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Abstract

Commodity money arises endogenously in a general equilibrium model with separate budget
constraints for each transaction. Transaction costs imply differing bid and ask (selling and buying)
prices. The mostliquid good—with the smallest proportionate bid/ask spread—becomes commodity
money. General equilibrium may not be Pareto efficient. If zero-transaction-cost money is available
thenthe equilibrium allocationis Pareto efficient. Fiat money is an intrinsically worthless instrument.
Its positive price comes from acceptability in paying taxes, and its use as a medium of exchange is
based on low transaction cost.
© 2003 Published by Elsevier Science B.V.
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“[An] important and difficult question. . [is] not answered by the approach taken here:
the integration of money in the theory of value”

Gerard Debreu, Theory of Value (1959)

1. Money in Walrasian general equilibrium

Two generations ago, Prof. Gerard Debreu suggested that the research agenda for math-
ematical general equilibrium theory should include a theory of money. Money is used to
move purchasing power between markets and transactions, precisely the interaction between
markets that general equilibrium emphasizes. Thus, general equilibrium modeling is an ap-
propriate setting for microeconomic foundations of money. Nevertheless, an Arrow—Debreu
model cannot successfully provide a role for money. The single budget constraint facing

* Fax:+1-858-534-7040.
E-mail address: rstarr@weber.ucsd.edu (R.M. Starr).

0304-4068/03/$ — see front matter © 2003 Published by Elsevier Science B.V.
doi:10.1016/S0304-4068(03)00051-X



336 RM. Sarr / Journal of Mathematical Economics 39 (2003) 335-354

transactors in that model precludes a carrier of value between transactions. In order en-
dogenously to derive the transactions role of money, multiple transactions—each with a
budget constraint—and a motive for carrying value between them needs to be introduced.
Though there has been progress on this head Hagitt (2000), Jones (1976), Kiyotaki

and Wright (1989), Wallace (1980ull integration of money as a medium of exchange in

the general equilibrium model has been incompletely succe$Bfig.general equilibrium
foundations of monetary theory should include parsimonious elementary economic condi-
tions that allow commodity or fiat money to be sustained in an individually rational market
equilibrium.

This paper’s treatment seeks to provide—in a general equilibrium model with com-
plete markets and complete information—weak sufficient conditions to derive a market
equilibrium with the elementary properties of actual monetary economies. Under the con-
ditions posited, trade is monetary in equilibrium; one side of almost all transactions is the
economy’s medium of exchanget{eorem 3. The key to the formalizationis idahn (1971)
andFoley (1970) Those papers remind us that transaction costs create a bid/ask spread be-
tween buying and selling priceBlenger (1892yecognized this price spread as a measure
of liquidity and argued that the most liquid assets become endogenous commodity money,
“goods[are]. . moreor lesssaleable, according to the . facility with which they can be dis-
posed of. . at current purchasing prices with less or more diminutian . men . . exchange
goods. . for other goods. . more saleable . [which] becomegenerally acceptable media
of exchange.” A good is liquid if its bid and ask prices are close together. Thus, price
theory implies a theory of liquidity. The most liquid good becomes ‘money.’ That is the
outcome of the model below. Fiat money enters when government provides it (backed by
the government’s undertaking to accept fiat money in payment of taxes—a notion going
back to Adam Smith). Then ‘money’ is government-issued fiat money, trading at a positive
value though it conveys directly no utility or productiofhgorem 3.

This essay proposes a parsimonious model of an economy where existence of a
medium of exchange is an equilibrium result of the optimizing behavior of individual
firms and households. The monetary character of trade, use of a medium of exchange, is
shown to be an outcome of general equilibrium with transaction costs. Markets are as-
sumed to be segmentédhere is a separate budget constraint at each transaction creating
demand for a carrier of value between transactions. Commodity money arises endoge-
nously as the most liquid (lowest transaction cost) asset. Government-issued fiat money
sustains its function as a medium of exchange through low transaction cost. This essay
presents a full information general equilibrium model with realistic modification of the
Arrow—Debreu specification sufficient to derive this monetary structure as an oufcome.

1 The papers cited here are successful in bringing money into general equilibrium by introducing major frictions
or market imperfections in transactions. The present paper seeks to be more parsimonious, using complete markets
with minimal frictions sufficient to generate monetary equilibria.

2 The notion of market segmentation is essential to monetizatitchjan (1977)

3 A bibliography of the issues involved in this inquiry appearsistroy and Starr (1990)n addition, note
particularlyBanerjee and Maskin (1996), Carmona (2002), Hellwig (2000), Howitt (2000), Howitt and Clower
(2000), Iwai (1996), Kiyotaki and Wright (1989), Kocherlakota and Wallace (1998), Monnet (2002), Rajeev
(1999), Rey (2001), Ritter (1995), Townsend (1980), Trejos and Wright (1995), Wallace (2001), Young (1998),
Clower (1995) andMarimon et al. (1990Q)The treatment of transaction costs in this essay (as opposed to the
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The price system itself designates ‘money’ and guides transactors to trade using
‘money.’

It is useful to distinguish search/random matching models of moneyKa/gtaki and
Wright (1989), Trejos and Wright (1995jom general equilibrium models with transaction
cost, e.gFoley (1970), Hahn (1971), Starrett (1973), Ostroy and Starr (1974), lwai (1996),
Howitt (2000)and this essay. Search models emphasize very imperfect uncertain markets
with limited ability of traders to locate desirable trades and with limited price flexibility.
That approach is consistent wiBmith (1776) General equilibrium with transaction cost
models typically portray complete markets and a fully articulated price system. Using the
complete markets approach allows us to pursue a parsimonious theory: What is a minimal
set of market imperfections so that money arises endogenobtdy?(2003andStarr (in
press)provide elementary examples in a trading post model of the equilibria investigated
here.

