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Abstract

We consider the design of optimal auctions when buyers may have asymmetric

and/or interdependent values. All that is known to the seller is each buyer’s ex ante

expected value and an upper bound on the values. We describe a new class of mech-

anisms which we term compound proportional auctions: Each buyer submits a bid,

which is a non-negative real number. The auction then clears in a series of rounds.

Within each round, a proportional auction (Brooks and Du, 2021b) is run to allocate

the remaining supply that is left over from previous rounds, among a set of active

buyers. At the end of the round, those active buyers with the lowest expected value

become inactive. Our main result is that compound proportional auctions maximize

the revenue guarantee: minimum expected revenue across all information structures

and Bayes Nash equilibria.
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1 Introduction

A classic and fundamental problem in the theory of mechanism design concerns how to

maximize revenue from the sale of goods. This topic has been the subject of intense study

for nearly fifty years. In certain settings, economic theory has produced valuable insights. If

there is a single buyer for a single unit of a good, the optimal mechanism is simply a posted

price (Riley and Zeckhauser, 1983). When there are multiple buyers with independent private

values, then the class of optimal mechanisms has been concisely described by Myerson (1981).

In the further special case where the buyers are symmetric and each buyer’s value distribution

is log-concave, we have the celebrated result that both first- and second-price auctions with

reserve prices are optimal mechanisms. Beyond those settings, the results are less compelling.

It has long been understood that relaxing independence in private information generically

leads to cases in which the seller can extract surplus using mechanisms in which the buyers bet

on one another’s private information. In extreme cases, the seller can use such mechanisms to

capture all of the efficient surplus (Crémer and McLean, 1988). Going beyond private values,

the precise form of interdependence in valuations matters a great deal. Even when signals

are independent, the theory can rationalize posted prices, English auctions, or more exotic

mechanisms as being optimal (Bulow and Klemperer, 1996, 2002; Bergemann, Brooks, and

Morris, 2020). The theory therefore does not provide clear guidance as to which mechanisms

are efficacious, without making detailed assumptions about the form of private information.

In this paper, we develop a new theory of optimal auctions in a setting with many buyers

who may have interdependent valuations, and who may be asymmetric ex ante. Unlike the

prior literature, we do not postulate a specific model of the buyers’ private information, nor

do we assume a particular correlation structure for the buyers’ ex post valuations. Instead,

the only parameters of our design problem are the buyers’ prior expected valuations of the

good. A mechanism’s revenue guarantee is the greatest uniform lower bound on revenue that

holds across all models of values and information and all Bayes Nash equilibria, subject only

to the mean constraints. We design auctions that maximize the revenue guarantee.

Our main result is that the optimal revenue guarantee is attained with a novel class of

mechanisms that we term compound proportional auctions (CPAs): Each buyer submits a

bid, which is a non-negative number that can be thought of as a demand for a quantity of

the good. Allocations and transfers are then determined over a series of rounds.1 At the

1While we offer a sequential interpretation of the auction, each buyer submits a single bid that is used in
all rounds. We discuss possible dynamic interpretations later in the paper, in which the buyers can submit
different bids for different rounds. However, any true dynamic implementation would entail some release
of information about the progress of the auction, which could be used to support dynamic strategies that
would alter the auction’s incentives and might lead to revenue below the optimal guarantee.
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end of each round, the buyer with the lowest prior mean drops out. Within a round, each

remaining buyer wins the good with probability that is linearly increasing in their bid, until

the point where the total allocation probability would exceed one, and then allocations are

proportional to bids. The winner pays a price for the good that is a function of the sum of

all of the bids of the active buyers, as well as the bids of buyers who have already dropped

out. The rounds continue in this manner until the good is allocated or until there are no

remaining buyers.2

The fact that the CPA optimizes the revenue guarantee is related to how it balances

expected revenue against the buyers’ incentives. In particular, the sum of revenue and

buyers’ local incentives to deviate is constant across action profiles, whenever the bids are

low enough so that the good is withheld with positive probability. Moreover, when values

are high, the sum of revenue and local incentives is equalized across all action profiles. This

limits the scope for information and equilibrium strategies to correlate bids with valuations

in a way that depresses revenue. In particular, bid profiles with lower revenue also have a

higher average gains from local deviations. If bids with low revenue occurred too frequently,

then buyers would have a strict incentive to deviate. This is what makes the auction resistant

to adverse selection or a winner’s curse that might depress revenue in a first- or second-price

auction.

The sensitivity of each buyer’s allocation to their action is a key determinant of the total

local incentives and how those incentives are related to ex post values.3 A higher allocation

sensitivity tends to increase the contribution to the guarantee from high values but decreases

it from low values. As a result, the optimal level of sensitivity for a buyer turns out to be

increasing in their expected value. For this reason, it is optimal to skew the allocation

towards the high value buyers. In the CPA, this is achieved by having buyers with higher

expected values participate in more rounds.

We reiterate that the guarantee of the CPA is implied by the structure of local incentives,

in the natural order on real-valued bids. In that sense, the guarantee does not rely on the

full force of equilibrium: As long as the buyers share a common understanding of how bids

and valuations are jointly distributed, and as long as each buyer’s bid is locally optimal,

then the guarantee will be satisfied.

In the special case where all of the buyers have the same ex ante expected value, the CPA

reduces to a proportional auction in the sense of Brooks and Du (2021b): The auction clears

2We interpret the auction as randomizing if the good is indivisible. If the good is divisible, then the
auction allocates shares of the good to the buyers, with some of the shares being allocated in each round.

3The reader may wonder, sensitivity to actions in what units? As will become evident, all of these
statements are with respect to a particular choice of units for actions, under which the optimal Lagrange
multiplier on local equilibrium constraints is a constant that is the same for all buyers.
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in a single round; buyers submit non-negative bids, each buyer’s probability of receiving the

good is proportional to their bid, and the winner pays a price per unit that is a function of

the sum of the bids. Thus, another contribution of our paper is to provide a foundation for

the use of proportional auctions, beyond the special case of pure common values analyzed

by Brooks and Du (2021b).

In addition to maximizing the guarantee, we show that the CPA maximizes expected

revenue for a particular “worst case” environment, in which the buyers observe signals that

are independently distributed, and each buyer’s interim expected value is a function of a

weighted sum of the buyers’ signals, with higher weights on the signals of those who have

higher ex ante expected values. Thus, in the most challenging environment, the buyers’

values end up being comonotonic. In the special case of ex ante symmetric buyers, the most

challenging environment is one in which the buyers have pure common values. Intuitively,

this is the configuration that minimizes the expected highest value, and therefore is associated

with the lowest possible efficient surplus.

For a simple numerical example, suppose that there are two buyers who have values that

are either 0 or 1. If both buyers have an expected value of 1/2, then the optimal guarantee is

approximately 0.253, or a little over half of a single buyer’s expected value. This guarantee is

achieved by a proportional auction. If buyer 1’s value is 3/5 and buyer 2’s value is 2/5, then

the optimal guarantee increases to 0.271. Figure 3 below shows how the optimal guarantee

varies with buyer 1’s expected value, keeping the sum of the expected values equal to 1.

As buyer 1’s expected value approaches 1 and buyer 2’s expected value approaches 0, the

optimal guarantee also approaches 1.

While it is Bayesian optimal for the particular worst-case environment, the CPA is of

course not an optimal mechanism for every information structure. For example, if the buyers’

signals were correlated, then it may be possible for the seller to do significantly better, and

perhaps even extract all the surplus, by offering the buyers bets about one another’s private

information. The CPA does not offer such bets, and they would not improve the guarantee,

simply because the CPA is guarding against worst-case environments in which buyers’ signals

are independently distributed.

Even so, the CPA is weakly dominated by other mechanisms that would perform as well in

the worst case and could perform better in other environments (Börgers, 2017).4 Indeed, since

the information structure is modeled as common knowledge among the buyers, one could in

principle design mechanisms that induce the buyers to reveal their common knowledge to

the mechanism, which is in turn used to design and run the Bayesian optimal mechanism.

4See also Börgers, Li, and Wang (2025) and Kambhampati (2025) for more recent work on undominated
mechanisms.
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This approach is entirely consistent within the theoretical model, but we worry that it risks

taking the common prior information structure and Bayes Nash equilibrium too literally

as descriptions of buyers’ knowledge and behavior. By contrast, we view these modeling

devices as loose metaphors for forces towards common knowledge and optimality that do

exist in the world, but that do not adhere strictly to the precise mathematical structure

with which they are portrayed in the model. In particular, the information structure is not

an explicit object that a buyer is aware of or could communicate to the mechanism. We

see it as a desirable and emergent feature of this theory that there are revenue guarantee-

maximizing mechanisms that do not ask the buyers to report an information structure or their

higher-order beliefs. That is an intentional tradeoff; by sacrificing performance in certain

environments, we obtain a simpler mechanism, that still optimally manages incentives in the

most challenging environments.

Our paper contributes to a large body of related literature. Riley and Zeckhauser (1983)

proved optimality of posted prices in the case of a single buyer. Optimal auction design with

one or more buyers was pioneered by Myerson (1981) in the independent private values model,

and extended by Bulow and Klemperer (1996) to interdependent values with independent

signals. Myerson (1981), and later Crémer and McLean (1985, 1988), McAfee, McMillan,

and Reny (1989), and McAfee and Reny (1992) analyzed the case with correlated private

information and provided conditions under which the seller can extract the full surplus by

offering the buyers bets about one another’s private information. Luz (2013) further extends

that analysis to cases where full surplus extraction is not possible but the seller can still use

such bets to separate types by their beliefs.

All of the aforementioned papers study partial implementation, i.e., what can be achieved

in the designer’s preferred equilibrium. A distinct strand of the literature, following the

celebrated work of Maskin (1999), studies mechanism design with full implementation, i.e.,

what can be achieved in all equilibria. Relatedly, Abreu and Matsushima (1992a,b) study

virtual implementation in mechanisms for which there is a unique rationalizable strategy

profile. Our work embraces elements of both traditions. Like the literature on partial

implementation, we study Bayes Nash equilibria. But in the spirit of full implementation,

we embrace the possibility that agents have common knowledge (of the information structure)

that is revealed to the mechanism through agents’ behavior, and we also consider how revenue

varies across all equilibria. As noted above, we endogenize the social choice function that

is implemented by the designer using a maxmin criterion. As a result, the auctions that

maximize the guarantee do not explicitly extract the common knowledge of the buyers.

And in contrast to the integer games or the particular sequential punishment structure that

appear in prior constructions, the CPA features one-dimensional bids, and the guarantee is
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implied just by local equilibrium constraints.

Our paper is part of a large body of work that has introduced robustness concerns into

auction design. This work has roots in dominant strategy implementation (Dasgupta, Ham-

mond, and Maskin, 1979), and seminal works by Bergemann and Morris (2005) and Chung

and Ely (2007), who provide rationales for ex post implementation in certain environments.5

Ex post implementation has been critiqued by Jehiel et al. (2006), who prove that for a cer-

tain class of problems, ex post implementation generically requires the implemented social

choice function to be constant.

