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Abstract

This paper develops and compares consistency conditions for belief-based solution
concepts of noncooperative games, particularly perfect Bayesian equilibrium (PBE).
The paper promotes flexible application of a condition called plain consistency, which
requires independent updating across dimensions of the strategy space conditional on
“conjunctive” events. For practicality, plain consistency constrains updating only on
pairs of consecutive information sets for a player, and it can be imposed narrowly.
The concept is defined for infinite games, strengthening the foundation of PBE in set-
tings where sequential equilibrium is not defined. Implications of plain consistency are
worked out, including the relation to subgame perfection, a version of “no signaling
what you don’t know,” and the structure of beliefs in a wide class of sender/designer
games. A key element of the approach taken herein is to express a player’s belief at an
information set as a probability distribution on strategy profiles.

1 Introduction

Solution concepts for sequential-move games are based on the notion of sequential rational-
ity: that a players’ strategy is optimal not just in the ex ante sense (before the game is played)
but at all of her information sets. Trembling-hand perfect equilibrium (Selten 1975) and se-
quential equilibrium (Kreps and Wilson 1982) formulate sequential rationality by examining
sequences of fully mixed behavior strategies that converge to the candidate equilibrium strat-
egy profile. For sequential equilibrium, such sequences amount to a consistency condition
on the players’ updated beliefs at all information sets. Practitioners rarely utilize these solu-
tion concepts, however, because (i) constructing sequences of fully mixed strategies with the
desired properties can be a cumbersome process for complex games; (ii) in some applica-

tions, more permissive concepts that allow for a greater range of beliefs may be desired; and
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(ii1) many applications have infinite action spaces, a setting in which trembling-hand perfect
equilibrium and sequential equilibrium are not defined.!

Rather, practitioners gravitate toward the perfect Bayesian equilibrium (PBE) concept,
which is usually described in the same way as is sequential equilibrium: an assessment
consisting of the equilibrium behavior-strategy profile and a system of beliefs as probability
distributions over nodes in information sets. However, PBE puts structure on the players’ be-
liefs with consistency conditions that are formulated without reference to strategy trembles.
The practitioners’ natural objective for consistency conditions is a suitable form of indepen-
dence and proper conditional-probability updating (Bayes’ rule), so as to deliver implications
along the lines of what sequential equilibrium implies, such as subgame perfection. Formal
definitions of PBE require a precise account of these consistency conditions.

Fudenberg and Tirole (1991) provides the focal PBE definition for a class of games
known as finite multi-stage games with observed actions and independent types. Their defi-
nition assumes belief updating is “reasonable” in that (i) the belief in each stage ¢ regarding
the type of each player ¢ depends on only the public history through stage ¢ — 2 and player ¢’s
action in stage ¢ — 1, (ii) updating about player ¢’s type from stage ¢t — 1 to stage ¢ satisfies
Bayes’ rule where applicable, and (iii) beliefs exhibit independence regarding the types of
different players. These consistency conditions are implied by sequential equilibrium, due
to the supporting sequence of behavior strategies, although stronger conditions are required
to reach equivalence with sequential equilibrium on outcomes.

Unfortunately, modern applications of PBE are increasingly outside the class of finite
multi-stage games with observed actions and independent types. To develop a definition of
PBE for general games, one option is to utilize Battigalli’s (1996) independence property for
conditional probability systems, but it lacks a practicable formulation and therefore has not
been adopted for applications.? Further, infinite games have not been addressed.

This paper endeavors to support wider application of PBE, as well as versions of extensive-

"Myerson and Reny (2020) discusses technical problems with extending sequential equilibrium to infinite
games and develops an equilibrium concept for a class of infinite-action multi-stage games based on nets of
strategy perturbations.

2Since Fudenberg and Tirole’s (1991) and Battigalli’s (1996) framework clings to an assessment-based ac-
count of strategies and beliefs, such a PBE definition would amount to (a) postulating a conditional probability
system over strategy profiles, (b) ensuring it has the independence property, (c) calculating an implied strategy
profile and a conditional probability system over terminal nodes, (d) deriving the assessments at information
sets, and (e) assessing sequential rationality. Further, verifying the independence condition appears tantamount
to finding a suitable sequence of fully mixed behavior strategies in a sequential-equilibrium construction.



form rationalizability, by developing a simple belief-consistency condition called plain con-
sistency that can be flexibly used in applications, and by promoting a strategy-based account
of beliefs that simplifies the description of sequential rationality and belief updating.

Plain consistency constrains only how an individual player updates her belief on a given
pair of consecutive information sets (from one information set to the next that arises for the
same player). It says that, if the player’s belief at the first information set exhibits inde-
pendence between a given strategy component L and its complement, and if the marginal
on L would reach the second information set with positive probability, then the belief at
the second information set also exhibits independence and the marginal on L accords to the
conditional-probability formula. Plain consistency can be imposed as narrowly or broadly as
is practicable and desired by the analyst. I do not take a position on the appropriate scope.

This paper provides the definition of plain consistency for finite games and a general-
ized definition for infinite games. Plain consistency is compared to other belief-consistency
notions in the literature. Alternative versions of perfect Bayesian equilibrium are defined
by combining consistency notions with sequential rationality and common initial beliefs. A
moderate application of plain consistency is shown to imply subgame perfection. For finite
multi-stage games with observed actions and independent types, the moderate form implies
an element of Fudenberg and Tirole’s (1991) reasonableness condition. A highlight of the
paper is the derivation of plain consistency’s implications for a wide class of sender/designer
games described in the following subsection, allowing for infinite action spaces and infinite

numbers of information sets.