The random matching/search formalization of the friction in trade has a very classical
implication: in the rare case where two agents have a double coincidence of wants and
meet to trade, they will trade their goods or services directly for one andétiyetaki and
Wright (1989), Trejos and Wright (1995¥ his is a distinctive feature, distinguishing the
random matching/search models from complete market general equilibrium with transaction
cost models. In actual monetary economies, in those comparatively rare instances where
double coincidence of wants occurs, itis seldom resolved by barter exchange (a supermarket
checkout clerk pays for groceries in money and an autoworker pays money to acquire a car).

This essay’s model is distinct from the overlapping generations msdeluelson (1958),
Wallace (1980, 2001 )etc., emphasizing complete markets and including a transactions
demand for money at a point in time, not only over time. In the overlapping generations
model, demand for money cannot be sustained in the presence of other intertemporal assets
carrying a positive rate of return. In the present model (with time dated goods), there may
be a demand for money as the low transaction cost instrument even in the presence of assets
whose yield dominates money’s.

The present model posits fully informed trade in many separate markets, with a separate
budget constraint in each segmented market and transaction costs. The notion of multiple
budget constraints is merely the formalization of the observation that budgets balance in
each of many transactions separatélghn (1971), Ostroy (1973A typical household
will make many distinct transactions, with retailers, service providers, an employer, and
so forth. In each of these transactions a budget constraint prevails. At prices prevailing
in each transaction, budgets must balance; each party delivers value to the other equal to
that he receives. Since there is a multiplicity of separate budget constraints, the market
is said to besegmented. In addition, there are transaction costs in each market creating
differing bid and ask prices. The notion of transactions as a resource using activity is
embodied in market-making firmBoley (1970)with a production technology transforming
the ownership of goods between sellers and buyers.

recent focus in the literature on search and random matching equilibria) resembles the general equilibrium models
with transaction cost developedkley (1970), Hahn (1971), Starrett (1978hdKurz (1974) The structure of

bilateral trade here however is more detailed, with a budget constraint enforced on each transaction separately, so
that the Foley, Hahn, and Starrett models do not immediately translate to the present setting.



338 RM. Sarr / Journal of Mathematical Economics 39 (2003) 335-354

Multiple budget constraints create demand for media of exchange. Liquidity is priced:
its price is the bid/ask spread. The most liquid asset, the instrument that provides liquidity
at lowest cost, will be chosen as the medium of exchange. Thus, the choice of commodity
money is the outcome of optimizing behavior of economic agents in market equilibrium. Fiat
money—issued by government—derives its positive value from acceptability in payment
of taxes, and it becomes the medium of exchange from its low transaction cost.

To prove existence of a general equilibrium in a segmented market with transaction cost
this paper combines two available treatmeRtdey (1970)rovides a demonstration of ex-
istence of general equilibrium with bid and ask prices and transaction costs in a single unified
market.Arrow and Hahn (1971, Chapter @gmonstrates the existence of general equilib-
rium with externalities. The composite household model below then expands the commodity
space and the population of households. Each commodity is treated as distinct depending on
which market segmentittrades in. Each household is treated as being many distinct counter-
parts depending on which market segment it trades in. The counterparts are then combined
by formalizing an external effect (in the form of a common consumption and common
maximand) among them. The general equilibrium of the composite household model with
externalities is then a general equilibrium of the original segmented market economy.

2. Segmented market model

Hahn (1971)and Starrett (1973)ntroduce sequence economy models with a budget
constraint at each of a succession of dates. The sequence economy models are a special
case of the segmented market model. The present model is agnostic on the time structure,
positing a multiplicity of budget constraints, each separately to be fulfilled. The segmented
market model with its multiple budget constraints is intended to represent the requirement
that at each of a variety of transactions, agents are required to pay for their purchases. Each
household faces many budget constraints, not just one. The absence of a common monetary
unit of account means that purchasing power in one market cannot be directly transferred
to another—commodities or commodity money must be moved between them.

2.1. Markets

A market is the locus of transactions. Each household is expected to fulfill a budget
constraint on each of many markets separately. In specifying the structure of markets the
present paper breaks with most of the general equilibrium theory, and follows most closely
Hahn (1971)andStarrett (1973)There is a finite set of marketd, each denoted € M.
Multiple budget constraints, one at eack M, replace the single budget constraint of the
Arrow—Debreu modelM also denotes the number of distinct markets.

2.2. Prices
Inasmuch as transactions are a resource using activity there will be a spread between

selling and buying prices. Thus, on any single market, there are two prices for each good.
The vectorp®S ¢ Rﬁ, represents the vector of selling (bid, wholesale) prices on méarket
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(‘selling’ as viewed by the public). Similarly the vectpl® e Rﬁ, represents the vector of
buying (ask, retail) prices on markee{'buying’ as viewed by the public). It is convenient
to suppress the notatigi® and to concentrate instead on the vector of retail margins. The
spread between buying and selling prices on makkstrepresented by = p*B — pkS,
assumingr® > 0 (co-ordinatewise). This treatment follofsley (1970)nd facilitates the
application ofDebreu (1962)Meaningful prices for goods are the rates of exchange, price
ratios, between goods on a typical markep*S and=* are quoted in pure numbers (there
is no common monetary unit available). The resulting array of prices liBsiriR3VN, the

unit simplex inR3N. A price vector is presented as= (p*S, 7% ... ; pMS, M), denoted
(PS, ) lkem € P,

2.3. Households

There is a finite set of householdg; the typical element is denotéd= H. H will also
denote the number of householas.c RMN, denotes’s full transaction planx’® € RY
denoteg’s transactions (not consumption) on markgwith positive co-ordinates denoting
i’s purchases ok, negative co-ordinates sales{x’} denotes the complex of transaction
plans for alli € H. The emphasis on transactions rather than consumption simplifies the
(abundant) notation and is consistent withley (1970) Definex'*® e RY asx™®® = (x'¥).,
the vector of nonnegative co-ordinatestf (zeros in place of the negatives).

