

ρpxq

ˆ

k ´ 1

kp1`Nεpkqq
Ξ˚pxq ` pk ´ 1qNθ `max

θ

k ´ 1

kp1`Nεpkqq
λ˚pθq

˙

ď

ˆ

1´
k ´ 1

kp1`Nεpkqq

˙

W (UB-Ppkq)`Np1´ 1{kqk
2´1

ˆ

k ´ 1

kp1`Nεpkqq
kNθ ` pk ´ 1qNθ

˙

,

where in the last line we use the fact that ρpBXpkqq ď Np1´ 1{kqk
2´1 and Ξ˚pxq`λ˚pθq ď

ř

i,l θi,l∇
´
i q
˚
l pxq ď kNθ. The last line of the display equation vanishes as k Ñ 8 because

εpkq Ñ 0 and W (UB-Ppkq) ď θ for all k (since σpx, θq “ ρpxqµpθq is feasible for the program
(UB-Ppkq)). This implies the result, since W(LB-Gpkq) is equal to the value of the program
(25), which is weakly larger than the objective obtained by pλ1,Ξ1, q1q.
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B Online Appendix

B.1 Transfers and the aggregate excess growth

The proof of Theorem 1, and Lemma 1 in particular, shows that we can essentially solve out
the transfers from (15) in terms of the aggregate excess growth Ξ, to obtain the equivalent
program (25). In applications, we have found that it is often more convenient to work with
the program (25), and derive the optimal allocation q and multipliers pλ,Ξq.

Importantly, Lemma 1 tells us that it is possible to go back and forth between solutions
of the programs (15) and (25). In particular, given pλ, q, tq that is feasible for (15), we can
define Ξ according to (20). Lemma 1 implies that Ξ is balanced, so that pλ,Ξ, qq is feasible
for (25) and has the same value as pλ, q, tq in (15). In the other direction, given pλ,Ξ, qq
that is feasible for (25), there is another optimal solution pλ`C,Ξ´C, qq such that Ξ´C
is balanced. Lemma 1 then implies that there exists a transfer rule t with aggregate excess
growth Ξ ´ C and satisfies participation security (21), so that pλ ` C, q, tq is feasible for
(15) and has the same value. This discussion is formalized in the following corollary:

Corollary 2. The triple pλ˚, q˚, t˚q is an optimal solution to (15) only if pλ˚,Ξ˚, q˚q is an
optimal solution to (25), where Ξ˚ “ ∇` ¨ t˚ ´ Σt˚. The triple pλ˚,Ξ˚, q˚q is an optimal
solution to (25) only if there is a C P R and a t˚ where Ξ˚ ´ C “ ∇` ¨ t˚ ´ Σt˚ and
pλ˚ ` C, q˚, t˚q is an optimal solution to (15).

The argument in Lemma 1 is non-constructive. But in fact, given a balanced Ξ, it
is straightforward to construct a transfer rule t that is participation secure and has the
given aggregate excess growth. To develop this result, let us first denote by ξipxq agent i’s
individual excess growth:

ξipxq ” ∇`
i tpxq ´ tipxq. (33)

We can view this as a first-order difference equation in xi, which we can use to solve for the
transfer in terms of the individual excess growth. The solution that satisfies the boundary
condition tipk, x´iq “ ´ξipk, x´iq (which is just equation (33) when xi “ k) is

tipxq “ ´
ÿ

yi:yiěxi

ˆ

k ´ 1

k

˙pyi´xiqk 1

kIyiăk
ξipyi, x´iq.

Using the definition of ρi, we can rewrite this more simply as

tipxq “ ´
1

ρipxiq

ÿ

yi:yiěxi

ρipyiqξipyi, x´iq. (34)
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Thus, the transfers will satisfy tip0, x´iq “ 0 if and only if26

ÿ

yiPXipkq

ρipyiqξipyi, x´iq “ 0. (35)

Thus, there is a correspondence between ξ that satisfy (35) and participation-secure transfer
rules with individual excess growths ξ.