There is a rich literature that has used dominant strategy implementation to study ro-

bustness to fundamentals, while maintaining the assumption that each buyer knows only

their private values. Work along these lines includes Yamashita (2018) with private values

and additional information, Che (2022) with known mean constraints, He and Li (2022)

concerning the correlation between values with known marginals, and He et al. (2024) for

combinatorial auctions. In a single agent context, Carroll (2017), Deb and Roesler (2023),

and Che and Zhong (2025) study multi-dimensional screening and robustness to fundamen-

tals with multi-product monopoly with unknown correlation between dimensions.

In our model, the designer faces uncertainty about both fundamentals (in terms of the

joint distribution of ex post valuations) and also information (the signals and the joint

distribution between signals and valuations). No assumption is made about the information

that buyers have about their own or others value. In particular, there is no component of

the buyers’ types, known to the designer, with respect to which incentives could be provided

ex post. Instead, we consider how the mechanism’s performance would vary across all Bayes

Nash equilibria.

Other work on robustness in mechanism design has emphasized uncertainty about the

form of the agents’ information about fundamentals. Roesler and Szentes (2017) model

monopoly pricing where there is uncertainty about the buyer’s information about their own

value. Carrasco et al. (2017) and Du (2018) solve for mechanisms that maximize the revenue

guarantee with a single buyer, where again the guarantee is just over information, holding

fixed the distribution of ex post values. Bergemann, Brooks, and Morris (2017) computed the

revenue guarantee for the first-price auction. Bergemann, Brooks, and Morris (2019) showed

in symmetric environments that the first-price auciton maximizes the guarantee among a

class of “standard” auctions. In a pure common values setting, Du (2018) constructed

sequences of auctions that asymptotically maximize the revenue guarantee when the number

5Yamashita and Zhu (2018) and Chen and Li (2018) extend Chung and Ely’s maxmin foundation for
ex post implementation, and argue that as long as each agent has at most one binding equilibrium or
participation constraint at the optimal ex post mechanism, there are (possibly non-common prior) beliefs of
the agents under which the designer can do no better than ex post implementation.

6



of buyers goes to infinity. Bergemann, Brooks, and Morris (2016) computed a revenue

guarantee maximizing auction in a two-buyer model with binary common values. Brooks

and Du (2021b) derived proportional auctions as the revenue guarantee maximizers in a

general pure common value setting with a finite number of buyers.6

Ours is the first paper to extend this theory beyond common values to models with arbi-

trary interdependence in preferences. We show that proportional auctions are still guarantee

maximizers even with interdependence, but with unknown correlation. We also introduce the

CPA, which is a natural extension of the proportional auction to settings with asymmetric

buyers.

There is also a voluminous body of work in computer science on approximation in mech-

anism design. The results generally concern lower bounds on performance as a fraction of

some benchmark, where the benchmark varies depending on context. At the risk of over-

generalization, by our reading, the vast majority of this work assumes private values and

seller-preferred equilibrium, and considers how performance is affected by the distribution of

valuations. A more comprehensive review is beyond the scope of this article. We refer the

reader to Hartline and Roughgarden (2009) for an entry point into this literature.

On the more methodological side, our analysis builds on the first-order approach in

informationally-robust mechanism design introduced in Brooks and Du (2021b, 2024b,a). In

particular, the CPA is the auction that maximizes the expected lowest strategic virtual objec-

tive. In effect, it achieves the optimal balance across actions of revenue and local incentives

of the buyers. As shown by Brooks and Du (2024a), this methodology can be applied to

solve for guarantee-maximizing mechanisms in general mechanism design environments with

expected utility preferences. The approach, as it applies to our auction design problem, is

described in more detail in Sections 3 and 4.7

The rest of this paper is structured as follows: Section 2 describes our model. Section

3 presents a simple two buyer example that illustrates the logic behind the CPA. Section 4

describes the general version of the CPA, and proves a lower bound on its revenue guarantee.

Section 5 proves that this lower bound is tight: There are information structures for which

the CPA’s guarantee is equal to maximum revenue across all mechanisms and equilibria.

Not all mechanisms that maximize the guarantee are CPAs. In Section 6, we describe

other guarantee-maximizing mechanisms, and we discuss why the CPA is relatively simple

6Other work on informationally-robust guarantee maximization includes Brooks, Du, and Zhang (2026)
on market exchange with common and idiosyncratic components in values, and Brooks and Du (2023, 2024a)
on public goods problems and bilateral trade.

7The present paper subsumes earlier work of Brooks and Du (2021a). That paper identified the same
optimal guarantee, and showed that the proportional auction was a guarantee maximizer in the symmetric
case, but did not identify the CPA as a guarantee-maximizing mechanism.
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compared to other known solutions.

Section 7 is a discussion. Omitted proofs are contained in Appendix A.

2 Model

There are buyers i = 1, . . . , N and a seller. Each buyer i has a value vi ∈ [0, v]. Buyer

i’s ex ante expected value is known to be v̂i. Without loss, we order the buyers so that

v̂1 ≥ v̂2 ≥ · · · ≥ v̂N .

A mechanism is a tuple M = (A, q, t) consisting of: a measurable set of actions Ai for

each buyer, with A =
∏

iAi; an allocation rule q : A → [0, 1]N with
∑

i qi(a) ≤ 1 for all

a ∈ A; and a transfer rule t : A → RN . An action ai is secure if ti(ai, a−i) ≤ 0 for all a−i.
8

A mechanism is participation secure if every buyer i has at least one secure action.

An information structure is a tuple I = (S, σ) consisting of: a measurable set of signals

Si for each buyer, with S =
∏

i Si; and a joint probability measure σ ∈ ∆(S × [0, v]N), with

the property that for each i,
∫
s,v

viσ(ds, dv) = v̂i. In other words, each buyer i’s expected

value under σ is v̂i. The information structure has common values if v1 = · · · = vN with

probability one.

Given a pair (M, I) of a mechanism and an information structure, a strategy for buyer i

is a probability transition kernel bi : Si → ∆(Ai). Given a strategy profile b = (b1, . . . , bN),

we write b(da|s) =
∏

i bi(dai|si) for the induced kernel from S to ∆(A). The ex ante expected

utility of buyer i is

Ui(b;M, I) =

∫
s,v,a

(viqi(a)− ti(a))b(da|s)σ(ds, dv).

Ex ante expected revenue is

R(b;M, I) =

∫
s,v,a

(∑
i

ti(a)

)
b(da|s)σ(ds, dv).

The profile b is a (Bayes Nash) equilibrium of (M, I) if Ui(b;M, I) ≥ Ui(b
′
i, b−i;M, I) for

every i and strategy b′i. The set of equilibria is E(M, I).

The revenue guarantee of a mechanism M is

G(M) = inf
I

inf
b∈E(M,I)

R(b;M, I).

8This definition is equivalent to the one given in Brooks and Du (2024b).
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The revenue potential of an information structure I is

P (I) = sup
M participation secure

sup
b∈E(M,I)

R(b;M, I).

3 Example

Our goal in this paper is to understand which mechanisms provide favorable revenue guar-

antees. Our main contribution is to propose a new class of mechanisms, which we term

compound proportional auctions. In this section, we will motivate these mechanisms by

studying a simple example with two buyers. This discussion is informal; rigorous proofs of

the results we describe will be given later in the paper.

3.1 Common-value auctions

To start, we will suppose that v = 1 and v̂1 = v̂2 = 1/2. A variant of our model has been

studied by Brooks and Du (2021b), where the further assumption was made that v1 = v2

with probability one. In other words, the buyers were assumed to have pure common values.

A key result of that paper is that for a certain class of differentiable mechanisms, there

is a lower bound on the revenue guarantee given by the expected lowest strategic virtual

objective. In particular, suppose that Ai = R+ and that the partial derivatives ∂qi(a)/∂ai

and ∂ti(a)/∂ai exist everywhere. Then G(M) is at least

inf
{µ∈∆([0,1])|

∫
v vµ(dv)=1/2}

∫
v

µ(dv) inf
a∈R2

+

∑
i

[
ti(a) +

∂

∂ai
(vqi(a)− ti(a))

]
︸ ︷︷ ︸

≡λ(v,a)

. (1)

It is the term in square brackets that is referred to as the strategic virtual objective (SVO),

which we denote by λ(v, a). The expression (1) is the optimal value of a Lagrangian for the

problem of minimizing expected revenue over all information structures and equilibria, but

where we have dropped all equilibrium constraints except for those associated with “local”

deviations in the standard order structure on R+, and we have attached a constant multiplier

(equal to 1) on those constraints. This lower bound may seem quite arbitrary, but in fact it

is known to be tight (Brooks and Du, 2024a,b).

It is important to note that the SVO is linear in v, so that we can replace the outer

infimum over µ with an expectation over v ∈ {0, 1}, both equally likely, which must weakly
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decrease the expression (1). Thus, if we define

λ(v) = inf
a
λ(v, a),

then (1) reduces to

1

2
λ(0) +

1

2
λ(1).

In fact, as Brooks and Du (2021b) show, not only is this a lower bound; there are guarantee-

maximizing auctions for which G(M) is equal to (1).9

Brooks and Du (2021b) identify a particular class of guarantee maximizers that they term

proportional auctions : For some scalar η > 0 and for a differentiable function T : R+ → R+,

the mechanism is given by

qi(a) = min

{
ηai,

ai
a1 + a2

}
;

ti(a) =

(
ai

a1 + a2

)
· T (a1 + a2).

In other words, as long as η(a1 + a2) ≤ 1, each buyer’s allocation is ηai, and above that

threshold, the good is allocated proportionally. The parameter η controls the sensitivity of

the allocation to buyers’ actions. The buyers together pay an aggregate transfer T (a1 + a2)

that only depends on the sum of their actions. Each buyer’s share of this aggregate transfer

is proportional to their action.

To see why this structure is effective for maximizing (1), note that the strategic virtual

objective simplifies to

λ(v, a) =

T (a1 + a2) + 2ηv − 1
a1+a2

(T (a1 + a2))− T ′(a1 + a2) if η(a1 + a2) < 1.

T (a1 + a2) +
1

a1+a2
(v − T (a1 + a2))− T ′(a1 + a2) if η(a1 + a2) ≥ 1.

In other words, λ(v, a) only depends on x = a1+a2. This limits the scope for information to

coordinate equilibrium behavior to depress the SVO, since all that matters is the sum of the

buyers’ actions. This reflects a common feature of informationally robust mechanisms, that

they tend to equalize the SVO across action profiles (see also Brooks and Du, 2023, 2024b).

Within the class of proportional auctions, and given a value for the sensitivity η, the

9The result that the guarantee is at least the expected lowest strategic virtual objective was generalized
to a broad class of mechanism design problems by Brooks and Du (2024b). Moreover, as shown in Brooks
and Du (2024a), for any mechanism M , there is another mechanism M ′ for which (1) is at least G(M). In
that sense, the lower bound is always tight.

10



guarantee is maximized by a particular aggregate transfer rule T , chosen so that λ(1, a) is

constant everywhere, λ(0, a) is constant when ηΣa ≤ 1, and λ(0, 1/η) < λ(0, a) for Σa >

1/η.10 This further equalizes and “balances” the SVO across action profiles and limits the

scope for adversarial information and equilibrium to depress revenue. On the region ηx ≤ 1,

an aggregate transfer rule with these properties solves the ordinary differential equation

T ′(x) +

(
1

x
− 1

)
T (x) = −λ(1) + 2η

with the solution (subject to T (0) = 0) being

T (x) =
1

x exp(−x)

[∫ x

y=0

y exp(−y)
[
−λ(1) + 2η

]
dy

]
.