X'’k € RV, represents househals possible trade space in market

X' € RMN| represents househald possible trade space over the range of markets.

X' = [T X', where[] denotes Cartesian produftt.

u'(x') 1 X' - R, represents househald utility function, again defined on transactions,
rather than consumption. The treatment will eventually focus on the special casemvhere
represents no preference on the location of purchases and only values the aggregate purchase
(the case where'(x) can be summarized as—adjusting for dimensionc-, ,, x').

Denote this useful special case as location indifferent utility.

In an interpretation consistent wiffoley (1970)andHahn (1971) households are not
modeled as directly incurring transaction costs themselves. Rather they face the bid/ask
spread presented by the market and see the transaction costs built into retail prices. Thus
a household’s action expending gasoline and time in going shopping is idealized as taking
place in a firm. The determinants of the decision to do so are summarized in the posted bid
and ask prices. An alternative treatment attributing the transaction activity to the household
itself is inKurz (1974)

2.4. Goods

There is afinite listof goods, = 1, ..., N. AsinDebreu (1959)the list of commodities
is subject to interpretation. They may simply all be spot goods. Alternatively, some may be
spot and others for future delivery. Under uncertainty, they may be defined as well by the
state of the world in which they are deliverable.

4 The specification ok’ as a Cartesian product is mathematically convenient though restrictive.
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2.5. Firms

There is a finite set of firm#, with the typical elemenj € F. Y/ € R?V, represents
firm j's technology set. The structure of markets leads to an awkward oversimplification
on firms as market makers and intermediaries. So long as a firm is active only on a single
market, the firm’s profit as its maximand is well defined. A firm with actions on several
markets does not have a well-defined concept of profit due to the differing prices across
markets. This leads to the (unsatisfactory) usage that a typical firm is active on only one
market® Hahn (1971)reated this difficulty in precisely the same fashion. Each F is
active on only one of the segmented markets, M. F(k) C F is the set of firmg active
on marketk (this may be only a single firm so that a ‘market’ and a firm are practically
indistinguishable). The typical element Bf is (y/, y1B). y/ is j's net transactiony!B the
portion of j's transaction undertaken at the higher retail (ask) prigs= p*S+ 7*. Both
y/ andy!® include both positive and negative co-ordinates. The value of this production
plan is p*S . y/ + 7% . }iB. 0 < ¢ < 1, is household’s share of firm;. Firms can
perform conventional production activities, buying inputs and selling outputs. Following
Foley (1970) one of the principal activities of a firm is to undertake transactions. Changing
the ownership of a commodity—buying at the bid (wholesale) price and selling at the ask
(retail) price—is treated as a production activity. Transactions are resource using; buying
and selling take place at differing prices. The firm undertakes transactions to make a profit
on the difference between buying and selling prices. Hence, the model here interprets the
actions of wholesalers, retailers, brokers—any business that includes making a market—as
a special case of production activity.

Though each firm is active on only one market typical household can transact on a
variety of markets. The household takes account of all prevailing prices in order to choose the
best markets on which to transact. Transaction costs may differ across markets, so prevailing
bid and ask prices may differ as well. Thus withcommodities and/ market segments
there are RIN prevailing bid and ask prices. The reason for investigating this construct is
to derive the monetary structure that it generates. The multiplicity of budget constraints
implies a demand for a carrier of value between transactions. Based on prevailing bid and
ask prices, a typical household might then decide to sell good 1 on one segmented market,
acquiring there good 2, which it will then take to a second segmented market to trade for its
desired purchase, good 3. Trade may occur in this fashion because prevailing transaction
costs make it prohibitive to trade good 1 directly for good 3. Good 2 acts as a carrier of
value from one market segment to another; it becomes a commodity money. The household
decision-making that leads the household to choose good 2 to act in this fashion is based on
the household’s endowment, preferences, and prevailing pkiegyer (1892argued that
the choice of a commodity money will be based on liquiditfieorem 3below confirms
this viewpoint.

Definition. Prices(p*™*S, m*)[zep € P household plangx*’}, x* € X', and firm plans
(y*/, y*IB) e Y/ are said to constitute quasi-equilibriumif for each k € M,

5 The arbitrage functions we might expect a firm to undertake are left to households.
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i) ", y18) maximizesp™S . y/ + 7k . yib
subjectta(y’, y/B) € Y/, for eachj € F(k), 1)

(ii) for eachi € H, x*K e XK maximizes«'(x') subjectto

p*kS. AL + k. 1B < Z Qij[p*ks- y*j + k. y*jB]’ 2)
JEF()

wherei treatsc*'™ parametrically, fom € M, m # k, orx** minimizesp*<S. xk + 7k . (k8
subject tou! (x') > u' (x*/), wherei treatsx*'™ parametrically, fom € M, m # k,

iy Y x— 3"y <o, 3)

ieH jeF(k)
and

Z xHkB _ Z y98 <0, co-ordinatewise )
ieH JjeFk)

The budget constraint (2) calls for special comment. Househmdgs for his purchases
on market by delivering goods (negative co-ordinatesif¥) to k. In additioni may have
some profit income from firm ownership in In the theorems below, firm technologies
are convex cones fulfilling a zero profit condition in equilibrium, so profit income is not
essential in the equilibria demonstrated. The segmented market structure necessitates that
profit income on market—which is merely an account balance bna-be spent only on
marketk. It can of course be used to acquire goodscdhat can then be sold on another
marketk’. Those goods carrying value from one market to another act as media of exchange,
commodity money.