1.1 Applied motivation

Although applications of PBE are widespread, a measure of ambiguity persists across the
applied literature regarding the meaning of “imposing Bayes’ rule where applicable.” In
some articles, PBE is the stated solution concept but it is not formally defined, leaving one
to guess whether the reported analysis relies on implicit consistency assumptions or is an
arbitrary selection of some weak version of PBE. In others, the modeling exercise alludes to
a noncooperative game, but analysis is provided for only part of the game, and therefore a
PBE is not fully constructed.

Examples abound from the large literature on sender/designer games, including models

in categories known as information design, persuasion, mechanism design, cheap talk, and



hard evidence. In these models, the following occur in order: There is a move of nature;
player 1 may or may not observe some aspect of nature’s move; player 1 makes a choice
such as to select a signaling technology, send a message, or disclose evidence; and then other
players make an observation (receive the message, see the signal, etc.) and take actions.

Consider the simplest example in the category of information design. Nature chooses
whether the underlying state is 0 or 1, with equal probability. Player 1 does not observe
nature’s move. Player 1 then selects an experiment e, which is a mapping from the set
of states {0, 1} to probability distributions over the same space, where the randomization is
performed by nature. The outcome of the experiment can be interpreted as the recommended
action. Player 2 observes e and the experiment outcome, but not the state directly, and then
chooses either action 0 or action 1. Suppose that player 2’s payoff is 0 if she chooses action
0, regardless of the state. If player 2 chooses action 1 then her payoff is 1 in state 1 and it is
—2 in state 0. Player 1 strictly prefers that player 2 take action 1 in both states.

The typical analysis of such a game involves the following steps: For any experiment, the
analyst calculates player 2’s optimal response to every experiment outcome, as though the
experiment is exogenously given along with prior distribution of the state. This calculation
results in an expression of the mixed action that the experiment implements as a function of
the state. Then, the analyst picks the experiment e* that maximizes the sender’s expected
payoff, implicitly claiming that this experiment would be chosen in every PBE of the game.
The foregoing description is the approach taken by the majority of papers in the literature,
including the most prominent such as Kamenica and Gentzkow (2011), the earliest entries
such as Watson (1996), and the most recent such as Bergemann, Heumann, and Morris
(2023). Additional recent examples are noted in Section 5.

In our example, e* specifies outcome 1 for sure in state 1, and in state 0 it puts probability
1/2 on outcome 1 and probability 1/2 on 0. In the event that player 2 observes experiment
outcome 1, her posterior belief puts probability 2/3 on state being 1, making her indifferent
between the two actions, and she chooses action 1. This maximizes, over all experiments,
the probability that player 2 chooses action 1, and so e* is optimal for player 1.

But notice that the typical analysis in the literature is not an analysis of the full game. To
conduct such an analysis, one must describe player 2’s beliefs and rational behavior follow-
ing every surprise choice of player 1—that is, where player 1 deviates by selecting other than

the equilibrium experiment—and for whatever is the experiment outcome. In such an off-



path contingency, it is feasible for player 2 to update her belief about the state in a way that is
related not only to the realized signal but also to the surprising choice of player 1. Player 2’s
updated belief about nature is, in fact, arbitrary without the analyst making a consistency
assumption for such an off-path contingency.

In fact, in our example, there is a “weak PBE” in which, on the equilibrium path, player 1
selects not e* but rather the most informative experiment, which outputs 1 for sure in state 1,
and 0 for sure in state 0.> If player 1 were to deviate by selecting, say, e* and the experiment
outputs 1, then player 2 believes that the state is surely 0 and chooses action 0, to player 1’s
detriment. Note that in this equilibrium, player 1’s deviation to e* signals to player 2 some-
thing about the state that player 1 has not observed.

In addition to the weak PBE just described, there are many others, including one in
which e* is chosen in equilibrium. The broad set of weak PBE support a range of outcomes,
equilibrium payoffs, and information transmission. In contrast, in a finite version of the game
in which player 1 selects from a finite set of experiments, sequential equilibrium predicts
player 1 will pick an experiment close to e*. The beliefs and behavior of more informative
weak PBE, such as the fully informative equilibrium described in the previous paragraph,
are not part of any sequential equilibrium.

One may or may not want to rule out the outcome in which player 1 chooses the most
informative experiment. But either way, one’s rationale would ideally reference a general
and well-grounded consistency condition that rules out such an equilibrium. This is not a
multistage game with observed actions, so Fudenberg and Tirole’s (1991) PBE definition
described above does not apply, even holding aside that the game is infinite. One might
argue that we could invalidate the fully informative outcome by examining weak PBE for a
different, equivalent extensive form in which nature selects the experiment outcome before
player 2’s move and the actual state after player 2’s move. It is true that the alternative game
form does not have a weak PBE of the fully informative kind, because weak PBE assumes
that the strategy profile nails down beliefs regarding future actions. However, this trick does

not work in general and is normatively deficient.*

3 A weak PBE, or weak sequential equilibrium, is an assessment satisfying sequential rationality and Bayes’
rule on the equilibrium path (Myerson (1991), discussed by Mas-Colell, Whinston, and Green (1995)).