Now, for Ξ to be the aggregate excess growth, we must have

Σξpxq “ Ξpxq (36)

for all x. Thus, the task of constructing transfers with a given aggregate excess growth
reduces to constructing individual excess growths that satisfy (35) and (36).

Proposition 7. Fix a transfer rule t and its associated individual excess growth functions
ξ defined by (33). Then t is given by the formula (34). Moreover, t is participation secure
and has aggregate excess growth Ξ if and only if ξ satisfies (35) and (36).

Given a balanced Ξ, we now explicitly describe the solutions to (35) and (36), which
in turn define transfer rules with aggregate excess growth Ξ. For notational simplicity,
we specialize to the case of N “ 2. In Appendix B.2, we generalize all of the subsequent
analysis to N ą 2. A balanced division of Ξ is a pair of functions Ξi : Xpkq Ñ R for i “ 1, 2
such that Ξi is balanced and Ξ “ Ξ1`Ξ2. Any balanced division induces individual excess
growths that satisfy (35) and (36), as we now explain. We interpret Ξi as agent i’s initial
allocation of the aggregate excess growth. We then make “correction” to the initial excess
growth to satisfy (35):

ξipxq “ Ξipxq ´
ÿ

yiPXipkq

Ξipyi, xjqρipyiq `
ÿ

yjPXjpkq

Ξjpxi, yjqρjpyjq. (37)

Proposition 8. Suppose N “ 2. If pΞ1,Ξ2q is a balanced division of Ξ, then ξ given by
(37) satisfies (35) and (36). The corresponding transfers t defined by (34) are participation
secure and have aggregate excess growth Ξ.

The proof of Proposition 8 follows immediately from the definitions: Summing over xi,
the last term in the right-hand side of (37) vanishes, since Ξj is balanced, and the first two
terms obviously cancel each other; thus, ξ defined by (37) satisfies (35). Moreover, using
the assumption that Ξ1pxq ` Ξ2pxq “ Ξpxq, it is easy to see that ξ1pxq ` ξ2pxq “ Ξpxq in
(37) as well.

The set of solutions to (35) and (36) given by Proposition 8 is complete in the sense
that if pξ1, ξ2q is any solution of (35) and (36), then pΞ1,Ξ2q “ pξ1, ξ2q is clearly a balanced
division, and the correction terms in (37) are all zero.

26Brooks and Du (2021b) stated and used an analogue of (35) in a continuum model where actions are
non-negative real numbers. In particular, the condition (35) is key to showing that truthful reporting is an
equilibrium of the strong maxmin solution constructed in that paper. A subtlety arises in the continuum
model, in that there is no boundary condition at the top. Instead, the analogue of the condition (35)
ensures that transfers remain bounded in the limit as xi goes to infinity, and the transfer given by (34)
converges to limxiÑ8 ξipxi, x´iq.
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While it is simple to prove, Proposition 8 yields rich possibilities for constructing par-
ticipation secure transfers with the desired aggregate excess growth. For example, we can
set Ξ1pxq “ cΞpxq and Ξ2 “ p1 ´ cqΞpxq, where c P r0, 1s is a constant, which is a bal-
anced division whenever Ξ is balanced. Moreover, if pΞ1,Ξ2q is a balanced division, then
so is pΞ1 ` E,Ξ2 ´ Eq for any balanced function E. If E is skew-symmetric—meaning
Epx1, x2q “ ´Epx2, x1q—then E will also be balanced; this follows from the fact that ρ is
exchangeable, so the expectation of E over ρ is zero. Simple examples of skew symmetric
functions include any odd function of the difference x1 ´ x2. In Section 6 we will illustrate
that including a skew-symmetric E in the individual excess growth can lead to a significant
simplification in the functional form of the transfers.