3. Media of exchange

Consider the case of location indifferent utility. Recall th#€ = (x'¥),. Let (x¥)_
be the (nonpositive) vector of negative co- ordinates"b’(zeros in place of the positive
co-ordinates). Householts net trade consists df, ., (x' K). Buti's gross trades may be
much Iarger than his net trades. The gross trades (as positive values), Q.M-:‘x'kB
> ten (™). How do gross and net trades differ? If housetipid each market, acquires
(in payment for his sales) only goods that he eventually consumes, gross trades equal net
trades. More generally, howevémay deliver most of his excess supplies on one market
and acquire his consumption on a variety of other markét&”, ... In that case he will
accept goods i’ in payment for his supplies that he will subsequently trade awaly/’pn
k", ..., in exchange for his planned consumption. Those goods temporarily held between
markets are acting as media of exchange, commaodity money.

The expression

e(x%z[Zx‘kB}—[Z(xik)L > M- +[Z<x'k>] (5)

keM keM keM keM
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represents’s flow of goods in trade acting as media of exchangé’) is gross purchases
minus net purchases, (algebraically) minus (negative) gross sales plus net(sllésthe

flow of goods in excess of those minimally required physically to implenismtet trade.

In equilibrium,e(x’) represents flows of goods acting as carriers of value, making sure that
(2) is fulfilled at eactk € M.

4. Pareto efficiency

Definition. An aII_ocation{x”} is said to be Pareto superior to allocatipe?'}, if for all
i€ H,u' (x") > u'(x®) with the strict inequality holding for somec H.

Definition. An allocation{x'} is said to be attainable if € X' foralli € H, and there is
(y/, y1B) € Y/ for eachj € F, so thaty";,, (', x*B) < 37,1y (37, y1B), for allk € M.

Definition. An attaina_ble aIIocatiqr{le‘} is said to be Pareto efficient if there is no other
attainable allocatiofix*}, so that{x"} is Pareto superior tpx®'}.

Any reallocation may require incurring transaction costs. The presence of transaction
costs and of the wedge between buying and selling prices are not in themselves indications
of inefficient allocation. Technically necessary transaction costs incurred in moving to a
preferred allocation are not inefficiettahn (1971), Starrett (197.33ut transaction costs
incurred merely in fulfilling budget constraints (2), are regarded as wasted resources. These
are the transaction costs incurred in implementing media of exchargeAn additional
related source of inefficient allocation is preferable reallocations (net of technically neces-
sary transaction costs) discouraged by the prospect of transaction costs to be incurred in
fulfilling budget constraint§.

5. Assumptions

The following assumptions are familiar in conventional general equilibrium models
and correspond essentially to thoseFaofiey (1970) Assumptions H.1-H.4 apply to the
households of the economy. Assumptions P.1-P.4 correspond to the production sector
of the economy, including the transactions process as a resource using activity. These
are sufficient to develop a model including an equilibrium with a commodity money in
Theorems 1-®elow. An additional family of assumptions on taxation and fiat money is-
sue, M.1-M.7, is developed later in the paper to characterize a fiat money equilibrium in
Theorem 4

6 In conversation with Nobuhiro Kiyotaki, he argued that the notion of efficiency above is too restrictive. In the
view he expresses, as | understand it, budget balance (2) is a technical necessity just as much as is a transaction
technology, so the notion of Pareto efficiency should be subject to endowment, transaction technology, and budget
balance.
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H.1. x% c RN. X' has a lower bound. As above] = ]‘[kﬁMX‘k, where ] de-
notes Cartesian product. Note that under this definitidhc RMN, and X has a lower
bound.

H.2. x'Kis closed and convex; X'k, Note that under the definition embodied in Hxt,
is closed and convex, anddDX".

H.3. ¥’ : X! - Ris continuous, quasi-concave.
H.4. x' > x° impliesu’(x') > u!(x°).

Pl OevY/, v/ c RV,

P.2. Thereisno (y/, yiB) € Y/ sothat (y/, yiB) > 0.
P.3. Y/ isa convex cone with vertex at O.

P4. Y =) cpp Y/, isclosed for eachk € M.

6. A model of composite households with consumption externalities

We seek to establish the existence of a general (quasi-) equilibrium in the segmented mar-
ket model. Rather than prove this directly, we take the approach of restating the model in a
way that treats the model as a special casetdy (1970with externalities in consumption.

That model’s sufficient conditions are then adequate to ensure existence of equilibrium in
the segmented market model. The strategy of proof is to expand the dimension of the com-
modity space by a factor a#Z, the number of distinct market segments. That is, there are
MN formally distinct goods. Identical goods in distinct segments are then treated as different
goods, with distinct prices, transacted by different firms, and consumed by formally distinct
households. In the original segmented market model, each household is active in each of
the M-segmented markets. We now restate this as each househdidhavingM distinct
counterpartsik, k € M, active on market segmeht The M households are linked in their
preferences by an external effect. For eaamnd each of the formally distinct households

ik andik” (for k', k" € M, k' # k"), ik”’s consumption plans enter as an external effect

in ik”’s utility, as though those consumptions wékes own. Hence, we can represent the
M-segment complex of purchase plans of the typical househiolithe original segmented
market model, as/ distinct purchase plans @f distinct households linked by an external
effect in the composite household model. There are Hidrformally distinct households,

each one with preferences linked by an external effedffte 1 counterparts. Since each
household takes fully into account the consumptions ofihis 1 counterparts, and since

they share a common utility function, optimization for the complexotiistinct house-
holdsik, k € M, in the composite household model is equivalent to that of houséliold

the segmented market model. We demonstrate the existence of equilibrium in the compos-
ite household model and then note that the conditions for equilibrium there are precisely
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equivalent to those of the segmented market model. Hence the segmented market model
has a general equilibrium.