“4For example, consider a four-player game in which nature chooses state 6, that players 1 and 3 care about,
and nature chooses state 05 that players 2 and 4 care about. Players 1 and 3 interact as in our simple information-
design example, as do players 2 and 4, except that player 1 observes 6> and player 2 observes ;. In every
extensive-form depiction of this game, either nature’s choice of #; occurs before player 4’s information sets,



Thus, some modeling exercises in the literature either do not note the existence of the
full range of equilibria described above, or rule out such equilibria with unstated belief-
consistency conditions absent from the literature on solution concepts. The consideration
becomes more subtle if, in relation to our example, player 1 received a private signal of
nature’s move. I suggest that it would be helpful to beef up the theoretical groundwork by
defining an appropriate consistency condition that is amenable to analysis of the full game.’

A similar critique applies to some models of mechanism design, notably in the context
of an informed principal. In Myerson’s (1983) seminal modeling exercise, nature chooses
a vector of types for the strategic players, and then player 1 privately observes her type and
selects a mechanism that governs communication between all of the players (a mediation
system). The other players are informed of the selected mechanism and privately observe
their types. Although Myerson (1983) claims to study sequential equilibrium, updated be-
liefs about types cannot be derived from a sequence of behavior strategies due to the set of
mediation systems being uncountably infinite. Rather, Myerson assumes these beliefs take a
particular form that is essentially structural consistency (Kreps and Wilson (1982)).

I show that, for sender/designer games, actually plain consistency implies structural con-
sistency using nature’s given distribution. An implication is to rule out the unintuitive beliefs
described above for our information-design example, so that every plain PBE has player 1
choosing e* on the equilibrium path, just as sequential equilibrium predicts in the finite
version of the game. The result also provides justification for Myerson’s assumption for

® More generally, it provides a foundation for PBE definitions

informed-principal games.
that rule out equilibria where, in off-path contingencies, the sender/designer signals some-

thing about nature’s move that the sender/designer did not observe.

1.2 Technical overview and layout

For intuition and to describe plain consistency in the abstract, consider a finite two-dimensional
state space S = Sy x S_, where L refers to one dimension and — L the other. Let p be a

Bayesian decision maker’s prior belief about the state s = (s, s_r) € S, and suppose p has

or nature’s choice of 05 occurs before player 3’s information sets. In any case, a solution concept that predicts
different outcomes for strategically equivalent games is undesirable because it obscures strategic logic.
SIncidentally, Krihmer (2021) is an example in which the full game is analyzed and where one of the main
results relies on an equilibrium construction similar to the unintuitive one described here.
®Myerson (1982) and the subsequent literature have another, unrelated problem, discussed in Section 5.4:
Rationality is not checked for some information sets, as would be required for PBE or sequential equilibrium.



full support. Imagine that the decision maker then learns that s € E for some event &/ C S.
Let p’ denote the updated belief, which from the conditional-probability formula is given by
P(X)=p(X|E)=p(XNE)/p(E)forevery X C S.

Consider the special case in which two conditions are satisfied: First, the prior belief has
sy, and s_y, independently distributed. Second, the conditioning event is a product set £/ =
Ep x E_p; in words, it is the conjunctive event “s; € E;p AND s_; € E_;.” Then clearly
the posterior belief can be written as the product of the updated marginal distribution of s,
conditioned on £/, and the updated marginal distribution of s_;, conditioned on E_;. That
is, forany set X = X x X ; C S,wehave p/(X) =p (X, |EL) - p_p(X_p|E_L), where
pr, 1s the marginal of p on dimension L and p_, is the marginal on dimension — L. Updating
on the L dimension can be performed separately from updating on the — L dimension.

Plain consistency extends this idea to settings in which the prior distribution does not
have full support, in particular where p(E£) = 0. If the conditional-probability formula
cannot be applied for X overall but is applicable for updating on the L dimension, then plain
consistency requires that it be employed to calculate the posterior marginal distribution of
s, independent of how s_j, is updated. Thus, if p;(F) > 0 and yet p_,(E_;) = 0, plain
consistency still requires p, (X)) = pp (X | EL) for every X C Sp, and it requires p’ to
exhibit independence between sy, and s_.

In the context of a game, s;, and s_, represent complementary components of the strategy
profile, and E represents information a player receives about the strategy profile by virtue of
arriving at an information set. Probably distribution p gives the player’s belief at her previous
information set, and p’ is the updated belief at the current information set.

Plain consistency is formally defined in a more general way that allows for conditioning
on any product set Y = Y, x Y_ ;. Specifically, suppose that p(Y") > 0 and the conditional
probability measure p(-|Y') has s;, and s_j, independently distributed. Consider any s_; €
S_r, such that Y, x {s_p} C F and p'(Y, x{s_r}) > 0. Then the general form of plain
consistency requires p' (X x{s_.})/p' (Yo x{s_L}) toequal p(XxY_p)/p(Yr xY_p) for
every X; C Ep NYy. Plain consistency is implied by Battigalli’s independence condition
for beliefs given by a conditional-probability system, which is further implied by Kreps and
Wilson’s (1982) full consistency condition.

A key element of the approach taken herein is to describe a player’s belief and plan at

an information set as a probability distribution on the space of strategy profiles, which I call



an appraisal. 1t captures the player’s conjecture about both how the information set was
reached and what will happen from this point in the game.” 1 specify that every player has
an artificial information set representing the beginning of the game. Thus, a player starts
the game with an appraisal and then updates it from one information set to the next as play
proceeds. Behavior strategies are also put in the same space.