In summary, given pλ˚, q˚, t˚q that is feasible for (15), there will generally be many
transfer rules t such that pλ˚, q˚, tq is also feasible and has the same value. For example,
in characterizing guarantee-maximizing transfers in the pure common value model, Brooks
and Du (2021b) showed that in addition to the solution given by (37) with Ξi “ Ξ{2,
there is a distinct solution with an especially simple form, wherein each agent simply
pays a constant price per unit, and that price depends just on the sum of the bids. This
multiplicity of optimal transfer rules, not all of which are of practical interest, presents a
challenge to the study of guarantee-maximizing auctions, and additional properties may be
needed to isolate the most useful transfer rules. Going back to common values, the transfer
rule in the proportional auction is characterized by the property that the aggregate transfer
depends only on the aggregate action.

B.2 Construction of transfers for N ą 2

We now give a general construction of participation secure transfers via “balanced divisions”
of an aggregate excess growth. Let us omit k and write Xi “ Xipkq. For any subset
N 1 Ď t1, 2, . . . , Nu of agents, let XN 1 “

ś

iPN 1 Xi and ρpxq “
ś

iPN 1 ρipxiq for x P XN 1 .
Let Z be the set of non-repeating sequences in t1, . . . , Nu of length less than or equal

to N . We also define Zpiq Ď Z to be the set of sequences of length less than or equal to
N ´ 1 which does not contain i. Given z P Z, we let Npzq be the set of agents not in z.
And for z P Zpiq, we let pz, iq be the sequence that catenates z and i.

Fix an aggregate excess growth Ξ that is balanced. We say that a collection tΞzuzPZ is
a balanced division (of Ξ) if the following conditions are satisfied:

1. ΞH “ Ξ.

2. For all i, z P Zpiq, Ξpz,iq : Xi ˆXNpz,iq Ñ R.

3. For all i, z P Zpiq,
ř

xPXiˆXNpz,iq
Ξpz,iqpxqρpxq “ 0.

4. For all i, z P Zpiq, and xNpz,iq P XNpz,iq,

ÿ

xiPXi

Ξpz,iqpxi, xNpz,iqqρipxiq “
ÿ

jPNpz,iq

Ξpz,i,jqpxNpz,iqq.
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5. For all x P XNpHq “
śN

j“1Xj,

ΞHpxq “
ÿ

jPNpHq

Ξjpxq.

We interpret Ξpz,iq as agent i’s excess growth (before adjustment) when the agents in z
are ahead of i in a queue. Condition 2 says that the excess growth Ξpz,iq depends on xi and
xNpz,iq, but not on the actions of the agents in z. Condition 3 says that Ξpz,iq is balanced.
Condition 4 says that the adjustment one makes to i’s excess growth (see equation (38)) is
equal to the total unadjusted excess growths of the agents who are behind i in the queue.
Finally, Conditions 1 and 5 says that the unadjusted excess growths for agents who are
first in the queue adds up to the given aggregate excess growth Ξ.

An example of a balanced division is Ξipxq “ Ξpxq{N , and

Ξpz,i,jqpxNpz,iqq “
1

|Npz, iq|

ÿ

xiPXi

Ξpz,iqpxi, xNpz,iqqρipxiq.

Another example is Ξ1pxq “ Ξpxq, and

Ξpz,i,jq “

#

ř

xiPXi
Ξpz,iqpxi, xNpz,iqqρipxiq if j “ i` 1;

0 otherwise,

where i` 1 is defined in modulo arithmetic, i.e., N ` 1 “ 1.
Given a balanced division tΞzuzPZ , we can define the individual excess growths

ξipxq “
ÿ

zPZpiq

˜

Ξpz,iqpxi, xNpz,iqq ´
ÿ

yiPXi

Ξpz,iqpyi, xNpz,iqqρipyiq

¸

. (38)

We claim that ξi gives participation secure transfers. This can be verified by checking:

ÿ

xiPXi

ξipxqρipxiq “
ÿ

zPZpiq

¨

˚

˚

˚

˚

˝

ÿ

xiPXi

Ξpz,iqpxi, xNpz,iqqρipxiq ´
ÿ

yiPXi

Ξpz,iqpyi, xNpz,iqqρipyiq

loooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooon

“0

˛

‹

‹

‹

‹

‚

“ 0.
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Moreover, tξiu1ďiďN has aggregate excess growth Ξ, since

N
ÿ

i“1

ξipxq “
N
ÿ

i“1

Ξipxq

`

N
ÿ

i“1

ÿ

tzPZpiq:|z|ăN´1u

»

—

—

—

—

–

ÿ

jPNpz,iq

Ξpz,i,jqpxNpz,iqq ´
ÿ

yiPXi

Ξpz,iqpyi, xNpz,iqqρipyiq

loooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooon

“0

fi

ffi

ffi

ffi

ffi

fl

´

N
ÿ

i“1

ÿ

tzPZpiq:|z|“N´1u

ÿ

yiPXi

Ξpz,iqpyiqρipyiq

loooooooooomoooooooooon

“0

“ Ξpxq.

In this last calculation, all we have done is to break up the sum over sequences into those
that end in i and those that end in pi, jq, then we use the fact that Npz, iq “ H when
|z| “ N ´ 1, so the balanced condition implies that the terms in the third line are all zero.

Given an arbitrary profile of participation secure transfers, we can “recover” their in-
dividual excess growths ξ from equation (38) with the balanced division tΞzuzPZ such that
ΞH “ Σξ, Ξi “ ξi and Ξz “ 0 for all other z. Thus, the participation secure transfers given
by the balanced divisions are complete.

When N “ 2, then Z just consists of tH, 1, 2, 12, 21u. For a balanced division tΞzuzPZ ,
Ξ1 and Ξ2 are balanced and satisfies Ξ “ Ξ1 ` Ξ2; moreover, we have

ÿ

x2PX2

Ξ2px1, x2qρ2px2q “ Ξ21px1q,

and likewise for Ξ1 and Ξ12. Thus, the expression of ξi in (38) reduces to equation (37).

B.3 Rate of convergence

Our next result characterizes the rate of convergence of the bounds on revenue for the
optimal auctions model, under the maintained assumptions of Theorem 2:

Proposition 9. For all k ě 1,

|W (UB-Ppkq)´W (LB-Gpkq)| ď
θ

k
` op1{kq.

Proof of Proposition 9. Theorem 1 shows that W (UB-Ppkq) ě W (LB-Gpkq). The proof of
Theorem 2 shows that

W (LB-Gpkq) ě
k ´ 1

k ` C
W (UB-Ppkq)´

ˆ

1´
1

k

˙k2´1 ˆ
k ´ 1

k ` C
k ` k ´ 1

˙

Nθ.
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(a) Pure common values (b) Independent values

Figure 3: Rate of convergence.

for a constant C. Hence,

W (UB-Ppkq)´W (LB-Gpkq) ď
1` C

k ` C
W (UB-Ppkq)`

ˆ

1´
1

k

˙k2´1 ˆ
k ´ 1

k ` C
k ` k ´ 1

˙

N2θ.

Since W (UB-Ppkq) ď θ, this immediately gives the result.

We illustrate this rate of convergence with two examples, depicted in Figure 3. Both
examples are for N “ 2 and values in a grid t0, 0.1, . . . , 1u. In the left panel, agents have a
pure common value that is uniform t0, 0.1, . . . , 1u, i.e., µ is concentrated on the diagonal.
In the right-hand panel, values are independent and uniformly distributed on the grid. In
each case, the blue and red lines are W (UB-Ppkq) and W (LB-Gpkq), respectively. Note
that only the independent example satisfies the full-support hypothesis of Proposition 9.
Nonetheless, in both cases the green line is W (UB-Ppkq)pk ´ 1q{k and is always below the
red line, consistent with the theoretical rate of convergence.