In the composite household economy we consider a revised population of households,
HM = {ikli € H,k € M}. For eachik € HM, ik's buying and selling plans are re-
stricted to segmerit. x' ¢ RMN with all co-ordinates for markets other tharset iden-
tically equal to 0x'K = (0,0,...,0,x 0,...,0,0). Conversely, let'* ¢ RMN denote
the MN-dimensional vector of external effects dncoming from its counterparts active
on marketsk’ # k. X' % = (1, ..., xk1 0, xkt1 . xM) setting at O the-indexed
co-ordinates. That is, each househbld H of the original segmented market model ap-
pears in the composite household modeladistinct households, one for each segmented
marketk € M. The separate households are related by an external effect—each of the
separate households appreciates fully the consumption decisions of its counterparts.

Householdk's utility function is characterized by strong external effedts.preferences
are those of in the segmented market model, appliedks net trades and those oh,

m # k. That s,

uik(xik, x/ifk) = ui(x/il, x/i27 o x/ik71’ xik, x/ik+1, o x/iM) (6)
wherex™for m = k is treated parametricallik's income, to be spent on marketcomes

from sales of goods ok and fromik's share of profits of firms active on We takeik's
shares of firmg € F(k) to be identical ta’s, 6" for j € F(k). Thusik's budget constraint is

ka.xik_i_ka.xikBS Z 9”[pksy]+n'kyJB] (7)
JEF(K)
Definition. Prices (p**S, 7%)|xepr € P, household plans** e RZMN firm actions

(y*/, y*B) ¢ Y/ are said to constitute a quasi-equilibrium in the composite household
model if for eachk € M

(v*/, y1B) maximizesp*™S . y/ + 7** . yiB subjectto
(v, yIB) € Y/, foreachj € F(k), (8)
and for eachk € HM
K maximizes/*(x'; x*~%) on X'K subject to
pIS. g k(I8 < S ik 5Ty ek By )
JEF(k)
or
¥ minimizesp™S . X + 7 . X8 subject ta/ X (x'; 1K) > ul (x*),
and
> @ — "y <0, co-ordinatewise (10)
icH JeFk)
for eachk € M, and

> @) — Y 4B <0, co-ordinatewisefor eachk € M. (11)
ieH jeF(k)
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7. Results

Theorems 1-delow develop the model of commodity money equilibrium, using the
existence properties for the composite household modigbpendix A Theorem Imerely
states that the assumptions are sufficient to generate existence of a quasi-equilibrium.

Lemmal (Existence of a quasi-equilibrium in the composite household econoAsgime
H.1-H.4, P.1-P.4Then the composite household economy has a quasi-equilibrium with
prices (p*S, 1) |rear € P.

Proof. SeeAppendix A Foley (1970) Theorem 4.1Arrow and Hahn's (1971dliscussion
on p. 135 of an economy with continuous external effects demonstrates the existence of a
quasi-equilibrium (compensated equilibrium). O

Theorem 1 (Existence of a quasi-equilibrium in the segmented markets mo8stume
H.1-H.4, P.1-P.4Then the segmented mar ket economy has a quasi-equilibriumwith prices
(P, ) kem € P.

Proof. Apply Lemma 1to the composite household economy. For eaeht, the condi-
tions to maximize:'(-) subject to budget constraint ine M in the composite household
model are identical to those of maximizimdy(-) subject to budget constraint in the seg-
mented market model. O

Pareto inefficient allocation is possible in equilibrium of the segmented market economy.
A special case of the segmented market model is a sequence ecdtainmy(1971) See
the examples of inefficiency in a sequence econongtarett (1973pr Ostroy and Starr
(1990) However,Theorem 2below says that if there is a medium of exchange that oper-
ates with zero-transaction-cost (‘money’), then common general equilibrium prices can be
established. Then the allocation is Pareto efficient by the First Fundamental Theorem of
Welfare Economics.

Theorem 2 (Efficiency of allocation with a transaction-costless medium of exchariggt).

(p*S, %) |rem € P be a quasi-equilibrium price vector and {x*'}, (y*/, y*IB) be the
corresponding equilibrium trading and production plans. Let x* e [interior X'], u’ be
differentiable at x*/, and let utility be location indifferent, for all i € H. Let there be good

n* sothat ¥ = 0, p*S > Ofor all k € M. Then the allocation {x*'} is Pareto efficient.

Proof. The presence of goad overcomes the segmented structure of markets, allowing the
M-segmented budget constraints to be equivalent to a single budget. Rescale the equilibrium
price vector for clarity of exposition. The price vector that describes the single budget
constraint is defined as

1
(P8, 7 lkem = (p*ksuaks, n")) lken- (12)

n*
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pg‘:s = 1 for all k. Trade with some households buyimton one market and selling it on
another results in the following marginal rates of substitution in equilibrium. The notation
u}, indicates a marginal utility, with the subscript designating a partial derivativei &or

buyer ofrn,

wh  mingep (pOS + 7%
ut 1 ’

n*

and fori a seller ofm

y _ MaXen (Por)
i 1

<

*

l
n
and fori a seller ofn andm

o MaXey (pIS)

Wl maxeey (pS)’

<

and fori a buyer ofn andm

x .

Uy _ Milens (o + 7309
uh,  Mingep (p9kS + m9k)

and fori a seller ofn and buyer ofn

<

uh, _ Maxem (pyS)
Mingem (pkS + 73S)

iy

Thus all households in a similar buying—selling position have the same marginal rates of
substitution, equated to marginal rates of transformation (including transaction cost). This

is a first order condition for Pareto efficiency.