Describing the players’ contingent beliefs and plans as appraisals rather than as an as-
sessment entails no loss, because every assessment translates into an appraisal system. Ap-
praisals offer a few advantages. First, appraisals provide for a simpler expression of belief-
consistency conditions and continuation values. Second, appraisals allow for a direct de-
scription of independence regarding components of the strategy profile.® Third, appraisals
neatly separate beliefs from plans and allow for consistency conditions to be built from the
ground up, whereas an assessment, by using the strategy profile to determine future behav-
ior, already embeds an independence assumption: that a player’s belief about future behavior
is treated independently of any observation about past moves. I submit that it is better for
logical clarity to have a theoretical foundation in which the belief system is expressed in the
abstract, separate from any consistency conditions to then be motivated and imposed.’

The next section lays out notation and basic definitions. Section 3 presents benchmark
consistency conditions from the prior literature. Section 4 develops the notion of plain
consistency and implications of a moderate application. Section 5 studies implications for
sender/designer games. Section 6 gives a definition of rationalizability, compares consis-
tency concepts, and discusses related literature. The Appendix contains most of the proofs.
The Supplemental Appendix contains further technical material: alternative expressions of
behavior strategies, the relation between assessments and appraisals, the one-deviation prop-

erty, a version of plain consistency for beliefs derived from a single conditional-probability

"Expressing beliefs as probability distributions over the strategy space is common for defining rationaliz-
ability, as in the original definition of Pearce (1984) and Battigalli’s (1997) restatement, and is utilized for some
equilibrium theory, such as Battigalli’s (1996) exploration of independence underlying equilibrium notions and
Govindan and Wilson’s (2009) study of forward induction. I refine the approach by incorporating into the
appraisal the player’s own strategy and by adding structure.

8To accomplish this with assessments, one would have to add structure by accounting for how, at a given
information set, each node x describes the information sets reached, and actions taken, on the path to z. But
such a structure is just a more complicated way of accounting for the set of strategy profiles that reach the given
information set, as appraisals are defined on. The desire to express beliefs and continuation values in terms
of assessments, presumably led Fudenberg and Tirole (1991) and Battigalli (1996) to describe equilibrium in
general games as a combination of assessments and conditional probability systems on terminal nodes.

% Also, assessments are not suitable for rationalizability theory and related solution concepts.



system (CPS), and a result on the equivalence of the CPS-based definition and sequential-

equilibrium for finite multi-stage games with observed actions and independent types.

2 Fundamental Concepts

This and the next two sections contain the fundamental definitions for finite n-player games
of perfect recall, represented in the extensive form. The extension to infinite games is pre-
sented in Section 4.4. Denote by N = {0,1,...,n} the set of players, which includes
nature (chance) as the nonstrategic player 0, as well as strategic players 1,2,...,n. Let
N, = N\ {0} denote the set of strategic players. In some applications, to sort out items
that players obtain information about, it may be convenient to specify that there are several
nature players or that nature does not have perfect recall (an example appears in Section 4.3)
but it is not necessary to do so. In the expressions to follow, “C” denotes (weak) subset, not

proper subset.

2.1 Situations, strategies, payoffs, and information sets

In the extensive-form representation, we customarily use the term information set for a set
of decision nodes between which a player cannot distinguish, and this defines a distinct
situation in which the player must make a choice. It will be most useful here to account for
situations without making reference to nodes, and to account for the players’ information in
terms of subsets of strategy profiles.!® Therefore, I use the word situation for the distinct
places in the game where players must choose actions, and I use the term information set for
the information about the strategy profile that players have at these points in the game.

Assume situations are distinctly labeled, let / be the set of situations in the game, denote
by H; the set of situations for a given player 7, and let H = U;cn, H; be the set of situations
for all strategic players. Forevery h € H, let A(h) denote the set of feasible actions available
to the player on the move at h, and let A = Upc g A(h).

A strategy profile, including nature’s strategy, is denoted by s = (ay),,. . Where a;, €
A(h) for every h € H. The space of strategy profiles is S = X,y A(h). For every i € N,
let u;:.S — R be player ’s payoff function.

19Expressing information sets as subsets of strategy profiles is standard for defining extensive-form rational-
izability (Pearce 1984) and conditional dominance (Shimoji and Watson 1998). It has also been utilized for
equilibrium theories, such as formulating solution concepts on the basis of “normal-form information sets” by
Mailath, Samuelson, and Swinkels (1993) and analysis of forward induction by Govindan and Wilson (2009).



For any s = (ap),cy € S and set of situations L C H, let s, = (ay),, denote the
profile of the components in L. For any L C H, define —L = H\ L. We can then write
s = (s;,5_;). For X C S, define X;, = {s; | s € X}. In the case of L = {h} for any
h € H, we simplify notation by dropping the brackets. For instance, we write X}, instead

[IPe2]
7

of X(;. Likewise, let subscript stand in for “H,;”, so that s; means the same thing as
sm,, which is player ¢’s strategy. Similarly, —¢ and /_; have the same meaning. Note that
Sy, = A(h) and, for a given strategy profile s, s, is the action chosen at & by the player on

the move.

Definition: For any h € H, denote by S(h) the set of strategy profiles that reach situation
h. That is, a strategy profile is contained in S(h) if and only if, in the extensive-form, the
induced path includes a node in h. Call S(h) the (strategic form) information set at h.