For ηx > 1, the aggregate transfer solves

T ′(x) +

(
1

x
− 1

)
T (x) = −λ(1) +

1

x

=⇒ T (x) =
1

x exp(−x)

[
(1/η) exp(−1/η)T (1/η) +

∫ x

y=1/η

y exp(−y)

[
−λ(1) +

1

y

]
dy

]
.

Because λ(0, a) is minimized when
∑

a < 1, this construction implies that λ(0) = λ(1)−2η.

All else equal, the seller would prefer a higher λ(1). However, if λ(1) is too high, in particular

larger than ∫ 1/η

y=0

y exp(−y) · 2η dy +

∫ ∞

y=1/η

y exp(−y) · 1
y
dy, (2)

then limx→∞ T (x) → −∞, and the resulting mechanism would have no equilibria: Given a

candidate equilibrium in which ai is a best reply, a buyer could always deviate to a large

number a′i > ai, win the good with weakly higher probability, and guarantee themselves a

large payment from the mechanism close to −T (a′i). Thus, the optimal solution is to set

λ(1) equal to (2).11

Let us denote the proportional auction just derived by M(η), with associated SVO

10This pattern for SVO minimizers satisfies complementary slackness with a potential-minimizing infor-
mation structure, in which interim values are in [0, 1] when a1 + a2 ≤ 1/η, and the interim value is 1 when
a1 + a2 > 1/η. The complementarity is that both v = 0 and v = 1 are SVO-minimizers when a1 + a2 ≤ 1/η,
and v = 1 is the unique minimizer when a1 + a2 > 1/η. See Brooks and Du (2024b) for a further discussion
of complementary slackness in informationally-robust mechanism design.

11Brooks and Du (2021b) address the possibility of equilibrium non-existence, and that the guarantee
may be vacuous, by only considering strong maxmin solutions. We revisit this approach in Theorem 2 below.
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Figure 1: Left: The functions λ(0; η) and λ(1; η). Right: The locus of (λ(0; η), λ(1; η)) pairs.

λ(v, a; η), optimal SVO λ(v; η), and so on. The associated lower bound on the guarantee is

G(M(η)) = (1− v̂)λ(0; η) + v̂λ(1; η) = 2ηv̂ + λ(0; η).

This formula reveals a key tradeoff: The more sensitive the allocation is to buyers’ actions

(meaning the higher is η), the larger is the spread λ(1; η)−λ(0; η) = 2η between the SVOs for

high and low values. At the same time, λ(0; η) is decreasing in η. This tradeoff is depicted

graphically in Figure 1. The left panel shows the curves λ(v; η), as well as the frontier of

(λ(0; η), λ(1; η)) pairs that can be induced in a proportional auction for some η. The optimal

η therefore depends on v̂, and the higher is the expected value, the higher is the allocation

sensitivity that maximizes the guarantee. We denote the optimal sensitivity when v̂ = 1/2

by η ≈ 0.375, with associated optimal guarantee of approximately 0.253.

3.2 Adding interdependence

We now return to the more general version of the problem studied in this paper, where

each buyer’s expected value is 1/2, but the correlation structure is unknown. It is still

possible that the values are perfectly correlated, as in the pure common value case, but

other distributions are also possible, e.g., where the value profiles (1, 0) and (0, 1) are both

equally likely. Because there are now more information structures over which the guarantee

has to hold, the guarantee must be weakly lower than when values are known to be common.

In this more general model, there is an analogous lower bound to (1), but where the
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buyers’ values may be different:

inf
{µ∈∆([0,1]2)|

∫
v viµ(dv)=1/2∀i=1,2}

∫
v

µ(dv) inf
a∈R2

+

∑
i

[
ti(a) +

∂

∂ai
(viqi(a)− ti(a))

]
︸ ︷︷ ︸

≡λi(vi,a)

. (3)

Again, the SVO is linear in v, so we may without loss rewrite the problem as minimization

over all µ that are supported on {0, 1}2, and for which the marginals are uniform. Thus, the

expression (3) reduces to

inf
{µ∈∆({0,1}2)|

∫
v viµ(dv)=1/2∀i=1,2}

∫
v

µ(dv) inf
a
[λ1(v1, a) + λ2(v2, a)] .

This expression is similar to what we had before, but with two important differences: First,

the values need not be the same, and second, the strategic virtual objective is now additively

separable across players and has the functional form λ1(v1, a) + λ2(v2, a).

Now, suppose the mechanism is the same proportional auction that maximized the rev-

enue guarantee in the common value setting. We will argue that even though the set of

information structures is larger, in fact, the guarantee has not changed. To conclude this,

we first calculate the SVO induced by M(η):

∑
i

λi(vi, a) =

T (a1 + a2) + η(v1 + v2)− 1
a1+a2

(T (a1 + a2))− T ′(a1 + a2) if η(a1 + a2) < 1.

T (a1 + a2) +
a2v1+a1v2
(a1+a2)2

− 1
a1+a2

(T (a1 + a2))− T ′(a1 + a2) if η(a1 + a2) ≥ 1.

Clearly, this expression reduces to the common value SVO λ(v, a; η) when v = (0, 0) and

when v = (1, 1). Moreover, when η(a1 + a2) ≤ 1, we have that

λ1(0, a) + λ2(1, a) = λ1(1, a) + λ2(0, a) = λ(0, a; η) + η =
λ(0, a; η) + λ(1, a; η)

2
.

Thus, for low aggregate actions, the SVO from the value profile (0, 1) is the same as that

from an equiprobable mixture over (0, 0) and (1, 1). In addition, on the high region where

η(a1 + a2) > 1, we have that

λ1(0, a) + λ2(1, a) =
a1

a1 + a2
λ(0, a; η) +

a2
a1 + a2

λ(1, a; η). (4)

Recall that λ(1, a; η) is constant in a, and λ(0, a; η) is constant in a when η(a1+a2) ≤ 1 and

is higher when η(a1 + a2) ≥ 1. Hence, the expression (4) is minimized when η(a1 + a2) ≤ 1,

so that for value profiles (1, 0) and (0, 1), the SVO minimizers are the action profiles in the

low region. This, combined with the fact that the marginals are symmetric, implies that the
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expected lowest SVO is achieved by value distributions concentrated on the value profiles

{(0, 0), (1, 1)}. In other words, common values is the worst case for revenue.

In a way, this is not so surprising: the common value distribution minimizes the expected

highest value, subject to the marginal constraints. Thus, common values minimizes the total

amount of surplus available to both buyers and seller. Of course, if values are not common,

then there could be more private information, and resulting rents for the buyers, which

would also cut into revenue. But in the event, it seems that the lower surplus associated

with common values is the dominant factor.

The bottom line is that if the seller uses the mechanism M(η) in the symmetric in-

terdependent value model, the resulting guarantee is the same as when we had assumed

pure common values. Therefore, proportional auctions maximize the interdependent-values

revenue guarantee, when buyers are symmetric.

3.3 Asymmetric buyers

We now enrich the problem one step further. Previously, both buyers’ expected values were

equal to 1/2. But now suppose that buyer 1’s expected value is 3/5, while buyer 2’s value is

2/5. Thus, we have preserved the average expected value, which is still 1/2.

An important observation is that the seller can continue to use the same proportional

auctionM(η) and achieve at least the same guarantee G(M(η)). To see why, suppose there is

some information structure I and equilibrium b of M(η) for which revenue is R < G(M(η)).

Then in the symmetric interdependent values setting of the previous section, when both

expected values were 1/2, we could construct an information structure where, with equal

probability, it becomes public information that one buyer’s expected value is 3/5 and the

other’s is 2/5. Clearly, this satisfies the constraint that each buyer’s ex ante expected value

is 1/2. But conditional on knowing which buyer has the higher value, the buyers receive

further information and play the equilibrium that induces expected revenue R (exchanging

the identities of the buyers in I and b when it is buyer 2 who has the higher expected value),

so that ex ante expected revenue is also R.

Our point is that asymmetry in the buyers’ expected values can only help the seller,

relative to the symmetric model with the same average expected value across buyers. It is

analogous to a lower bound on the buyers’ information that induces some interim asymmetry.

This effectively shrinks the set of information structures over which the guarantee has to hold,

and therefore raises the guarantee.

The natural next question is: can the seller exploit this asymmetry to achieve a strictly

higher guarantee? The answer turns out to be yes. Recall the fundamental tradeoff across
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proportional auctions in the common value setting: The seller can adjust the sensitivity of

the allocation, and the higher is the sensitivity, the lower is the SVO when v = 0 but the

higher is the SVO when v = 1, so that all else equal, higher sensitivity is desirable when

expected values are higher. But now, buyer 1’s expected value is relatively high and buyer

2’s expected value is relatively low. We might want to modify the auction so that we increase

the allocation sensitivity of buyer 1 and decrease that of buyer 2.

Here is a simple way to do so: We start with the proportional auction, as before, but with

a lower sensitivity, denoted by η2 < η. We run this auction. If the good sells out (meaning

that η2(a1 + a2) ≥ 1), then we implement the outcome of the proportional auction. If the

good does not sell out (meaning that η2(a1 + a2) < 1), buyer 2 still receives their allocation

and payment, as per the rules of the proportional auction. Thus, player 2’s allocation is

q2(a; η2). However, in the case where η2(a1 + a2) < 1, for buyer 1 we do something different.

In particular, we implement a second stage of the auction in which we allocate some or all of

the residual supply of the good to buyer 1, according to an additional sensitivity of η1 − η2,

for some η1 > η (so that also η1 > η2). As we will see, this rule “tops up” buyer 1’s total

sensitivity to η1. This two-stage rule is an example of what we refer to more generally as a

compound proportional auction.

In particular, buyer 1’s allocation in the second stage, when this stage occurs, is

q̃1(a1; a1 + a2) = min{(η1 − η2)a1, 1− η2(a1 + a2)}

and their overall allocation is

q1(a1, a2) =

min{η1a1, 1− η2a2} if η2(a1 + a2) < 1

a1
a1+a2

if η2(a1 + a2) ≥ 1.

Thus, on the region where η1a1 + η2a2 < 1, buyer 1’s sensitivity is indeed η1.

We modify both buyers’ payments as well, to preserve the “balance” in the SVO, meaning

the equalization of the SVO across action profiles. This is done while preserving the structure

that payments per unit only depend on the aggregate action in a given round. In particular,

we look for a pair of aggregate transfer rules for the two stages of this auction that, together,

equalize the total SVO λ1(1, a) + λ2(1, a) =: Λ(1) everywhere. The component of this value

that is derived from the second stage is a continuation strategic virtual objective that depends

on the allocations in the first stage, which we denote by λ̃(1; a1 + a2). Because the total

SVO, Λ(1), must be constant at all action profiles, the proportional first stage must have an

SVO of Λ(1)− λ̃(1; a1 + a2).