Let us restate the standard notion of a market general equilibrium. For convenience prices
will not be required to lie in the unit simplex. Priceg™®S, 7'%)|;c) € R?MN, household
plans{x"},x" € X!, andfirm plangy/, yIB) € Y/ are said to constltuteaqua5| equilibrium

in the unified market economy if

(v) (37, y1B) maximizes p*S. y/ 4 7'k . 4B

subjecttay”/, y1B) € Y/, foreachj € F, (13)
and . . . .
(v) for eachi € H, 'K € XK maximizes:! (x') subject to
Z[p/k . xik—i—n/k . xikB] < Z Z Qij[p/ks' y/J +7T/k y/jB], (14)
keM keM jeF(k)
or
" minimizes » "[p™*S - x* + 7™ . ¥*®] subjecttar’ (') > u’ ("),

keM
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and
i) sz,ik_zy/j <0 (15)
keM icH JjeF
and
Z Zx/ikB _ Z 1B < 0, co-ordinatewise (16)
keM icH JeF

This is identical to the quasi-equilibrium &bley (1970) and in the setting of transacting
firms, to that ofDebreu (1962)Thus, the rescaled price vecigr®S, 7°) and the allocation

of the quasi-equilibrium in the segmented market econdmiy}, {y*/, y*IB}, under the
conditions of the theorem, is a quasi-equilibrium in the unified market economy. Then the
allocation is Pareto efficient by the First Fundamental Theorem of Welfare Economics (e.g.
Arrow and Hahn, Theorem 5.3). O

Theorem 3(Demand for media of exchange)et (p*S, 7%)|xer € P beaquasi-equilibrium
pricevector, and {x*'}, (y*/, y*/B) bethe corresponding equilibriumtrading and production
plans. Let x* e [interior X'], i’s utility be location indifferent and differentiable at x*. For
somen* =1,..., N, let p¥ > 0, for all k € M. Further, let

k k
77:”* 7Tn
< (17)
IS P
and
k k
”n* T[n
- (18)
pﬁ? P;'ﬁs

forall k € M, for all n # n* with pkS > 0. That is, on all markets, both on the buying and
selling side, suppose goad has the narrowest proportionate bid/ask spread of any good.
Let

kS k k'S
pn + ”n > pl‘l
! /
T st

(19)

foreverym,n =1,2,... N,m # n, and for every distinct, k' € M. Then the only nonull
co-ordinates oé(x*') are in goodi*.

Proof. Note that (19) implies there are no profitable arbitrage opportunities open to house-
holds at prices p*S, %) |rear. Proof by contradiction. Suppose not. Thefix*) > 0 for
somen # n*. But then we will show thats transaction plan* is not optimizing. There is

an alternative fulfilling (2) with utility higher thanx*. x" can be formulated using more

n* as medium of exchange, legsThe strict inequalities in (17) and (18) imply—under
H.4—thatx” is preferable. To demonstrate this more precisely, suppose for example that

[[ZkeM kB — [ZkeM(x*ik)]+]n > 0 (this is one of several cases where*'), > 0;

other cases are similar). Considérso thatx*K® > 0 andk” so thatx*" < 0. Choose
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smalle > 0. Formulateck® as equal ta*'¥® in all co-ordinates exceptX , x| x/IK" y/iK

”*; n*1 .
SetxIK = x*K _g: Setx”k* = x*'w + e((pkS+ rrk)/(p + 750 sety/ K" = iK' 4 ¢
and setIK' _x*'k —e(pk S/pk 5) Notes((pks+7rk)/(pn*+Trn*)) e(pk S/pk >0
Thenx" fulfllls (2) butu’(x) > u'(x*). This demonstrates the contradiction. O

Theorem mbodiedMenger’s (1892argument that market equilibrium designation of
commodity money is based on liquidifjheorem Joroposes that there be a single gadd
with narrowest proportional bid/ask spread at prevailing prices. Tiavill be the unique
medium of exchang&heorem Joses a simplified case—there could be several goods tied
for narrowest bid/ask spread or the good with a narrow bid/ask spread could vary across
markets (in which case there would be no common medium of exchange). Nevertheless, the
underlying principle is clear. Liquidity is priced in the bid/ask spread and the most liquid
good(s) will be the medium(a) of exchange.

When a household engagesintrade, its sales from endowment or its income from business
may be concentrated on one markébut its purchases for consumption may center on
another markek”. The two values, sales (plus profits) and purchases, must balance on
each market separately, (2). Hence the household uses a carrier of value, commodity money
e(x"), to shift purchasing power among markets. It seeks to do so in the most advantageous
fashion possible, losing as little purchasing power as possible in the process. That is how
the household forms its optimizing choiceek’). For arbitrary(pkS, 7%)|rey € P, there
is no simple general characterizatioreaf’). But Theorem 3lescribes the most interesting
special case. Suppose—at prevailing prices—there is a natural mdnayood with such
low transaction costs that the prevailing bid/ask spread makes it the least costly way to
move purchasing power across all markets. Thers the only good that will be used as
e(x"). Alltransactions will either be for directly useful trades—delivering supplies, fulfilling
demands—or they will be in* acting as a medium of exchange.

8. Fiat money and government

To incorporate fiat money there are two issues to be addressed: How does an intrinsically
worthless instrument become positively valued in equilibrium? How does this instrument
become the common medium of exchange? The answer to the first question is “takes.”
answer to the second is “low transaction costs.” Introduce a government in the model with
the powers to issue fiat money and to collect taxes. Fiat money is intrinsically worthless; it
enters no one’s utility function. But the government is uniquely capable of issuing it and
of declaring it acceptable in payment of taxes. Adamith (1776)notes “A prince, who
should enact that a certain proportion of his taxes be paid in a paper money of a certain
kind, might thereby give a certain value to this paper money” (vol. I, Book I, Chapter 2).

7 The currently prevailing (alternative) treatment of the value of fiat money in the literaMaigce (1980),
Kiyotaki and Wright (1989), Samuelson (1958jc. is to treat money as a bubble in an infinite horizon model. In
this approach, money is completely unbacked, its value sustained by the expectation of its future value. There are
typically multiple equilibria then, including a nonmonetary equilibrium where in the absence of this expectation,
fiat money has zero value.
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AbbaLerner (1947comments “The modern state can make anything it chooses generally
acceptable as money a simple declaratian. will not do. .. But if the state is willing to
accept the proposed money in payment of taxethe trick is done.” Taxation—and fiat
money’'s guaranteed value in payment of taxes—explains the positive equilibrium value
of fiat money? Assume the fiat money also to have very low transaction costs. Then the
conclusion follows. Fiat money becomes the common medium of exclidfaen example

of how this logic works se8tarr (2003) To formalize these views we extend the model of
Sections 1-7 by introducing government and fiat money.