The information set at / represents what the player on the move has observed about past
play, which is that the actual strategy profile must be in S(h). Note that, for any L C H,

S(h)y is the set of action profiles for the situations in L that are consistent with reaching h.
Definition: For L C H, say that a set X C S'is an L-product set if X = X x X _J.

Perfect recall implies that the information sets for an individual player have a product
structure. To be precise, for every player: € N,, h € H;, and L C H,, it is the case that
S(h) is an L-product set."!

Let us assume that at every situation at least two actions are available, meaning the player
on the move has a nontrivial choice to make. This assumption, along with perfect recall,
implies that the strategic-form information sets for an individual player represent the prece-
dence relation of situations in the extensive form. For any distinct situations h, h’ € H; for
some player i, either h is a successor of b/, in which case S(h) C S(h') and S(h) # S(K');
or h is a predecessor of b/, in which case S(h’) C S(h) and S(h) # S(k'); or neither, in
which case S(h) N S(K') = 0.

Call ' € H; an immediate successor of h € H; for player i if h' is a successor of h and
there is no A" € H; such that A" is a successor of h and &/ is a successor of i”. In this case,

let us also call  and A’ (in this order) consecutive situations.

"For any playeri € N, and h, b/ € H;, it must be that either S(h) = Sp,'xS(h)_ps or S(h)y is a singleton
and so S(h) = S(h)p xS (h)_p . This is because, if the first equation does not hold, there exist strategy profiles
sand s’ such that s_jy = s ,,, s € S(h), and s’ ¢ S(h), which means that at h player ¢ has already made the
choice at 4/, and so by perfect recall it must be that S(h);, is a singleton.

10



Figure 1: Example to illustrate theoretical components.

To review some of the definitions just described, consider the three-player game shown in
Figure 1, where the situations are labelled h', h?, h?, and h®. The space of strategy profiles
is S ={a, b, c}x{x, y}x{w, z}x{d, e}, which is depicted by the table on the right side of the
picture. The rows of the table are the actions feasible at player 1’s situation h', whereas the
columns are the profiles of actions for the other players’ situations. For player 3’s situation
h3, we have Sys = {d,e} and S_;3 = {a,b,c} x {x,y} x {w,z}. The subset of strategy

profiles that are consistent with reaching h? is

S<h3) = {(a7Y7W)7 (aaY7Z)7 (b,X,Z), (b7YaZ)7 (CaXa Z)? (C7Y7Z)}X{dae}'

This set corresponds to the shaded region of the table in the figure. Clearly S(h?) is a product

set relative to A3 but it is not a product set relative to the situation of player 1.

2.2 Strategy distributions and independence

Let AS denote the space of probability distributions over S. As noted already, it will be
helpful to described both mixed strategy profiles and beliefs as elements of AS. For any
subset 7" C .S, let us take “A7™ to mean the subset of AS with support in 7. Recall the

definitions of marginal distribution and conditional probability:

Definition: Given a distribution p € AS and a set of situations L C H, the marginal dis-
tribution on dimension L, denoted by p; € ASy, is defined by p;(X1) = p(XpxS_p) for
every X CSp. We also call this the L-marginal distribution.

11



Definition: Given a distribution p € AS and any event Y C S for which p(Y') > 0, the
distribution conditional on 'Y, denoted by p(- |Y'), is given by p(X |Y) =p(X NY)/p(Y)
for every X C S. Likewise, given L. C H, marginal distribution p;, € ASy, and Y, C Sy, for
which pr,(Yy) > 0, we have pr (X | Y1) = pr(Xp NYL)/pr(Yr) for every X C Sp.

We will also deal with the marginals of conditional distributions. Given p € AS, Y C
S, and L C H, the L-marginal probability of X for conditional distribution p(-|Y") is
p(XpxS_p|Y). Note that if Y is an L-product set, then p(X; xS |Y) = p(Xp xY_p |Y).
The next definition identifies whether a mixture of strategy profiles, conditional on some
event, treats a specific set of situations L. C H independently of the rest, meaning that it can

be expressed as the product of the marginal distributions on L and — L.

Definition: Given a distribution p € AS, a set of situations . C H, and an L-product set
Y C S, say that a distribution p € AS exhibits L-independence on'Y if p(Y') > 0 and,
for every L-product set X C Y, p(X|Y)=p(XpxY_p|Y) - p(YoxX_p|Y).

A mixed strategy for player ¢ is any distribution o; € AS,. Because players randomize
independently, it is common to express a mixed-strategy profile by (og, o1, . .., 0,), and the
space of mixed-strategy profiles is thus x;cyAS;. Notice that a mixed strategy profile can
equivalently be expressed as a distribution ¢ € AS by the identity o(s) = [[;cn 0i(5i)
for every s € S. The space of mixed-strategy profiles is a proper subset of AS, because
independence across players implies that o satisfies H;-independence for every player .

Similarly, a behavior-strategy profile is commonly defined as a probability distribution
on the actions at each situation, with independence across situations; that is, it is given by
T = (Th)hen € XnegAA(h). Notice that a behavior strategy profile can be equivalently
written as an element 0 € AS by the identity o(s) = [[,cy mn(sn) for every s € S.
Section B.1 in the Supplemental Appendix shows that the set of behavior-strategy profiles is
equivalent to the subset of AS satisfying h-independence for every h € H, and hence the

following definition is appropriate.