We note that if pγ˚, σ˚, w˚q is a solution to (UB-Ppkq), then W(UB-Ppkq) is only an
upper bound on maximum profit of the information structure pXpkq, σ˚q across all mech-
anisms and equilibria, which is in turn only an upper bound on the value of (MIN-P). It
is logically possible that W(UB-Ppkq) and W(MIN-P) converge at a faster rate. A corre-
sponding statement applies to W(LB-Gpkq) and W(MAX-G)

B.4 Numerical examples for optimal auctions

B.4.1 Perfectly correlated values

We now present an example with N “ 2 and θ1 “ θ2 ` c for a constant c, i.e., values are
perfectly positively correlated. Agent 2’s value θ2 is uniformly distributed on an evenly
spaced grid of 10 values between 0 and 1.

Note that this example does not satisfy the full-support hypothesis, so that the asymp-
totic equivalence of (UB-Ppkq) and (LB-Gpkq) is not implied by Theorem 2. When values
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(a) Approximate optimal allocation (b) Limit optimal allocation

(c) Approximate optimal information

Figure 4: Guarantee-maximizing allocations and potential-minimizing information with
pure common values.

are pure common (c “ 0), however, the equivalence of these programs is a result of the
constructive argument in Theorems 3 and 4 of Brooks and Du (2021b). And the first part
of Theorem 2, that the local relaxations provide profit guarantees, does not depend on µ
having full support. In fact, we conjecture that Theorem 2 remains true in its entirety even
without full support.

We now proceed with the discussion of simulations. In the case of pure common value
(c “ 0), Brooks and Du (2021b) presented optimal mechanisms and information structures
in the limit when the action/signal space is all of R`. The mechanism has the form of
a “proportional auction,” in which the aggregate allocation and aggregate transfer only
depend on the aggregate action, and individual allocations and transfers are proportional
to actions. For this example, the aggregate allocation has the form QpΣxq “ mint1, αΣxu
for a constant α. Thus, each agent i’s allocation on the low rationing region is a simple linear
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function of their action: qipxq “ αxi. (This appears to be a general feature of aggregate
allocations for mechanisms in which the good is rationed for low aggregate actions.)

The top-left panel of Figure 4 shows the approximate optimal mechanism as computed
by solving (15) with k “ 7 (so that each agent has 50 actions). This mechanism guarantees
profit of at least 0.2564, or 51% of the expected value. The proportional auction (for which
the message space is all of R`) is depicted in the top-right panel for comparison. The ap-
proximate optimal allocation bears a close resemblance to the proportional rule, including
in the behavior of the aggregate allocation. Indeed, the solution in Brooks and Du (2021b)
was in part motivated by looking at simulations of this form. The approximate optimal
transfer does not suggest the proportional form. As we discuss in Section 5 and Appendix
B.1, even holding fixed a particular guarantee-maximizing allocation, there may be many
transfer rules which could complete a guarantee-maximizing mechanism. Numerical simu-
lations of (15) need not produce the most interesting or tractable solution. As a result, for
our subsequent examples, we will focus on optimal allocations (and the question of optimal
transfers is discussed further in Appendix B.1).

The bottom panel of Figure 4 shows the approximate potential-minimizing information
produced by (16). Profit in this information structure is at most 0.2856, so that the
gap between W(LB-Gpkq) and W(UB-Ppkq) is approximately 5.8% of the expected value.
Interestingly, the simulated potential-minimizing information very nearly coincides with the
theoretical solution with a continuum of signals: The interim expected value η1pxq “ η2pxq
is an increasing function of the aggregate signal. There is a cutoff, below which the interim
expected value grows exponentially, and above which the interim expected value is equal
to the ex post value. This structure gives rise to the discontinuities in the value function,
evident in Figure 4, which occur when the interim expected value jumps up to the next
higher value in the grid with increments of 0.1.