Given this structure on incentives, we can solve for the corresponding aggregate transfer
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rules in the same manner as before to get:

T (x) =


1

x exp(−x)

∫ x

0
y exp(−y)

[
2η2 −

(
Λ(1)− λ̃(1; y)

)]
dy if η2x ≤ 1;

1
y exp(−y)

[
(1/η2) exp(−1/η2)T (1/η2)

+
∫ x

1/η2
y exp(−y)

[
1
y
−
(
Λ(1)− λ̃(1; y)

)]
dy
]

if η2x > 1,

T̃ (a1; a2) =
1

exp(−a1)

∫ min
(
a1,

1−η2a2
η1

)
0

exp(−z)
[
(η1 − η2)− λ̃(1; z + a2)

]
dz.

Also as before, the guarantee is increasing in Λ(1) and λ̃(1; a1+a2), but if these constants are

too large, then transfers will diverge to −∞. This constraint fully determines the remaining

constants:

λ̃(1; a1 + a2) =

(η1 − η2)

(
1−exp

(
1−η2(a1+a2)

)
η1

)
if η2(a1 + a2) < 1

0 if η2(a1 + a2) ≥ 1

Λ(1) = λ(1; η2) +

∫ 1
η2

0

y exp(−y)
[
λ̃(1; y)

]
dy

Note that the optimal constants Λ and λ̃ implicitly depend on the sensitivities (η1, η2).

With transfer rules pinned down, we can study how this compound proportional auction

improves upon the one-round proportional auction. We denote the compound proportional

auction with these transfer rules as M(η1, η2).
12 We calculate the SVO induced by M(η1, η2)

in a similar fashion as before:

∑
i

λi(vi, a) =



T (a1 + a2) + η2(v1 + v2)− 1
a1+a2

(T (a1 + a2))− T ′(a1 + a2)

+ T̃ (a1; a2) + (η1 − η2)v1 − T̃ ′(a1; a2) if η1a1 + η2a2 < 1.

T (a1 + a2) + η2(v1 + v2)− 1
a1+a2

(T (a1 + a2))− T ′(a1 + a2)

+ T̃ (a1; a2)− T̃ ′(a1; a2) if η1a1 + η2a2 ≥ 1,

η2(a1 + a2) < 1.

T (a1 + a2) +
a2v1+a1v2
(a1+a2)2

− 1
a1+a2

(T (a1 + a2))− T ′(a1 + a2) if η2(a1 + a2) ≥ 1.

Because
∑

i λi(1, a) is equalized at all action profiles by the constructed transfer rules,

we can use the equations above to determine when
∑

i λi(vi, a) is minimized for other value

profiles. As before, when v = (0, 0), the SVO is minimzed when the total supply of the good

12Note that we are overloading our notation from the previous section.
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is not fully allocated, or when η1a1 + η2a2 < 1. When v = (1, 0), the SVO is minimzed when

the total supply of the good is not fully allocated in the first stage, or when η2(a1 + a2) < 1.

Together, these equations imply that

λ1(0) = λ1(1)− η1 and λ2(0) = λ2(1)− η2.

As before, the allocation sensitivities relate to the spread of the optimal SVO’s. Using the

fact that
∑

i λi(1) = Λ(1), we can write the lower bound on the guarantee of the mechanism

is

G(M(η1, η2)) =
∑

i∈{1,2}

v̂i · λi(1) + (1− v̂i) · λi(0)

= Λ(1)− (1− v̂1)η1 − (1− v̂2)η2.

To focus on the benefits of exploiting the asymmetry between the buyers, we simply vary the

difference between allocation sensitivities while keeping the average allocation sensitivity the

same as that from the optimal proportional auction when v̂1 = v̂2 = 1/2. There will always

be a strict increase in the lower bound of the guarantee. For an example of this, consider

setting η1 = η + ϵ and η2 = η − ϵ. For the case of v̂1 = 3/5 and v̂2 = 2/5, we have plotted

in Figure 2 how the guarantee varies with ϵ. The optimal value of ϵ is approximately 0.170,

which gives a guarantee of 0.270, strictly greater than the value of 0.253 when ϵ = 0.

Setting the sensitivities equidistant around η is not optimal; it is a simple perturbation

that illustrates how assortatively matching higher allocation sensitivities with higher ex-

pected values can raise the guarantee. We return to this example and describe the globally

optimal sensitivities in Section 5.

The takeaways from the example are that the proportional auction remains optimal even

if the buyers have symmetric interdependent values. If the buyers are asymmetric, then it is

possible to achieve a higher revenue guarantee by adding an extra “round” to the auction.

In our main results, we generalize this idea to construct compound proportional auctions

for many buyers. Our main result is that these mechanisms, with appropriately chosen

sensitivities, maximize the revenue guarantee.

4 Compound Proportional Auctions

4.1 Definition and Interpretation

We now formally define and characterize the CPA.
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Figure 2: A lower bound on the revenue guarantee of the two-round CPA as a function of
η1 − η2, with v̂1 = 3/5 and v̂2 = 2/5. In red is the contribution to the guarantee from the
first round, and in blue is the contribution from the second round, with the total guarantee
in cyan.

Definition 1. The compound proportional auction (CPA) with allocation sensitivity η ∈ RN
+

(with η1 ≥ · · · ≥ ηN ≥ ηN+1 ≡ 0) and aggregate transfer rules T i : R2 → R for i = 1, . . . , N

is defined as follows: At the action profile a, let

Cn(a) ≡
N∑

i=n+1

ηiai;

Sn(a) ≡ 1− Cn(a)−
n∑

i=1

ηn+1ai.

The allocation and transfer rules of the CPA are:

qi(a) =
N∑

n=1

qni (a), ti(a) =
N∑

n=1

tni (a),
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where for all n ≤ N,

qni (a) ≡ I(i ≤ n, Sn(a) ≥ 0) ·

(ηn − ηn+1)ai if
∑n

j=1(ηn − ηn+1)aj < Sn(a);

Sn(a) · ai∑n
j=1 aj

if
∑n

j=1(ηn − ηn+1)aj ≥ Sn(a),

tni (a) ≡ I(i ≤ n, Sn(a) ≥ 0) · ai∑n
j=1 aj

T n

(
n∑

j=1

aj, S
n(a)

)
.

The CPA can be understood as a series of proportional auctions conducted overN rounds.

After each round, the weakest buyer (meaning the one with the lowest sensitivity) drops

out, while the rest of the buyers proceed to the following round. Rounds are indexed by the

number of buyers participating. Thus, the auction starts with round N and ends with round

1.

We call buyer i active in round n if he participates in round n (i ≤ n) and inactive

otherwise (i > n). At round n, Cn(a) is the “committed” supply allocated to the inactive

buyers,
∑n

i=1 ηn+1ai is the supply allocated to the active buyers in the previous rounds, and

Sn(a) is the “residual” supply which is still to be allocated to the remaining active buyers.

At round n, we attempt to allocate (ηn − ηn+1)ai of the residual supply to each active

buyer in {1, 2, ..., n}. If we cannot do this without running out of the good (meaning that

(ηn − ηn+1)
∑n

j=1 aj > Sn(a)), we allocate the residual supply Sn(a) proportionally between

the n active buyers and the auction ends. But if the good does not run out, and n > 1, we

proceed to round n − 1 with one fewer active buyers, and new residual supply Sn−1(a) =

Sn(a) − (ηn − ηn+1)
∑n

j=1 aj. After round 1, the auction ends, even if the good is not fully

allocated. Regardless of the round, the active buyers make proportional payments tni (a) for

the good they are allocated in round n.

In a CPA, each buyer’s action can be viewed as a (rescaled) demand for a quantity of

the good, where buyer i’s action ai corresponds to a total demand of ηiai. But within a

given round, the good is allocated among the buyers using the proportional auction as if the

active buyers have submitted demands (ηn − ηn+1)ai. For example, in the first round N , a

maximum of ηNai is allocated to each buyer. For buyers with i < N , this may not satisfy all

of their demand, and so they are permitted to participate in the next round. To account for

the fact that buyer i’s demand has been partially satisfied, they enter the next round with

a residual demand of (ηi − ηN)ai. The auction continues in this fashion, treating actions

symmetrically in each round and allowing buyers who still have residual demand to progress

to further rounds.13

13An equivalent implementation of the CPA would allow each buyer to directly submit a demand di ∈ R+

that is in units of the good, and the rules of the auction would be the same as if buyer i played the action
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Note that the class of CPAs includes proportional auctions as a special case: If all buyers

have the same allocation sensitivity, then after round N , no buyers will have any residual

demand so the subsequent rounds will not allocate any proportion of the good. On the other

hand, if η1 = η2 = · · · = ηn > ηn+1 = ηn+2 = · · · = ηN , the CPA has only two rounds: round

N where all buyers participate, and round n where only buyers 1, . . . , n participate. It is

also possible for some buyers to have a sensitivity of 0, in which case the first rounds of the

auction are degenerate, no good is allocated, and no payments are made. This is equivalent

to excluding the zero-sensitivity buyers from the auction altogether.

We emphasize that while the auction clears according to a sequential algorithm, the

mechanism itself is static: The buyers simultaneously submit bids, and the same bids are

used in all rounds. Any true sequentiality, in which the buyers can submit different bids in

different rounds or get feedback about the progress of the algorithm, would give the buyers

a richer space of strategies that they could exploit to manipulate the outcome and could

change the auction’s guarantee.

4.2 CPA with Balanced Transfers

Given an allocation sensitivity vector η ∈ RN
+ where η1 ≥ · · · ηN ≥ ηN+1 ≡ 0, we next define

a particular set of aggregate transfer rules that equalize the SVO across all action profiles

when vi = v, and across all action profiles with η · a ≤ 1 when vi = 0. We refer to a CPA for

which the SVO has this property as being balanced.

To derive the balanced CPA, first note that the divergence of the allocation qn in round

n, ∇ · qn(a) ≡
∑N

i=1
∂qni
∂ai

(a), only depends on the total action of the active buyers
∑n

i=1 ai

and the supply committed to the inactive buyers Cn(a):

∇ · qn
(

n∑
i=1

ai, C
n(a)

)
=


0 if Sn(a) ≤ 0;

n(ηn − ηn+1) if (ηn − ηn+1)
∑n

i=1 ai < Sn(a);

n−1∑n
i=1 ai

Sn(a)− ηn+1 if (ηn − ηn+1)
∑n

i=1 ai ≥ Sn(a) > 0,

where Sn(a) = 1−Cn(a)−ηn+1

∑n
i=1 ai is the residual supply at round n. Our convention is

that ∇ · qn (τ, C) = 0 if the sum of active agents’ actions being τ and the committed supply

to inactive agents being C could not be generated by any action profile. Mathematically,

(τ, C) ̸∈

{(
n∑

i=1

ai,

N∑
i=n+1

ηiai

)
: a ∈ R+

N

}
=⇒ ∇ · qn (τ, C) = 0.

ai = di/ηi. Equivalently, buyer i’s demand is split across rounds, with a fraction (ηn − ηn+1)/ηi of their
demand being used in round n.
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We define the expected continuation guarantee Λn : R+ → R by

Λn(C) = v

∫
a∈Rn

+

n∑
r=1

∇ · qr
(

r∑
i=1

ai, C +
n∑

i=r+1

ηiai

)
exp

(
−

n∑
i=1

ai

)
da. (5)

Also define λn : (−∞, 1] → R by

λn(S) =


ΛN(0) n = N ;(
ηn+1 · d

dS
+ 1
)n

(Λn(1− S)) 0 < n < N ;

0 n = 0,

where d
dS

is the derivative operator and 1 is the identity operator. Next, we define the

round-based aggregate excess growth Ξn : R+ × (−∞, 1] → R as

Ξn(τ, S) =

v∇ · qn(τ, 1− S − ηn+1τ)− (λn(S)− λn−1(S − (ηn − ηn+1)τ)) if S ≥ 0;

0 if S < 0.