Definition: Call o € AS a behavior strategy profile if it exhibits h-independence on S for
every h € H.

Hereinafter, I shall express mixed-strategy profiles and behavior-strategy profiles as ele-
ments of AS, keeping in mind that the mixed strategy profiles compose a proper subset of

AS and the behavior-strategy profiles compose a further proper subset.
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2.3 Beliefs as appraisal systems

As with behavior strategies, I shall express the players’ beliefs at their various situations
as elements of AS. To model belief updating, we think of the players as having artificial
situations that refer to “before the game begins.” To be precise, for each player : € N,
we define the initial situation h, to have S(h;) = S, and we label these differently across
players so as not to duplicate the situations in the game, /. For each player ¢, let H, =
H; U {h;} denote the extended set of situations. Let H, = U;cn, ;. In the obvious way,
we include the initial situations for the ordering that relates consecutive situations for each
player. Specifically, for every situation h € H;, if h has no predecessors in H; then (h;, h) is

defined to be a pair of consecutive situations.

Definition: For anyi € N, and h € H,, call a distribution p" € AS an appraisal at h if
p" € AS(h) and if p" exhibits h'-independence on S for every h' € H;. An appraisal system,

denoted by P = (ph) , gives an appraisal for each situation of the strategic players.

heH

The first condition means the appraisal at i puts probability one on reaching h. The
independence condition means that, at any situation i € M, player 7 views his own strategy
as independent of the other players’ strategy profile, and player ¢’s strategy is represented as
a behavior strategy. Thus, one can always write the appraisal p” as (o, 6_;), where §_; = p",
is a distribution on the strategy profiles of the other players (player i’s belief), and o; = p* is
player ¢’s behavior strategy. The following condition means that a player’s plan of behavior

for as yet unreached situations does not change as the game progresses.

Definition: Say an appraisal system P has the consistent-plan property if, for every i € N
and every pair h, h' € H; such that I is not a predecessor of h, it is the case that p}, = pZ:

Hereinafter, we can assume that appraisal systems have the consistent-plan property, for
this condition is an implication of the consistency notions defined in the following sections.
Supplemental Appendix B.2 elaborates on the relation between appraisals and assessments,

showing in particular that any assessment translates into an equivalent appraisal system.

2.4 Sequential best response

We can test whether an appraisal at h specifies rational behavior for the player on the move,
meaning that the actions assigned positive probability at situation h maximize the player’s

expected payoff.
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Definition: For a given situation h € H. and two appraisals p" and p", say that p" is an

h-deviation from p" if p", = p", (they are identical on all other situations).

Definition: For a strategic player i and a situation h € H;, say that an appraisal p" is
rational at h if u;(p") > u;(p") for every h-deviation p". Say that an appraisal system

P = (p") he, is sequentially rational if p" is rational at h, for every h € H,.

Here sequential rationality is defined in terms of single deviations, meaning that we eval-
uate player ¢’s rationality at a given situation i € H; by looking only at alternative choices
at h rather than alternatives that would also adjust player i’s behavior at other situations
that may be reached in the continuation of the game.'? The familiar one-deviation prop-
erty (equivalence between single-deviation optimality and continuation-strategy-deviation
optimality) holds under the condition of minimal consistency for belief updating, which is
defined in the next section (see Supplemental Appendix B.3 for details).

For an example of an appraisal system and sequential best response, consider again the
game shown in Figure 1. Suppose that the players’ initial appraisals coincide on the distri-
bution that puts probability one on the strategy profile (¢, x, w, e). That is, for each player 1,
pl({(c,x,w,e)}) = 1. Suppose that the appraisal is the same at player 2’s situation h?,
which itself is reached by (c,x, w,e). Note that player 2’s other situation 2% is not reached
by (¢, x,w, e), so player 2 cannot have the same appraisal there. Let the appraisal at h* put
probability one on (a,x,w,e). Finally, suppose that at player 3’s situation h®, player 3’s
appraisal puts probability one on (b, x,z,e). It is easy to confirm that the appraisal system
just described is sequentially rational. At each situation, the player on the move cannot gain

by switching from the action prescribed by her appraisal to a different action.

2.5 Generic equilibrium definition

With beliefs represented as an appraisal system, it is straightforward to write the definition
of sequential equilibrium and versions of perfect Bayesian equilibrium. Each such defini-
tion combines sequential rationality with some sort of consistency condition on the players’
appraisal system, and also requires the equilibrium condition that, at the beginning of the

game, the players’ appraisals coincide on the equilibrium strategy profile.

12Note that since all strategy profiles in the support of p” and p” reach h, the expected payoffs shown in the
rationality definition are conditional on reaching situation h.
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Definition: Consider a behavior strategy profile 0 € AS. Say that an appraisal system

P = (ph)heg+ is rooted in o if. for every player i, pt = o.

Here is the generic equilibrium definition for any given (yet to be specified) consistency

requirement on the appraisal system:

Definition: Tuake nature’s strategy (o), 1, as given, and take as given a consistency con-
cept for beliefs that we refer to as ®-consistency. We say that an appraisal system P is
a ®-perfect Bayesian (or sequential) equilibrium if there is a behavior strategy profile c*
such that P is rooted in o*, P is ®-consistent, and P is sequentially rational. In this case,

we say that o* is the equilibrium strategy profile.