Our next simulation has c “ 0.1, so that there is common knowledge that agent 1’s value
is higher than agent 2’s.27 In this case, it is socially efficient to always allocate the good to
buyer 1. In contrast, the optimal mechanism takes into account the cost of incentivizing
truthtelling, and sometimes allocates to agent 2 so as to reduce information rents. The
simulated allocation is depicted in the top row of Figure 5. Together with the transfer that
solves (15), this mechanism guarantees profit at least 0.2977, while the efficient surplus (if
the good is always allocated to agent 1) is now 0.6.28 Remarkably, it appears that for signals
in which the aggregate allocation is 1, the allocation only depends on agent 1’s signal. The
approximate min-2max information structure has independent censored geometric signals,
with the interim value function for θ2 depicted in the bottom row of Figure 5. (Agent 1’s
interim expected value is simply η1pxq “ η2pxq ` 0.1.) Profit on this information structure
is at most 0.2856. Thus, while this example does not satisfy the full support assumption,
we see that the upper and lower bounds on profit are quite close. Note that agent 1’s

27Note that this model does not have pure common values and is not characterized by Brooks and Du
(2021b).

28Note that the profit guarantee rises by much less than the increase in the efficient surplus, because
in order to realize that gain, it would be necessary to allocate the good to agent 1, which in turn would
necessitate granting agent 1 a large information rent.
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(a) Approximate optimal allocations

(b) Approximate optimal interim value

Figure 5: Approximate guarantee-maximizing mechanism and potential-minimizing infor-
mation with perfectly correlated asymmetric values (c “ 0.1).

allocation hits 1, and agent 2’s allocation hits 0, precisely on the region where the interim
expected value maxes out, i.e., η1 “ 1.1 and η2 “ 1.

As c increases, the region where the allocation is interior shrinks. When c is sufficiently
large, the optimal mechanism always allocates the good to agent 1.

B.4.2 Independent values

Our next example involves two agents whose values are independently distributed on the
same ten-point grid in r0, 1s. The simulated allocation and interim values for agent 1 are
depicted in Figure 6. The corresponding objects for agent 2 are symmetric.

The allocation that solves (15) is in the left panel. The expected highest value in this
discrete example is 0.683, and the approximate optimal mechanism guarantees profit of at
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(a) Approximate optimal allocation (b) Approximate optimal interim value

Figure 6: Approximate guarantee-maximizing mechanism and potential-minimizing infor-
mation for independent values.

least 0.2826, or approximately 41% of the efficient surplus.29 We again see a region where
the aggregate action is below a cutoff on which the good is rationed, and each agent’s
allocation is linear in their action. A striking result is that on the high region where the
good is always allocated, it appears that the allocation only depends on the difference in
the agents’ signals, with a agent’s allocation being increasing in their action.

The interim expected value is on the right panel. Maximum profit on this information
structure is at most 0.3170. While agents’ ex post values are independent, their interim
expectations are highly correlated, with both agents’ interim expected values being higher
when the absolute difference in their signals is large. Agent i’s interim value is highest when
xi ´ xj is above a threshold. The set of signals where agent i’s interim value is maximized
roughly corresponds to the set of actions where their allocation hits 1.

B.4.3 Multiple goods

We now present numerical simulations of the multigood optimal auctions model, for the
special case of two agents. First assume agents have pure common values for each good, so
θl,1 “ θl,2 almost surely for each l “ 1, 2. The common values are independently distributed
across goods. The lower and upper bounds on Π˚ are 0.5942 and 0.6542, respectively. The
optimal mechanism and information are depicted in Figure 7. (Agent 1’s allocations are
depicted, with agent 2’s allocations being symmetric.) The simulation clearly indicates
that the allocation and interim expected values for the two goods are exactly the same.
Thus, the two-good pure common value model reduces to a single-good pure common value
model, in which the value for the single good is the sum of the values of the two goods.

29Thus, while the profit guarantee is higher than with perfectly correlated values, it does not rise nearly
as much as the expected value. The reason, of course, is that the agents can obtain higher information
rents when their values are independent.
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(a) Approximate optimal allocations

(b) Approximate optimal interim value

Figure 7: Approximate guarantee-maximizing mechanism and potential-minimizing infor-
mation with pure common values and two goods.