With these expressions, we can write the balanced transfer rule for round n as:

T n(xn, S) =
1

gn(xn)

∫ xn

0

Ξn(τ, S + ηn+1(xn − τ))gn(τ)dτ, (6)

where

gn(τ) =
xn−1e−τ

n!

is the probability density function for the Erlang distribution (i.e., the density of the sum of

n i.i.d. unit exponential random variables).

By construction, T n(
∑n

i=1 ai, S
n(a)) is a bounded and continuous function of a, and

T n(
∑n

i=1 ai, S
n(a)) = 0 whenever Sn(a) ≤ 0, i.e., whenever round n does not occur14. More-

over, as in a standard proportional auction, T n is designed for the transfer to satisfy

n∑
i=1

(
∂tni
∂ai

(a)− tni (a)

)
= Ξn

(
n∑

i=1

ai, S
n(a)

)
.

14See Lemmas 3,4, and 5 in the Appendix for details
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Thus, the SVO of a balanced CPA is∑
i

λi(vi, a)

=
∑
n

∑
i

(
vi
∂qni
∂ai

(a) + tni (a)−
∂tni
∂ai

(a)

)

=
∑
n

(∑
i

vi
∂qni
∂ai

(a)− v∇ · qn (xn, 1− Sn(a)− ηn+1xn) + λn(Sn(a))− λn−1(Sn−1(a))

)

=
∑
i

(vi − v)
∂qi
∂ai

(a) + ΛN(0), (7)

where xn =
∑n

i=1 ai.

It is easy to check that

Lemma 1. For the compound proportional auction, we have

∂qi
∂ai

(a)

= ηi η · a < 1,

≤ ηi η · a ≥ 1.

Lemma 1 implies that the SVO is balanced as discussed in the beginning of the subsection,

and the lowest SVO is:

min
a∈RN

+

∑
i

λi(vi, a) = ΛN(0)−
∑
i

ηi(v − vi).

Let us write ΛN(0; η) ≡ ΛN(0) to emphasize its dependence on the parameter η. As in

Section 3, we denote the balanced CPA with aggregate transfer defined by (6) as M(η).15

Using the fact that the revenue guarantee is at least the expected lowest SVO (formally

estabished as Lemma 6 in the Appendix), we then have:

Theorem 1. For η ∈ R+
N , with η1 ≥ η2 ≥ · · · ≥ ηN , the revenue guarantee G(M(η)) of the

balanced CPA M(η) is at least

ΛN(0; η)−
N∑
i=1

ηi(v − v̂i). (8)

Theorem 1 allows us to calculate a lower bound on the guarantee for M(η).16 However,

15Whereas before η was a scalar, now it is an N -vector of sensitivities. In the case where all the entries of
η are the same, the definition reduces to the proportional auction with sensitivity equal to that of common
value.

16Theorem 1 does not use the assumption of v̂1 ≥ v̂2 ≥ · · · ≥ v̂N and works for any expected values
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it does not tell us the optimal choice of the sensitivities η, which depends on the expected

values. In the next section, we will determine the optimal η. It should be noted that while

we have established a lower bound on the guarantee for a balanced CPA M(η), we have not

shown this bound is tight nor that this guarantee is optimal. Both will be shown in the next

section.

5 Optimality of the CPA

We now show that the revenue guarantee of the CPA in Theorem 1 is unimprovable, by

identifying an information structure I and sensitivities η for which the potential is equal to

(8). In this information structure, the signal space of each buyer i is Si = R+. In addition,

the marginal distribution of the signals is an independent product of standard exponential

distributions (i.e., the probability density function for a signal profile s ∈ RN
+ is exp(−Σs)).

The interim expected value of buyer i given s is also parametrized by a vector η ∈ RN
+ , and

is of the form

wi(s; η) =


vmin{(exp(η · s− 1))1/ηi , 1} if ηi > 0;

0 if ηi = 0 and η · s < 1;

v̂i∫
{s∈RN+ |η·s≥1} exp(−Σs)ds

if ηi = 0 and η · s ≥ 1.

(9)

The parameters η ∈ RN
+ are chosen so that each interim expected value has the correct

ex-ante expectation: ∫
RN
+

wi(s; η) exp(−Σs)ds = v̂i. (10)

We can equivalently interpret wi(s; η)/v as the probability that vi = v conditional on s, with

the complementary probability on vi = 0.

The following Lemma asserts that such sensitivities exist:

Lemma 2. For any v̂ ∈ [0, 1]N , there exists an η ∈ RN
+ such that the mean constraints (10)

are satisfied for every i. If v̂1 = v̂2 = · · · = v̂N , then we can take η1 = η2 = · · · = ηN .

We let η denote a solution to the system (10), which we hold fixed throughout the rest

of the analysis, and we denote by I the information structure with iid standard exponential

signals and interim value functions wi(s; η). Clearly, because of the assumption v̂1 ≥ v̂2 ≥
· · · ≥ v̂N , we have η1 ≥ η2 ≥ · · · ≥ ηN . Moreover, in the symmetric case where all buyers

v̂1, v̂2, . . . , v̂N .
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have the same expected value ex ante, the information structure I features pure common

values. Also note that some of the sensitivities may be zero, in which case those buyers are

excluded from the auction.

We now proceed to characterize the potential of I.

Proposition 1. The revenue potential of the information structure I is at most

R ≡ v

∫
{s∈RN

+ |η·s≥1}
exp(−Σs)ds. (11)

The proof of Proposition 1 in the Appendix proves the even stronger result that R is

an upper bound on revenue across all incentive compatible and interim individually rational

mechanisms. Indeed, R is the expected highest virtual value of the buyers. Following

Myerson (1981) and Bulow and Klemperer (1996), the virtual value of buyer i is

wi(s)−
1− Fi(si)

fi(si)

∂wi

∂si
(s)

where Fi and fi are respectively the marginal cumulative distribution and density of buyer

i’s signal. Plugging in the functional forms for wi in (9), and Fi(si) = 1 − exp(−si) and

fi(si) = exp(−si) for the exponential distribution, we conclude that this expression is exactly

zero when η · s < 1, and is exactly v if η · s ≥ 1. Thus, the expected highest virtual value is

simply v times the probability that η · s ≥ 1.

Clearly, the potential of I (or of any information structure) is an upper bound on the

guarantee of any mechanism M for which an equilibrium exists of the game (M, I). Remark-

ably, the balanced CPA M(η) attains this upper bound:

Proposition 2. The guarantee of M(η) is at least

ΛN(0; η)−
N∑
i=1

ηi · (v − v̂i) = v

∫
{a∈RN

+ |η·a≥1}
exp(−Σa)da = R.

From Propositions 1 and 2 we can nearly conclude that the revenue guarantee of the CPA

M(η) is unimprovable, and I is a worst-case information structure for M(η). However, for

both of these conclusions, we would have to know that an equilibrium exists at (M(η), I),

so that the guarantee of M(η) is at most R. This is what we now establish.

Following Brooks and Du (2021b), a strong maxmin solution is a tuple (M, I, b), consisting

of a mechanism M , and information structure I, and a strategy profile b in (M, I), such that

(i) b is an equilibrium of (M, I);
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(ii) The revenue guarantee of M is at least R(M, I, b);

(iii) The revenue potential of I is at most R(M, I, b).

Clearly, at a strong maxmin solution (M, I, b), the revenue guarantee of M and the revenue

potential of I are both equal to R(M, I, b), and this is true for any equilibrium b of (M, I).

Moreover, M maximizes the guarantee among all mechanisms that have an equilibrium in I,

and I minimizes the potential among all information structures with an equilibrium for M .

Theorem 2. Let I be the information structure from Proposition 1, M(η) the compound

proportional auction from Proposition 2, and b the profile of truthful strategies in (M, I)

for which bi({si}|si) = 1 for all i and si. Then (M(η), I, b) is a strong maxmin solution.

The revenue guarantee/potential of this solution is (11).

Thus, the strong maxmin solution (M(η), I, b) exhibits a kind of “double revelation prin-

ciple”: M(η) is a revenue-maximizing, direct revelation mechanism on I (subject to incentive

compatibility and individual rationality constraints), while I is a revenue-minimizing Bayes

correlated equilibrium on M(η) (Bergemann and Morris, 2016).

Finally, we have the following straightforward corollary of Theorem 2, that in the sym-

metric case, the proportional auction maximizes the revenue guarantee:

Corollary 1. If the buyers are symmetric, meaning v̂1 = v̂2 = · · · = v̂N , then in the strong

maxmin solution described in Theorem 2, the buyers have common values and the mechanism

is a proportional auction.

Let us now return to the two buyer example where v̂1+ v̂2 = 1 and v = 1. When v̂1 = 3/5

and v̂2 = 2/5, we showed in Section 3 that it was possible to improve on the proportional

auction with a CPA in which the buyers’ sensitivities were perturbed by equal amounts. This

achieved a guarantee of 0.270, with sensitivities of η1 = 0.546 and η2 = 0.205. The globally

optimal sensitivities are η1 = 0.572 and η2 = 0.211, which gives an optimal guarantee of

0.271.

In the top panel of Figure 3, we have plotted the optimal sensitivities η as a function of

the difference in values v̂1 − v̂2. As we can see, η1 is increasing and η2 is decreasing. Once

the difference in values exceeds a threshold that is approximately 0.36, η2 is equal to zero,

meaning that buyer 2 is excluded from the auction and the problem collapses to one with

a single buyer. Once this happens, the sensitivity of buyer 1 continues to rise, and in fact

diverges to infinity as v̂1 approaches 1. In the bottom panel of Figure 3, we have plotted the

corresponding optimal guarantee, which approaches 1 as v̂1 − v̂2 approaches 1, since in this

case v̂1 ≈ v = 1, and there is no uncertainty about buyer 1’s value.
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Figure 3: Top: Optimal sensitivities η as a function of v̂1 − v̂2, with the restriction that
v̂1 + v̂2 = 1. Bottom: Optimal guarantee.

6 Other Guarantee-Maximizing Mechanisms

In this section, we describe a more general class of guarantee-maximizing mechanisms, which

includes the CPA. For a vi ∈ [0, v], let us define

λi(vi) ≡
R

N
+ (vi − v̂i)ηi. (12)

Theorem 3. Suppose that M = (RN
+ , q, t) satisfies the following conditions:

1. qi(0, a−i) = 0 for all i and a−i,
∑

i qi(a) = 1 if η · a ≥ 1, qi(a) is right-differentiable in

ai,
∂qi
∂ai

(a) = ηi if η · a < 1, and 0 ≤ ∂q
∂ai

(a) ≤ ηi if η · a ≥ 1.
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2. ti(a) is right-differentiable in ai, ti(a) and
∂ti
∂ai

(a) are bounded, ti(0, a−i) = 0, and

∇ · t(a)−
∑
i

ti(a) = ∇ · q(a)−
∑
i

λi(v) for all a ∈ RN
+ . (13)

Let I be the information structure from Proposition 1 and b the truthful strategy profile. Then

(M, I, b) is a strong maxmin solution, and the revenue guarantee/potential of this solution

is (11).