3 Benchmark Consistency Conditions on Beliefs

This section briefly reviews three consistency notions that will serve as benchmarks. The
first is full consistency, standard in the literature as the basis for the definition of sequential
equilibrium, here conveniently reformulated as a condition on appraisal systems. The next
refers to beliefs constructed from a general conditional-probability system on the strategy
space that satisfies Battigalli’s (1996) independence condition, which I call strong consis-
tency. The third is a much weaker requirement, also familiar from the prior literature, that
I call minimal consistency, which operates on only the appraisals at consecutive situations
and is sufficient for the one-deviation property of sequential rationality.

To define full consistency, assume that nature’s strategy is exogenously given as part of

the game representation and is in the form of a behavior strategy with full support.

Definition: Call a behavior strategy o € AS fully mixed if 0(s) > 0 for every s € S, and

09 is the strategy for nature given in the representation of the game.

A fully mixed behavior strategy reaches every situation h € H with positive probability,
implying a well-defined probability distribution o( - | S(h)) calculated from the conditional-
probability formula. Full consistency requires that the players’ beliefs are given by the limit
of such conditional-probability updating, in relation to a sequence of fully mixed behavior
strategies that converges to the equilibrium strategy profile. The strong form of independence

is due to the use of behavior strategies in the construction.
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Definition: Say that an appraisal system P is fully consistent if there is a behavior strategy
o € AS such that oq is the given strategy of nature, P is rooted in o, and the following
condition holds: There is a sequence of fully mixed behavior strategies (o*);, that converges

to o and has the property that, for every h € H,, o*(-| S(h)) converges to p".

Sequential equilibrium, due to Kreps and Wilson (1984), is the concept we get by requir-
ing full consistency in the equilibrium definition. Kreps and Wilson put beliefs in terms of
assessments rather than appraisals, but one can verify that the definition here is equivalent.'?

As for consistency conditions that are not founded on strategy perturbations, the strongest
would assume that beliefs are derived from a conditional-probability system (Rényi 1955,
Myerson 1986) over the space of strategy profiles, and that it satisfies Battigalli’s (1996)

independence condition, defined as follows.

Definition: A conditional probability system on S is a mapping ¢ : 2°x (2°\{0}) — [0, 1],
expressed as ((-|-), such that ((-|E) € AFE for every nonempty E C S, and for sets
XY cZcSwith Z # 0, the chain rule holds: (X |Z) =((X |Y)- (Y| Z).

Definition: A conditional probability system (, defined on S, is said to have the inde-
pendence property if for every L. C H, every nonempty L-product set Y C S, and every
Xy C Sy, itis the case that (X xY_p | YL xY_ ) = (X xS_p| YL xS_p).

Battigalli (1996) shows that the independence property is weaker than full consistency,
is equivalent to full consistency for games with “observable deviators,” and, in equilibrium,
implies subgame perfection. Following Fudenberg and Tirole (1991), Battigalli’s (1996)
equilibrium analysis is put in terms of assessments and conditional probability systems on
terminal nodes, from which assessments and strategies are derived. The extra layers are not
needed here, as we are expressing beliefs in terms of appraisals. Requiring the independence

property leads to the most stringent notion of consistency for perfect Bayesian equilibrium.

Definition: Say that appraisal system P is derived from conditional-probability system
iffor every h € H , p" = C(-| S(h)).

Definition: Say an appraisal system is strongly consistent if it is derived from a conditional-

probability system that has the independence property.

3This is because, for a fully consistent appraisal system and any situations » and A’ that can arrive after h,
appraisal p’,;, must equal o}, conditional on the strategy profiles that reach h and then A'.
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The definition of minimal consistency makes no reference to strategy perturbations and
does not require beliefs to be derived from a conditional-probability system. Instead, it
simple requires players to use the conditional-probability formula where applicable to update

beliefs for all consecutive situations.

Definition: An appraisal system P is called minimally consistent if it has the consistent-
plan property and, for every strategic player i and consecutive situations h and h' in H;
satisfying p" ;(S(R')_;) > 0, it is the case that p"'; = p";(-| S(W')_;).

Under minimal consistency, each player ¢ maintains her continuation strategy and, re-
garding her belief about the other players’ strategies, updates from one situation to the next
using a conditional probability calculation where applicable. In the event that the conditional
probability expression is not well defined (the denominator is zero), player ¢’s updated belief
is arbitrary.!* Minimal consistency has the same implications for outcomes as what Perea

(2000) calls “updating consistency,” which is a slightly weaker condition.

4 Plain Consistency

My proposed consistency condition is developed to achieve the following desiderata. First,
given the difficulty of constructing fully consistent and strongly consistent belief systems,
the consistency condition should be practicable for use in common applications. Helpful
in this regard is that it regulates only updating over a player’s consecutive situations, as
with minimal consistency. Second, the condition should be equipped to narrow the scope
of perfect Bayesian equilibrium by implying subgame perfection, ruling out unreasonable
signaling, and such. Third, it should be flexible in the sense that the analyst can impose the
condition narrowly or more broadly as suitable for applications. Fourth, the condition should

generalize for use in games with infinite action spaces.

4.1 Definition of plain consistency

Here is the logic for the definition of plain consistency. Consider a strategic player 7, con-

secutive situations h,h' € H,, aset L C H, and an L-product set Y C S(h). Suppose that

“Minimal consistency is imposed in the standard definition of extensive-form rationalizability (Pearce
(1984), see also Battigalli (1997)), although Shimoji and Watson (1998) show it has no bite in that context,
and it is applied variously elsewhere, such as in Penta’s (2015) notion of interim perfect equilibrium for a class
of multistage games in a design setting.
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p" exhibits L-independence on Y. This means that at h, player i puts positive probability on
Y and believes that behavior on dimensions L and — L are independent conditional on Y.