Define taxes, fiat money and government in the following way. Government, denoted
G, is formalized as another household with distinctive properties for its trad& Sefax
receipt certificates are goad — 1. Every household € H has a tax quota” > 0, so
that there is positive marginal utility from acquiring additiom%lﬁlup to the levek”. No
firm j € F can produceV — 1 and no household i& can achieve a net disbursement
of N — 1 (that is, no household is endowed with— 1). Government, denoted, is the
unique source o and is endowed wittv — 1 (more formally,X¢ admits the possibility
of a net disbursement @f — 1, tax receipts), but not so much that it becomes a drug on the
market. GoodV will be treated as fiat money. We assume that no household gets positive
utility from net acquisition of goodv. Governmeni5, declares its willingness to accept
N (which nobody wants) in exchange fowr — 1 (which everybody wants). This amounts
merely to defining:¢, G’s utility function, with strictly positive marginal utility fo’v and
for N — 1. State these notions &$:

M.1. Forallk € H,u" islocation indifferent. Foreact € X", eacm =1,2,... , N-2,

there ist" > 0 so that ify_, ., x"K | < ", then

(Qul (x"))/@xt, )
(duh (xhy) /(3x!)

M.2. XO = [eyRY — (0,0, ..., 9%, %)), wherey* > 0,3, vF = Y pen 7
y" > Oonly fork sothatj® e F(k), for j° described in M.7; where* > 0andy_, _,, 7* =
Shen T Forallh e H, allx e X, x> o0.

M.3. Forallx € X6, 0u%(x9)/0x§_; = au®(x%)/x§ > 0.

M.4. For allh € H, for x?\, > 0, 8uh(xh)/8x}1{, = 0; for xﬁ(, < 0, auh(xh)/ax};\, >
8uh(xh)/8x’1’\,_1 > 0.

8 See alsdubey and Geanakoplos (2001), Li and Wright (1988 Starr (1974)

9 A more complex argument involves a scale economy, ruled out by the present paper’s convexity assumption.
If there is a scale economy in transaction costs and if government is a large conomic agent, then government
transactions in fiat money ensure sufficient scale to result inlow transaction costs. Hence fiat money becomes the
unique common medium of exchangarr (2003), Starr and Stinchcombe (1999), Tobin (1959, 1980)

10 The partial derivatives representing marginal utilities in the assumptions below are assumed to exist. The
assumptions can be restated without differentiability, but the notion of marginal utility is convenient here.
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M.5. Forallj e F,all (y/, yiB) € v/, yﬂ,fl = y;ﬁ =0.
M.6. Forallje F,let(y/, yB) e Y/, lety’/ =y, y’j y”LB forn=1,2,...,N—1.
Let y"B > y”]:,B Then(y"/, yIB) e Y/. [M.6 creates an exception to P.2; trade in money is
not resource using.]
/i B / / /iB //IB
M.7. Let(y/yj)eY/ |etyf—y],yn= forn = 1,2,...,N — 2. Let
y//JN_ > y/JA? 1 y”JB B Then for at least ong® e F, (y/"1°, ”JOB) e Yo [M.7
creates an exception to P.2. For at least ¢gthe F, trade in money and taxes is not re-
source using. Under M.5 note that money and taxes are pure exchange goods; they are not
produced.]

M.6 and M.7 allow a modest free lunch—no transaction costs in money and taxes.
Hence,Theorem Jabove cannot directly be applied. This difficulty is treated in the proof of
Theorem 4

Assumptions M.1-M.7 define the notions of fiat money and taxation. M.1 says that
households try to arrange their affairs to pay their taxes and that the marginal rate of
substitution of tax payment for other goods is bounded away from zero when taxes have
not fully been paid. Since fiat money is acceptable in payment of taxes, M.1 guarantees a
finite price level in terms ofV. That is, M.1 puts a floor on the value of fiat money. M.2,
M.5and M.6 say that governmerg, is the unique source of money, godd and of tax
receipt certificates, gooN — 1. Government sells tax receipt certificates only on markets
where they incur no transaction cost and does not flood the market with moneyNgood
M.3 says that governmeng, is willing to accept money, gooll, one for one, in exchange
for tax receipt certificatesy — 1. M.4 says there is no utility to holding money, good
N, for any household; only governme6t behaves as though monay, is desirable. A
household may be a net seller of money on some markets, but it will never be a net seller in
aggregate (preferably, this consideration would be embodied in a constraint, but stating it
in the household utility function is the most convenient formalization available here). M.7
says that money, gooM, carries low transaction costs. M.7 says that there is at least one
market where both money and tax receipts, ga¥dsl andnN, carry low transaction costs.

Theorem 4 (Existence of a fiat money quasi-equilibriumAssume H.1-H.4, P.1-P4,
M.1-M.7. Then the economy has a quasi-equilibrium with prices (p**S, %) |;epr € P.
Further, piS > 0, for all k € M.