Moreover, for any allocation rule q satisfying Condition 1, there exists a transfer rule t

satisfying Condition 2.

A leading example of a mechanism satisfying the hypotheses of Theorem 3 is the balanced

CPA defined by Equation (6): Condition 1 clearly holds by Lemma 1 and the fact that if

η · a ≥ 1, then the CPA must terminate in a round where all residual supply is exhausted.

Condition 2 follows from Equation (7) and Proposition 2. Thus, Theorem 2 follows from

Theorem 3.

There are other allocation rules that satisfy Condition 1 of Theorem 3 and hence are part

of a guarantee-maximizing mechanism. One example is

qi(a) =
ηiai

max{1, η · a}
,

which reduces to the proportional allocation rule when ηi’s are all equal. It is straightforward

to verify that ∂qi
∂ai

(a) ≤ ηi, with an equality when η · a < 1.

Another example is the following Shapley rule17: Each buyer submits a message ai.

Buyers are then randomly ordered, with all orders being equally likely. Let us denote by ik

the kth buyer in the realized order. Then buyer ik’s allocation is equal to

qi(a) = min

{
ηiai,max

{
1−

∑
k′<k

ηik′aik′ , 0

}}
.

In words, each buyer i demands ηiai units of the good, buyers are “served” in order, and

on their turn a buyer receives the lesser of their demand and the remaining amount of the

good. Clearly, if η · a < 1, then all buyers demands are met, regardless of the order, and
∂qi
∂ai

(a) = ηi. If η · a ≥ 1, then under every order, some buyer will not receive their demanded

17Bergemann, Brooks, and Morris (2016) show that the Shapley rule with the symmetric ηi is part of a
guarantee-maximizing mechanism in the common value model when there are two buyers; this is generalized
to many buyers in an early working paper version of Brooks and Du (2021b) (available from the authors
upon request). It is also an immediate corollary of Theorem 3, since the information structure I in Theorem
3 is a common value information structure when all ηi’s are the same.

27



amount. When this happens, the buyer’s allocation is insensitive to their action. Hence, for

every action profile, ∂qi
∂ai

(a) ≤ ηi.

Yet another example is the “consistent” rule of Aumann and Maschler (1985), which

reduces to the Shapley rule when N = 2 but differs for N > 2. In particular, if we let

fi(d1, . . . , dN) denote the share of buyer i under the consistent rule when there is a unit

surplus to be divided among the N buyers, and each buyer i demands di. As shown by

Aumann and Maschler, ∂fi(d)/∂di ∈ {0, 1/2, 1}. Thus, if we define the allocation rule

qi(a) = fi(η1a1, . . . , ηNaN), then
∂qi
∂ai

(a) ∈ {0, ηi/2, ηi}, as required by Theorem 3.

In equations (22)—(24) in the proof of Theorem 3, we construct the transfers for these

allocation rules to satisfy Condition 2. Unfortunately, the construction is rather complicated,

and the resulting transfer does not reflect the structure of the corresponding allocation rule.

Moreover, as the asymmetry in v̂i vanishes, the resulting mechanisms do not converge to

the proportional auction. The CPA on the other hand has a more transparent relationship

between the allocation and the transfer, where the latter can be implemented as a constant

price-per-unit that depends only on the residual supply and the aggregate action among the

remaining buyers. Thus, the CPA is distinguished by admitting transfers that depend on

relatively low dimensional features of the action profile. It remains an open question whether

there exist similarly appealing transfer rules for other guarantee-maximizing allocation rules.

7 Discussion

The main contribution of our paper is to describe and characterize compound proportional

auctions. Not only can these mechanisms be rationalized as optimal, but they also maximize

the guarantee for revenue under the basic assumption that each buyer’s expected value is

known. They are therefore a strong candidate for practical implementation, when the seller is

uncertain about the precise form of private information. Moreover, the theoretical arguments

underlying the performance of the CPA only rely on the fact that in equilibrium, buyers must

be playing local best responses. In that sense, our arguments do not use the full force of

equilibrium.

In a CPA, each buyer will in general be allocated only a portion of the good. This seems

relatively easy to implement in a setting where the good is divisible, e.g., a commodity like

wheat or corn, shares of common stock, or dollars of government debt. The CPA may be

less compelling in settings where the good is indivisible and the allocation is interpreted as

a probability of being allocated the entire unit.

We regard it as a strength of our theory that the CPA has so few parameters, which are

just the sensitivities and the aggregate transfer rules. Moreover, when restricting attention
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to balanced CPAs, the space of parameters is reduced to just the vector sensitivities. To

determine the optimal sensitivities, one only needs to know the expected value of each buyer

and an upper bound on buyers’ values. Thus, the degree of understanding of the environment

that is required in order to calibrate the CPA is relatively modest, especially compared to

the standard model in which the optimal auction depends on the entire structure of buyers’

higher-order beliefs. For future work, we think an important direction is to consider further

restrictions on fundamentals, such as specifying either the full marginals of each buyer’s

value or the full joint distribution.
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A Omitted Proofs

A.1 Section 4

Proof of Lemma 1. Fix η1 ≥ η2 ≥ · · · ≥ ηN ≥ ηN+1 ≡ 0 for a CPA.

If η · a < 1, then qi(a) =
∑N

r=i q
r
i (a) = ηiai.

Now suppose η · a ≥ 1.

If the CPA ends in round n < i, then we also have qi(a) =
∑N

r=i q
r
i (a) = ηiai.

If the CPA ends in round n ≥ i, where Sn(a) > 0 but Sn−1(a) ≤ 0, then

qi(a) = ηn+1ai +
ai∑n
j=1 aj

(
1−

N∑
r=n+1

ηrar − ηn+1

n∑
j=1

aj

)
︸ ︷︷ ︸

Sn(a)

.

Let j sum over {1, . . . , n}, we have

∂qi
∂ai

(a) = ηn+1 +

∑
j ̸=i aj(∑
j aj

)2
(
1−

N∑
r=n+1

ηrar − ηn+1

∑
j

aj

)
− ηn+1

ai∑
j aj

=

∑
j ̸=i aj(∑
j aj

)2
(
1−

N∑
r=n+1

ηrar

)

≤ ηn,

since Sn−1(a) = 1−
∑N

r=n+1 ηrar − ηn
∑

j aj ≤ 0. Thus we have ∂qi
∂ai

(a) ≤ ηi since i ≤ n.

Lemma 3. For n < N we have Λn(1) = 0. Moreover, if n ≥ 2, then dmΛn

dCm (1) = 0 for every

m.

Proof of Lemma 3. If ηn+1

∑n
i=1 ai + C ≥ 1, then round n of CPA will not occur, and thus

∇ · qn(
∑n

i=1 ai, C) = 0. Thus the first part of the lemma follows. The second part of the

lemma follows from gn(0) = 0 if n ≥ 2.

Lemma 4. For n < N and S̃ ≥ 0, we have

∫ S̃/ηn+1

0

λn(S̃ − ηn+1τ) gn(τ)dτ = Λn(1− S̃).

Proof of Lemma 4. Denote Fm(S̃) = (ηn+1
d
dS̃

+ 1)m(Λn(1 − S̃)), so F n(S̃) = λn(S̃). We
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claim ∫ S̃/ηn+1

0

Fm(S̃ − ηn+1τ) gm(τ)dτ = Λn(1− S̃),

for every m ≤ n. We proceed by induction on m.

If m = 1, by integration by parts we have

∫ S̃/ηn+1

0

F 1(S̃ − ηn+1τ) g1(τ)dτ

=

∫ S̃/ηn+1

0

(
ηn+1

d

dS̃
Λn(1− (S̃ − ηn+1τ)) + Λn(1− (S̃ − ηn+1τ))

)
g1(τ)dτ

= −Λn(1− (S̃ − ηn+1τ))g1(τ)

∣∣∣∣S̃/ηn+1

0

= Λn(1− S̃),

since Λn(1) = 0 by Lemma 3.

Now suppose the claims are true for m− 1, where m ≥ 2 and n ≥ 2. We have

∫ S̃/ηn+1

0

Fm(S̃ − ηn+1τ) gm(τ)dτ

=

∫ S̃/ηn+1

0

(
ηn+1

d

dS̃
(Fm−1(S̃ − ηn+1τ)) + Fm−1(S̃ − ηn+1τ)

)
gm(τ)dτ

= −Fm−1(S̃ − ηn+1τ)gm(τ)

∣∣∣∣S̃/ηn+1

0

+

∫ S̃/ηn+1

0

(Fm−1(S̃ − ηn+1τ)g
′
m(τ) + Fm−1(S̃ − ηn+1τ)gm(τ))dτ

=

∫ S̃/ηn+1

0

Fm−1(S̃ − ηn+1τ)gm−1dτ

= Λn(1− S̃)

where we used the facts that Fm−1(0) = 0 for n ≥ 2 (by Lemma 3), g′m(x)+gm(x) = gm−1(x),

and applied the inductive hypothesis.

Lemma 5. For n < N and S̃ ∈ [0, 1], we have

∫ S̃/ηn+1

0

Ξn(τ, S̃ − ηn+1τ)gn(τ)dτ = 0.
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When n = N , we have ∫ ∞

0

Ξn(τ, 1)gn(τ)dτ = 0.

Proof of Lemma 5. For n < N , we show that

∫ S̃/ηn+1

0

(
∇ · qn(τ, 1− S̃)− λn(S̃ − ηn+1τ) + λn−1(S̃ − ηnτ)

)
gn(τ)dτ = 0.

By Lemma 4, the second term above integrates to −Λn(1 − S̃). From the same lemma,

we can express the third term as

∫ S̃/ηn

0

(∫ (S̃−ηnan)/ηn

0

λn−1(S̃ − ηnan − ηnτ
′)gn−1(τ

′) dτ ′

)
e−andan =

∫ S̃/ηn

0

Λn−1(1−S̃+ηnan)e
−andan

From the definition of Λn, the difference between these terms is

Λn(1− S̃)−
∫ S̃/ηn

0

Λn−1(1− S̃ + ηnan)e
−andan

=

∫
a∈Rn

+

n∑
r=1

∇ · qr
(

r∑
i=1

ai, 1− S̃ +
n∑

i=r+1

ηiai

)
exp

(
−

n∑
i=1

ai

)
da

−
∫ S̃/ηn

0

(∫
a∈Rn−1

+

n−1∑
r=1

∇ · qr
(

r∑
i=1

ai, 1− S̃ + ηnan +
n−1∑

i=r+1

ηiai

)
exp

(
−

n−1∑
i=1

ai

)
da

)
e−andan

=

∫ S̃/ηn+1

0

∇ · qn(τ, 1− S̃)gn(τ)dτ,

which proves the first part of the lemma.