This is in spite of the fact that the underlying values are independent across the two goods.
Why should this be the case? Clearly the seller can treat the two goods as one, and only
offer them bundled together, in which case all that matters are agents’ beliefs about the
value of the bundle. At the same time, it is possible that the information structure only
gives agents information about the value of the bundle, as in the simulation. In this case,
the symmetry of the underlying value distribution implies that η1,ipxq “ η2,ipxq for all x,
i.e., agents always assign the same interim expected value to both goods. As a result, the
seller can do no better than the optimal profit guarantee when the goods are bundled.

Indeed, we conjecture that the limit analysis of Brooks and Du (2021b) can be gen-
eralized to formally show that proportional auctions for the grand bundle are guarantee-
maximizing when there are multiple goods with pure common values and the distribution
of the goods’ values is exchangeable. More broadly, let us say that a value distribution is
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Figure 8: Guarantee-maximizing allocation with two goods with non-exchangeable values.

exchangeable across goods if whenever θ1i is obtained from θi by permuting the goods and
using the same perturbation for all i, we have µpθq “ µpθ1q.30 We conjecture that if val-
ues are exchangeable across goods, then the multi-good problem reduces to a single-good
problem in which agents only learn about their value for the grand bundle, and the seller
only offers the grand bundle for sale.

If, however, values are not exchangeable across goods, then the multiple-good problem
need not reduce to an auction for the grand bundle, as the following example shows. Let
us now suppose that agent 2’s values θ2,l are distributed as before, uniform on each good l
and independent across goods; agent 1 has the same value for good 2 as agent 1 but assigns
more value to good 1 than agent 2: θ1,2 “ θ2,2 and θ1,1 “ θ2,1`1. The approximate optimal
allocations are depicted in Figure 8. As we can see, agents receive each good with different
probabilities. As we would expect, good 1 is mostly allocated to agent 1, since their value
for that good is much higher. Interestingly, agent 1 also tends to get more shares of good

30We thank a referee for suggesting this notion of exchangeability, which is a weaker than the definition
proposed in an earlier version of this paper.
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2 than agent 2, even though the two agents have the same value for good 2, because of the
endogenous bundling of the two goods in the guarantee-maximizing mechanism.

B.5 Transfer rules for constant-sum values

In this section we compute the transfers (applying Propositions 7 and 8) for the constant
sum example (Section 6). We first take k Ñ 8 and then take mÑ 0.

B.5.1 Ξipxq “ Ξpxq{2

Let us first consider the case where the agents initially get half of the aggregate excess
growth: Ξ1 “ Ξ2 “ Ξ{2.

Taking k Ñ 8, the aggregate excess growth from equation (27) becomes

Ξpxq “ ´
1

2m
p1´ expp´mqq `

1

2m
I|x1´x2|ăm,

where we have modified the constant to make Ξ balanced for a fixed m ą 0 (see the
paragraph following (27) for a discussion about the distribution of |x1 ´ x2|).

The individual excess growth (equation (37)) and the transfers (equation (34)) in the
limit are

ξipxq “
1

2
Ξpxq ´

1

2

ż 8

yi“0

expp´yiqΞpyi, xjqdyi `
1

2

ż 8

yj“0

expp´yjqΞpxi, yjqdyj

“´
1

4m
p1´ expp´mqq `

1

4m
I|xi´xj |ăm

´
1

4m

ż 8

yi“0

expp´yiqI|yi´xj |ămdyi `
1

4m

ż 8

yj“0

expp´yjqI|xi´yj |ămdyj

(39)

and

tipxq “
´1

expp´xiq

ż 8

yi“xi

expp´yiqξipyi, xjqdyi

“´

ż 8

yi“0

expp´yiqξipxi ` yi, xjqdyi.