Proof. We cannot directly applirheorem lbecause of free transactionsfih— 1 andN

under M.6 and M.7, violating P.2. Le&&? c R?" be a cube centered at the origin of side

g = 1,2,3,... Consider the truncated economy characterized by firms with production
technologies’/ N K4. Apply the Theorem oDebreu (1962)o the composite household
economy with truncated technology. Let the (truncated) economy’s quasi_—equilibrium prices
and firm actions b&p**S, 7% e, (Y9, yqu) ¢ Under M.6,yy = y3 =0forall

j. Firm j's retail actions inN — 1 andN, yN 1 yN , may increase without bound as
becomes large. This can occur in equilibrium of tltle truncated economy asbecomes
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large only in the case of wash sales®f— 1 andN, which have no effect on household
utility (since they wash) or on firm inputs or profits (by M.6 and M.7). Real equilibrium
activity, ingoods 1, 2, 3, ., N — 2, is necessarily bounded by P.1-P.4. Then household and
firm actions are set-valued and there is also bounded equilibrium household and firm action.
Take a convergent subsequence in prices and actions. Its limit is market equilibrium prices
and household and firm actiong*S, 7**)lxem € B, (v*/, y9B) € ¥/, (x*}. piS, > 0
by M.1, M.5, and M.7. Therp’;\,kS > 0 by arbitrage under M.3. Thus there is a monetary
equilibrium for the composite household economy. Then apply the same argument as in the
proof of Theorem lequilibrium prices of the composite household economy are equilibrium
prices of the segmented market economy. O

In Theorem 4 positivity of the price of fiat money;;)’;\,"S > 0 for eachk, comes from
the structure developed in M.1-M.7. Goddis desirable since it is desired lay on the
same basis a& — 1 (M.3) and all households want — 1 (M.1). These statements hold
net of transaction costs since these are small (M.6, M.7). Further the scarcity value of
andN — 1is ensured by limitations on supply (M.2, M.4, M.5).

Corollary 1(To Theorems 2 and 4)AssumeH.1-H.4, P.1-P.4, M.1-M.Let the segmented
market economy have a quasi-equilibriumwith prices (p**S, 7%) |ty € P, piS > 0, and
trading plans {x*'}. Let u’ be location indifferent and differentiable at x*' for alli € H. For
ali e H,letx* e [interior X'] and be equilibrium trading plans. Then 7i¢ = 0, for all

k € M, and the equilibrium allocation is Pareto efficient.

Proof. Theorem 4tells us that there is a quasi-equilibrium wigfS > 0. By M.7
and marginal cost pricing we havq;f‘ = 0. ThenTheorem 2implies a Pareto efficient
allocation. O

Corollary 1restateg heorem 2n the case of fiat money. A zero-transactions-cost medium
of exchange assures Pareto efficiency of equilibrium allocation. In cases wherevgood
fiat money, is the unique zero-transaction-cost instrument, thenrem 3dmplies that fiat
money is the only medium of exchange in equilibrium.

9. Conclusion

An Arrow—Debreu general equilibrium model modified to include transaction costs and
multiple budget constraints implies monetary trade as a consequence of the equilibrium.
Commodity (and fiat) money flows are endogenously determined as part of the equilibrium
actions of firms and households. Liquidity is priced in the bid/ask spread; prices provide a
directincentive to concentrate the medium of exchange function in goods with the narrowest
bid/ask spread. Fiat money’s positive value is supported by acceptability in payment of
taxes and it becomes the common medium of exchange because of low transaction cost.
Commodity or fiat money with a zero-transaction-cost leads to Pareto efficient equilibrium
allocation.



352 RM. Sarr / Journal of Mathematical Economics 39 (2003) 335-354
Acknowledgements

This paper has benefited from the comments of Walter P. Heller, Mukul Majumdar, and
Joel Sobel. It is a pleasure to acknowledge colleagues’ remarks in seminars at: University
of California, San Diego (2001), Far West Regional Economic Theory Meeting (San Diego,
2002), NBER General Equilibrium Theory Meeting (Minneapolis, 2002), North American
Summer Meeting of the Econometric Society (Los Angeles, 2002), Stanford Institute for
Theoretical Economics—SITE (Palo Alto, 2002), and the European Meeting of the Econo-
metric Society (Venice, 2002). The advice of anonymous referees, the editor, and a dedicated
guest editor is gratefully acknowledged. Remaining errors are the author’s responsibility.

Appendix A. Foley’stransaction cost model and Arrow and Hahn’streatment of
external effects

Foley (1970)noted the formal equivalence of the existence of a quasi-equilibrium in
Debreu (1962}o its existence in a model of transaction cost featuring a doubled dimen-
sion of the commodity space and convex transaction technafogyw and Hahn (1971,
Chapter 6showed that the results demonstrating existence of quasi-equilibrium (compen-
sated equilibrium) could be generalized to a model including continuous external effects
among households. The combined result below notes that the same logic means that the
Foley (1970Yesult holds in the presence of continuous external effects among households.
All of these results apply in a single market. Now consideérseparate markets where
each household and each firm is allowed to be active in only one market and each house-
hold has ownership shares only of the firms in its separate market. The adapted result
below extends the combined result to this separated market model: continuous external
effects are consistent with a quasi-equilibrium (compensated equilibrium) in the separated
market model. Equilibrium of the composite household economy is a special case of this
result.

A.1. Published results

(Foley (1970): Let M = 1, and assume H.1-H.4, P.1-P.4, with no external effects. Then
there is a quasi-equilibriurgp*S, 7*) € R2V.

(Arrow and Hahn (197)) Let M=1, and assume H.1-H.4, P.1-P.4, with continuous
external effects (each household’s utility function is continuous in the consumptions of
other households). Let transaction costs be nil. Then there is a compensated equilibrium
(quasi-equilibrium)p* € RY.

A.2. Combined result
Assume H.1-H.4, P.1-P.4, with continuous external effects (each household’s utility

function is continuous in the consumptions of other households)M=el. Then there is
a quasi-equilibrium(p*S, 7*) € R3N,



RM. Sarr / Journal of Mathematical Economics 39 (2003) 335-354 353
A.3. Adapted result

Assume H.1-H.4, P.1-P.4, with continuous external effects\_et 1 with each firm and
household active on only orkee M. Then there is a quasi-equilibriu@*"s, 7Y ey €
RZMN_

+
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