When n = N , since λN(1) = ΛN(0) by definition, we need to show that∫ ∞

0

(
∇ · qN(τ, 1)− ΛN(0) + λN−1(1− ηNτ)

)
gN(τ)dτ = 0,

where the third term integrates to

∫ 1/ηN

0

(∫ (1−ηNaN )/ηN

0

λN−1(1− ηNaN − ηNτ
′)gN−1(τ

′) dτ ′

)
e−aNdaN =

∫ 1/ηN

0

ΛN−1(ηNaN)e
−aNdaN .

Thus, the second part of the lemma follows from the proof of the first part when n = N and

S̃ = 1.
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Lemma 6. Fix a mechanism M = (RN
+ , q, t) whose allocation and transfer functions are

right-differentiable and have bounded right-derivatives. Define the strategic virtual objective:

λi(vi, a) = ti(a) + vi
∂qi
∂ai

(a)− ∂ti
∂ai

(a).

Suppose infa∈RN
+

∑
i λi(vi, a) is an affine function of v. Then the revenue guarantee of M is

at least

inf
a∈RN

+

∑
i

λi(v̂i, a).

Proof of Lemma 6. Fix an information structure I and equilibrium b of (M, I). For the

information structure I, let π(ds) be the marginal distribution of signals s and wi(s) a

version of the conditional expectation of vi given s.

For all ∆ > 0, the fact that b is an equilibrium implies that

∫
S

∫
RN
+

N∑
i=1

[wi(s)(qi(ai +∆, a−i)− qi(a))− (ti(ai +∆)− ti(a))]b(da|s)π(ds) ≤ 0.

Since ∂qi
∂ai

and ∂ti
∂ai

are bounded, we conclude that the integrand in left-hand side of the

preceding inequality is bounded by K∆b(da|s)π(ds) for some constant K. We can divide

through by ∆. The limit of the left-hand side as ∆ → 0 must be non-positive as well. Finally,

the Dominated Convergence Theorem implies∫
S

∫
RN
+

∑
i

[
wi(s)

∂qi
∂ai

(a)− ∂ti
∂ai

(a)

]
b(da|s)π(ds) ≤ 0.

Therefore∫
S

∫
RN
+

∑
i

ti(a)b(da|s)π(ds) ≥
∫
S

∫
RN
+

∑
i

[
ti(a) + wi(s)

∂qi
∂ai

(a)− ∂ti
∂ai

(a)

]
b(da|s)π(ds)

=

∫
S

∫
RN
+

∑
i

λi(wi(s), a)b(da|s)π(ds)

≥
∫
S

inf
a

∑
i

λi(wi(s), a)π(ds)

≥ inf
a

∑
i

λi(v̂i, a),

where in the last line we use the assumption that infa
∑

i λi(vi, a) is an affine function of

v.

Proof of Theorem 1. It is easy to check that the allocation and transfer functions in M(η)
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are right differentiable with bounded right derivatives. The proof of Theorem 1 then follows

from the discussion on page 22 and Lemma 6.

A.2 Section 5

In the remaining sections let us introduce some notations to streamline the exposition.

For a function f : RN
+ → RN . Let us denote ∇ifi(x) = ∂fi

∂xi
(x) for x ∈ RN

+ , ∇f(x) =

(∇1f1(x), . . . ,∇NfN(x)), and ∇· f(x) =
∑

i∇ifi(x). Moreover, for x ∈ RN
+ , let Σx =

∑
i xi.

Proof of Lemma 2. Let η̂ ∈ R+ such that

v

∫ ∞

s1=0

min{(exp(η̂s1 − 1))1/η̂, 1} exp(−s1)ds1 ≥ v̂1.

Such a η̂ exists because as η̂ → ∞, the integrand converges monotonically pointwise to 1, so

by the Dominated Convergence Theorem the integral converges monotonically to v, which

is strictly greater than the right-hand side.

Now, let us define the mapping Gi : [0, η̂]
N → R according to

Gi(η) =

v
∫
s∈RN

+
min

{
(exp(η · s− 1)1/ηi , 1

}
exp(−Σs)ds if ηi > 0;

v
∫
{s∈RN

+ |η−i·s−i≥1} exp(−Σs−i)ds−i if ηi = 0.

Note that Gi is continuous and strictly increasing in ηi for ηi > 0. Moreover, the Dominated

Convergence Theorem implies that

lim
ηi→0

Gi(ηi, η−i) = Gi(0, η−i),

so that Gi is continuous at ηi = 0.

Define the mapping F : [0, η̂]N → [0, η̂]N as follows: For fixed η ∈ [0, η̂]N , we define Fi(η)

as the solution η′i ∈ [0, η̂] to

Gi(η
′
i, η−i) = max {v̂i, Gi(0, η−i)} . (14)

Note Gi(η) is strictly increasing in ηi, so if a solution to (14) exists, it is unique. Moreover,

Gi is increasing in η−i, so from how we have defined η̂, there exists a η′i > 0 that satisfies

(14) as an equality if and only if Gi(0, η−i) is weakly less than v̂i. Otherwise, the unique

solution is η′i = 0.

Since the left-hand side of (14) is strictly increasing in η′i, the Implicit Function Theorem

in Kumagai (1980) implies that Fi(η) is continuous. The Brouwer Fixed-Point Theorem then
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implies that F has a fixed point, which necessarily solves the system (14).

We next claim that for any η that is a fixed point of F , ηi = 0 if and only if

v

∫
{s∈RN

+ |η·s≥1}
exp(−Σs)ds ≥ v̂i. (15)

For if this condition is satisfied and ηi > 0, then Gi(η) is strictly greater than the left-hand

side of (15), which is in turn weakly greater than Gi(0, η−i). Thus, Gi(η) is strictly greater

than both terms on the right-hand side of (14), which contradicts the hypothesis that η

satisfies (14). (Note that Gi(0) = 0, so there must be at least one i for which ηi > 0.)

Finally, if η is a fixed point of F , then wi(·|η) satisfies (10) for all i such that ηi > 0. And

since (15) is satisfied for any i such that ηi = 0, wi(s; η) ∈ [0, v] for all s, and also satisfies

(10).

Proof of Proposition 1. Fix an incentive compatible and individually rational direct mecha-

nism (q, t) and define

Ui(si, s
′
i) ≡

∫
S−i

(wi(si, s−i)qi(s
′
i.s−i)− ti(s

′
i, s−i)) exp(−Σs−i)ds−i,

and Ui(si) ≡ Ui(si, si). Incentive compatibility says that for all i, si, and s′i,

Ui(si) ≥ Ui(si, s
′
i) = Ui(s

′
i) +

∫
S−i

(wi(si, s−i)− wi(s
′
i, s−i))qi(s

′
i, s−i) exp(−Σs−i)ds−i.

and individual rationality says that Ui(si) ≥ 0. Thus, for all ∆ ≥ 0,

Ui ≡
∫
Si

Ui(si) exp(−si)dsi

≥
∫
{s∈S|si≥∆}

[Ui(si −∆) + (wi(si, s−i)− wi(si −∆, s−i))qi(si −∆, s−i))] exp(−Σs)ds

= exp(−∆)

(
Ui +

∫
S

(wi(si +∆, s−i)− wi(s))qi(s) exp(−Σs)ds

)
.

Rearranging, we have

Ui ≥
1

exp(∆)− 1

∫
S

(wi(si +∆, s−i)− wi(s))qi(s) exp(−Σs)ds.
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Since total surplus is

N∑
i=1

∫
S

wi(s)qi(s) exp(−Σs)ds,

we conclude that an upper bound on profit is

N∑
i=1

∫
S

[
wi(s)−

1

exp(∆)− 1
(wi(si +∆, s−i)− wi(s)))

]
qi(s) exp(−Σs)ds.

To apply the Dominated Convergence Theorem and take ∆ → 0, we just need to show that

the discrete derivative is bounded:

max
s∈S

1

exp(∆)− 1
(wi(si +∆, s−i)− wi(s)))

≤ v max
{s∈S|η·s≤1}

1

exp(∆)− 1
(exp((η · s)/ηi +∆)− exp((η · s)/ηi)

= v max
{s∈S|η·s≤1}

exp((η · s)/ηi)

= v exp(1/ηi).

Thus, the limit of the profit upper bound as ∆ → 0 is

N∑
i=1

∫
S

[wi(s)−∇iwi(s)] qi(s) exp(−Σs)ds

= v

∫
{s∈S|η·s≥1}

N∑
i=1

qi(s) exp(−Σs)ds

≤ v

∫
{s∈S|η·s≥1}

exp(−Σs)ds = R.

Proof of Proposition 2. Since

ΛN(0; η) = v

∫
RN
+

∇ · q(a) exp(−Σa)da,

where q is the allocation rule for the CPA M(η), we need to show that
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v

∫
RN
+

∇ · q(a) exp(−Σa)da−
N∑
i=1

ηi · (v − v̂i) = v

∫
{a∈RN

+ |η·a≥1}
exp(−Σa)da = R.

This is implied by Lemma 7, which states that (cf. equations (12) and (16))

v

∫
RN
+

∇ · q(a) exp(−Σa)da = R +
∑
i

(vi − v̂i)ηi.

Proof of Theorem 2. The proof follows from Theorem 3.

A.3 Section 6

Given an allocation rule q that satisfies Condition 1 of Theorem 3, we define its associated

aggregate excess growth function Ξ : RN
+ → R to be the right-hand side of (13), i.e.,

Ξ(a) ≡ v∇ · q(a)−
∑
i

λi(v). (16)

Also, given an information structure I = (S, σ), we denote by π(ds) the marginal of σ on S,

and we let wi(s) be a version of the conditional expectation of vi given s.

Proposition 3. Suppose that M satisfies the hypotheses of Theorem 3. Then for any infor-

mation structure I and equilibrium b of (M, I), R(M, I, b) ≥ R.

Proof of Proposition 3. By Condition 2 of Theorem 3, the SVO of M is∑
i

λi(vi, a) = v · ∇q(a)− Ξ(a) =
∑
i

(vi − v)∇iq(a) + λi(v).

Since ∇iqi(a) ≤ ηi, with an equality if η · a < 1, we have

inf
a

∑
i

λi(vi, a) =
∑
i

(vi − v)ηi + λi(v) =
∑
i

λi(vi). (17)

Then Lemma 6 implies that R(M, I, b) ≥
∑

i λi(v̂i) = R.
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Lemma 7. Suppose that q satisfies Condition 1 of Theorem 3. Then∫
RN
+

Ξ(a) exp(−Σa)da = 0.

Proof of Lemma 7. Equation (17) implies that

N∑
i=1

λi(wi(a)) = w(a) · ∇q(a)− Ξ(a)

for all a ∈ RN
+ , since wi(a) = v whenever η · a ≥ 1.

The ex ante expectation of Ξ is therefore the sum over i of the integrals∫
RN
+

wi(a)∇iqi(a) exp(−Σa)da− λi(v̂i).

Integrating by parts and using the fact that qi(0, a−i) = 0, this is∫
RN−1
+

(∫
R+

(wi(a)−∇iw(a))qi(a) exp(−ai)dai

)
exp(−Σa−i)da−i − λi(v̂i).

Summing across i and using the definition of λi(v̂i), we get

∫
RN
+

N∑
i=1

(wi(a)−∇iw(a))qi(a) exp(−Σa)da−R

=

∫
{a∈RN

+ |η·a≥1}
v

N∑
i=1

qi(a) exp(−Σa)da−R = 0,

since wi(a)−∇iw(a) = 0 when η · a < 1, and wi(a) = v and Σq(a) = 1 when η · a ≥ 1.