Substituting ξi into ti, we get

tipxq “
1

4m
p1´ expp´mqq ´

ż 8

yi“0

1

4m
I|xi`yi´xj |ăm expp´yiqdyi (40)

`
1

4m

ż 8

yi“0

expp´yiqI|yi´xj |ămdyi ´
1

4m

ż 8

yi“0

ż 8

yj“0

expp´yj ´ yiqI|xi`yi´yj |ămdyjdyi

“
1

4m
p1´ expp´mqq

loooooooooomoooooooooon

A

´
1

4m
pexpp´maxpxj ´ xi ´m, 0qq ´ expp´maxpxj ´ xi `m, 0qqq

loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon

B

`
1

4m
pexpp´maxpxj ´m, 0qq ´ expp´pxj `mqqq

loooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooon

C

´
1

4m
pLp´xi `mq ´ Lp´xi ´mqq

loooooooooooooooooooomoooooooooooooooooooon

D

,
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where L is the CDF of a Laplace distribution:

Lpzq “

#

exppzq{2 z ă 0;

1´ expp´zq{2 z ě 0.

Using L’Hôpital’s rule to take mÑ 0, we get

A “ 1{4;

B “

$

’

&

’

%

0 xj ă xi;

1{4 xj “ xi;

expp´xj ` xiq{2 xj ą xi;

C “

#

1{4 xj “ 0;

expp´xjq{2 xj ą 0;

D “ expp´xiq{4.

So in the limit as mÑ 0, we have

tipxq “

$

’

&

’

%

1{4´ expp´xj ` xiq{2` expp´xjq{2´ expp´xiq{4 xi ă xj;

expp´xjq{2´ expp´xiq{4 xj “ xi;

1{4` expp´xjq{2´ expp´xiq{4 xi ą xj,

(41)

when xj ą 0, and

tipxq “

#

0 xi “ 0;

1{2´ expp´xiq{4 xi ą 0,
(42)

when xj “ 0.

B.5.2 Ξipxq “ Ξpxq{2` c signpxi ´ xjq

We now show that an alternative initial division of the aggregate excess growth yields a
simpler transfer rule. To this end suppose initially agent i gets Ξipxq “ Ξpxq{2`c signpxi´
xjq, where c is a constant, and signpzq is 1 if z ą 0, ´1 if z ă 0, and zero if z “ 0.

The individual excess growth (equation (37)) in the limit is now

ξipxq “
Ξpxq

2
` c signpxi ´ xjq ´

ż 8

yi“0

expp´yiq

ˆ

Ξpyi, xjq

2
` c signpyi ´ xjq

˙

dyi

`

ż 8

yj“0

expp´yjq

ˆ

Ξpxi, yjq

2
` c signpyj ´ xiq

˙

dyj

Let us denote the difference between the above equation and equation (39) as

ηipxq ” c signpxi ´ xjq ´

ż 8

yi“0

expp´yiqc signpyi ´ xjqdyi `

ż 8

yj“0

expp´yjqc signpyj ´ xiqdyj.
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The transfer given by Ξipxq “ Ξpxq{2` c signpxi ´ xjq is equation (40) plus

∆ipxq ” ´

ż 8

yi“0

expp´yiqηipxi ` yi, xjqdyi

“´

ż 8

yi“0

c signpxi ` yi ´ xjq expp´yiqdyi `

ż 8

yi“0

expp´yiqc signpyi ´ xjqdyi

´

ż 8

yi“0

ż 8

yj“0

expp´yj ´ yiqc signpyj ´ xi ´ yiqdyjdyi

“´ cp2 expp´maxpxj ´ xi, 0qq ´ 1q ` cp2 expp´xjq ´ 1q ` cp1´ expp´xiqq.

Taking c “ ´1{4 and adding ∆ipxq to equations (41) and (42), we get as mÑ 0

tipxq “

$

’

&

’

%

0 xi ă xj;

1{4 xj “ xi;

1{2 xi ą xj,

when xj ą 0, and

tipxq “

#

0 xi “ 0;

1{4 xi ą 0,

when xj “ 0.
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