Proposition 4. Suppose that M satisfies the hypotheses of Theorem 3. Then the truthful

strategy profile b is an equilibrium of (M, I).

Proof of Proposition 4. We first derive an expression for the interim expected transfer in

terms of the allocation (equation (20)). Define the individual excess growth as

ξj(a) = ∇jt(a)− tj(a).
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With the assumption that tj(0, a−j) = 0, the above equation is equivalent to

tj(a) = exp(aj)

∫ aj

sj=0

ξj(sj, a−j) exp(−sj)dsj. (18)

Therefore, we can write the interim expected transfer of buyer i in (M, I) as

ti(ai) =

∫
RN−1
+

ti(ai, s−i) exp(−Σs−i)ds−i

=

∫
RN−1
+

exp(ai)

∫ ai

si=0

ξi(si, s−i) exp(−si)dsi exp(−Σs−i)ds−i.

Since tj is bounded in equation (18), it must be that∫ ∞

sj=0

ξj(sj, s−j) exp(−sj)dsj = 0 (19)

for all j and s−j. Hence, we can rewrite the interim expected transfer as

ti(ai) = −
∫
RN−1
+

exp(ai)

∫ ∞

si=ai

ξi(si, s−i) exp(−si)dsi exp(−Σs−i)ds−i

= −
∫
RN
+

ξi(ai + si, s−i) exp(−Σs)ds

= −
∫
RN
+

[ξi(ai + si, s−i) + Σξ−i(ai + si, s−i)] exp(−Σs)ds

= −
∫
RN
+

Ξi(ai + si, s−i) exp(−Σs)ds,

where we applied equation (19) to each j ̸= i in the third line, and used the assumption of

Σξ = Ξ in the fourth line.

Using the definition of Ξ, we get

ti(ai) = −
∫
{η·s+ηiai≥1}

(
v∇ · q(ai + si, s−i)− Σλ(1)

)
e−Σsds−

∫
{η·s+ηiai<1}

(
−Σλ(0)

)
e−Σs ds

= −
∫
{η·s+ηiai≥1}

(v∇ · q(ai + si, s−i)− Ση) e−Σsds+ Σλ(0),

where in the second line we used the fact that Σλ(1) = Ση + Σλ(0), and {η · s + ηiai ≥ 1}
is a shorthand for {s ∈ RN

+ | η · s+ ηiai ≥ 1}.
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Integrating by parts, we have∫
{η·s+ηiai≥1}

∇ · q(ai + si, s−i)e
−Σsds

=
N∑
j=1

∫
RN−1
+

∫ ∞

sj=
(1−ηisi−η−j ·s−j)

+

ηj

∇jq(ai + si, s−i)e
−Σs dsj ds−j

=

∫
RN−1
+

[
− qi

(
ai +

(1− ηiai − η−i · s−i)
+

ηi
, s−i

)
e
− (1−ηiai−η−i·s−i)

+

ηi
−Σs−i

+

∫ ∞

si=
(1−ηiai−η−i·s−i)

+

ηi

qi(ai + si, s−i)e
−Σsdsi

]
ds−i

+
∑
j ̸=i

∫
RN−1
+

[
− qj

(
ai + si,

(1− ηiai − η−j · s−j)
+

ηj
, s−i−j

)
e
−

(1−ηiai−η−j ·s−j)
+

ηj
−Σs−j

+

∫ ∞

sj=
(1−ηiai−η−j ·s−j)

+

ηj

qj(ai + si, s−i)e
−Σsdsj

]
ds−j

=−
∫
RN−1
+

qi

(
ai +

(1− ηiai − η−i · s−i)
+

ηi
, s−i

)
e
− (1−ηiai−η−i·s−i)

+

ηi
−Σs−ids−i

−
∑
j ̸=i

∫
RN−1
+

(1− ηiai − η−j · s−j)
+e

−
(1−ηiai−η−j ·s−j)

+

ηj
−Σs−j

ds−j +

∫
{η·s+ηiai≥1}

e−Σsds,

where in the last line, we used the facts that qj

(
ai + si,

(1−ηiai−η−j ·s−j)
+

ηj
, s−i−j

)
= (1−ηiai−

η−j · s−j)
+ and

∑N
j=1 qj(ai + si, s−i) = 1 whenever η · s+ ηiai ≥ 1.

Therefore, we have the following expression for the interim expected transfer:

ti(ai) =v

∫
RN−1
+

qi

(
ai +

(1− ηiai − η−i · s−i)
+

ηi
, s−i

)
e
− (1−ηiai−η−i·s−i)

+

ηi
−Σs−ids−i︸ ︷︷ ︸

X

+ v
∑
j ̸=i

∫
RN−1
+

(1− ηiai − η−j · s−j)
+e

−
(1−ηiai−η−j ·s−j)

+

ηj
−Σs−j

ds−j︸ ︷︷ ︸
Y

(20)

− v

∫
η·s+ηiai≥1

(1− Ση)e−Σsds︸ ︷︷ ︸
Z

+Σλ(0).

Next, we show there is no incentive to locally deviate from truthtelling (equation (21)).
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We calculate

∂X

∂ai
=

∫
{η−i·s−i+ηiai≥1}

∇iq(ai, s−i)e
−Σs−ids−i

+

∫
{η−i·s−i+ηiai<1}

(1− η−i · s−i)e
− 1−ηiai−η−i·s−i

ηi
−Σs−ids−i,

where we used the fact that qi

(
ai +

(1−ηiai−η−i·s−i)
+

ηi
, s−i

)
= 1−η−i ·s−i if η−i ·s−i+ηiai < 1.

Likewise,

∂Y

∂ai
=
∑
j ̸=i

[∫
{η−j ·s−j+ηiai<1}

(−ηi)e
−

1−ηiai−η−j ·s−j
ηj

−Σs−j
ds−j

+

∫
{η−j ·s−j+ηiai<1}

(1− ηiai − η−j · s−j)e
−

1−ηiai−η−j ·s−j
ηj

−Σs−j ηi
ηj
ds−j

]

and

∂Z

∂ai
=

∂

∂ai

[∫
RN−1
+

(∫ ∞

si=
(1−ηiai−η−i·s−i)

+

ηi

(1− Ση)e−sidsi

)
e−Σs−ids−i

]

=

∫
{η−i·s−i+ηiai<1}

(1− Ση)e
− 1−ηiai−η−i·s−i

ηi
−Σs−ids−i.

In the expression for ∂Y
∂ai

, we change the variables from s−j = (s−i−j, si) to s−i = (s−i−j, sj)

by leaving s−i−j unchanged and defining sj =
1−ηiai−ηisi−η−i−j ·s−i−j

ηj
. This change of variable

implies: ∫
{η−j ·s−j+ηiai<1}

(−ηi)e
−

1−ηiai−η−j ·s−j
ηj

−Σs−j
ds−j

=

∫
{η−i·s−i+ηiai<1}

(−ηj)e
− 1−ηiai−η−i·s−i

ηi
−Σs−ids−i

and ∫
{η−j ·s−j+ηiai<1}

(1− ηiai − η−j · s−j)e
−

1−ηiai−η−j ·s−j
ηj

−Σs−j ηi
ηj
ds−j

=

∫
{η−i·s−i+ηiai<1}

ηjsje
− 1−ηiai−η−i·s−i

ηi
−Σs−ids−i.
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Combining the above expressions of ∂X
∂ai

, ∂Y
∂ai

and ∂Z
∂ai

with equation (20), we get

t′i(ai) =v

∫
{η−i·s−i+ηiai≥1}

∇iq(ai, s−i)e
−Σs−ids−i

+ v

∫
{η−i·s−i+ηiai<1}

ηie
− 1−ηiai−η−i·s−i

ηi
−Σs−ids−i (21)

=

∫
RN−1
+

∇iq(ai, s−i)wi(ai, s−i)e
−Σs−ids−i,

where in the second equality we used the fact that ∇iq(ai, s−i) = ηi and wi(ai, s−i) =

ve
ηiai+η−i·s−i−1

ηi if η−i · s−i + ηiai < 1, and wi(ai, s−i) = v if η−i · s−i + ηiai ≥ 1.

Finally, suppose a buyer receives a signal si in I; by bidding s′i instead of si in M , their

interim expected transfer is changed by

ti(s
′
i)− ti(si) =

∫ s′i

ai=si

t′i(ai)dai

=

∫
RN−1
+

∫ s′i

ai=si

∇iq(ai, s−i)wi(ai, s−i)dai e
−Σs−ids−i

≥
∫
RN−1
+

∫ s′i

ai=si

∇iq(ai, s−i)wi(si, s−i)dai e
−Σs−ids−i

=

∫
RN−1
+

(qi(s
′
i, s−i)− qi(si, s−i))wi(si, s−i)e

−Σs−ids−i

where we applied (21) and exchanged the order of integration in the second line, and the

inequality in the third line follows because ∇iq(ai, s−i) ≥ 0 and wi(ai, s−i) increases with ai.

This shows that the truthtelling b is an equilibrium of (M, I).

Proof of Theorem 3. Fix a mechanism M that satisfies the hypotheses of Theorem 3. Propo-

sition 1 implies Condition 1 for (M, I, b) to be a strong maxmin solution, Proposition 3

implies Condition 2, and Proposition 4 implies Condition 3. This proves the first part of

Theorem 3.

Now fix an allocation rule q that satisfies Condition 1 of Theorem 3, and let Ξ be its asso-

ciated aggregate excess growth function. Let Z denote the set of permutations of {1, . . . , N}
with a typical element ζ. We denote by

[ζ ≤ k] = {j | ζ(j) ≤ k},
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and analogously define [ζ > k]. Next, let

τζ,k(a) =

∫
RN−k
+

Ξ(a[ζ≤k], x[ζ>k]) exp(−Σx[ζ>k])dx[ζ>k], (22)

and

ξi(a) =
1

N !

∑
ζ∈Z

[
τζ,ζ(i)(a)− τζ,ζ(i)−1(a)

]
. (23)

Finally, define the transfer rule:

ti(a) = exp(ai)

∫ ai

xi=0

ξi(xi, a−i) exp(−xi)dxi. (24)

We show that Condition 2 of Theorem 3 is satisfied. Equation (24) implies that

ξi(a) = ∇it(a)− ti(a)

for all a ∈ RN
+ . Given the definition of ξi(a) in (23), ∇ · t(a) − Σti(a) = Ξ(a) follows by

telescoping the summation over i for each fixed permutation ζ and noticing that τζ,N(a) =

Ξ(a) and τζ,0(a) = 0 (by Lemma 7). Finally, to show that t is bounded, by equation (24)

and the fact that Ξ is bounded it suffices to show that∫ ∞

xi=0

ξi(xi, a−i) exp(−xi)dxi = 0,

for every a−i ∈ RN−1
+ . The above equation follows from the definition of ξi in (23) since it is

easy to see that ∫ ∞

xi=0

τζ,ζ(i)(xi, a−i) exp(−xi)dxi = τζ,ζ(i)−1(ai, a−i),

where the right-hand side does not depend on ai.
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