Now suppose that at i’ player i puts positive probability on Y x{s_ }, for some strategy
component s_;, € Y_y, for which Y7, x{s_p} C S(I'). Player i’s updated belief at 1’ is, of
course, based on what has been learned at situation i’ following h. But notice that, if s_j,
is the actual strategy on the — L dimension, then at 4’ nothing has been learned about the L
dimension to differentiate between elements of Y7, since Y, x {s_,} C S(h’). Thus, at A’
player i’s marginal belief about s;, conditional on Y, x{s_,} should be the same as it was at
h conditional on Y.

In other words, if on Y player ¢’s prior belief exhibits independence between behavior on
dimension L and behavior on dimension — L, then to the extent that information about the
two dimensions is conjunctive, player ¢ can update on the two dimensions separately. In this
case, plain consistency requires that if the conditional-probability formula applies to one of

the dimensions, then it should characterize the updated belief on this dimension.

Definition: Consider any appraisal system P, any L C H and L-product set Y C S, and
consecutive situations h and I/ for a strategic player, such thatY C S(h) and p" exhibits
L-independence on'Y . Say that the update from h to h'’ is L-plainly consistent on'Y if

ph,(XLX{S_L} ‘ YLX{S_L}) = ph(XLXY_L ’ YLXY_L),

forevery X C Spand s_; € Y_y, for which Y x{s_p} € S(h') and p" (YL x{s_}) > 0.

Recall that the definition of p” exhibiting L-independence on Y includes p"(Y) > 0.
Note that L-plain consistency does not constrain the updated belief about dimension —L,
unless the conditional-probability formula applies there as well (reversing L and —L).

To illustrate how plain consistency can be utilized in applications, consider again the
game pictured in Figure 1, where h? is player 3’s situation and h? is the situation at which
player 2 chooses between actions w and z. The table on the right is the space of strategy pro-
files, separated in dimensions i and —h!, and the shaded region is S(h?). Note that S(h?3)
is not an h'-product set, but the subset Y = {b,c} x{(x,z,d), (v,2,d), (x,2,e), (v, z,e)} is
an h!'-product set on which we can impose plain consistency.

For instance, suppose that player 3’s appraisal at i, puts probability 1 on strategy profile

(¢, x,w,e), which happens to be a Nash equilibrium and also a weak PBE strategy profile. In
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the weak PBE, player 3’s appraisal at h® puts high probability on b and z having been chosen
by players 1 and 2.

However, such a belief is ruled out by h!-plain consistency on Y for the update from h,
to h3. Since player 3’s appraisal at h? specifies, on the h! margin, positive probability on
{b, c}, the h'-marginal conditioned on this subset must match the marginal probability at h;.
That is, the surprise of arriving at situation h* requires player 3 to change her belief about
player 2’s choice between w and z, but it provides no knowledge about player 1’s choice
between b and c. Therefore, plain consistency requires player 3’s belief about player 1’s
choice between b and c to be the same as it was at the beginning of the game, namely that ¢
was chosen. With this application of plain consistency, there is no PBE in which ¢ and w are
played with positive probability.

The remainder of this paper focuses on implications of plain consistency and on the com-
parison to other consistency concepts. To set the tone—that the concept imposes structure
on beliefs only narrowly—it is useful to first note what plain consistency does not do.

As a condition pertaining to updating on consecutive situations of a single player, plain
consistency does not impose broader structure except as a byproduct. For instance, suppose
at the beginning of the game, a player’s belief about a component of the strategy space im-
plies strictly positive probability on a sequence of situations for this player being reached.
If these information sets have a product structure, and if the initial belief satisfies appro-
priate independence, then plain consistency implies that the updated beliefs along the se-
quence regarding this strategy component can be derived from the initial belief. Otherwise,
a player’s updated beliefs are unconstrained and can exhibit path-dependence related to in-
formation revealed in the course of play (such as dependence on the player’s type). Likewise,
plain consistency does not operate directly across players, except as a byproduct of applying
to situations reached by strategy components that the players all initially assigned positive
probability. Otherwise, different players can update differently in response to receiving even
the same information. Supplemental Appendix Section 6 illustrates with an example of path
dependence in the updating of a single player, and it provides a strengthened version of plain
consistency for beliefs generated by a single conditional-probability system (CPS) to provide

a level of conformance between players.
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4.2 Moderate application of plain consistency

While one might regard as straightforward the application of plain consistency described
above, it may be challenging to evaluate a large number of Y sets in more complicated games.
One may want to limit attention to a smaller number of key cases. A particularly simple use
of plain consistency would be to impose the condition only for consecutive situations having

the following property:
Definition: Say that situation h € H is L-conjunctive if S(h) is an L-product set.

In this case, at h, the active player’s knowledge about the strategy profile is expressed as a
conjunction combining knowledge about dimension L and knowledge about dimension — L.
If consecutive situations h, i’ € H are L-conjunctive and p" treats the two dimensions as
independent, then updating on the two dimensions can be handled separately by considering
the conditioning set Y = S(h') ;xS (h)_, in the plain-consistency definition. In the following

statement, m stands for “moderate.”

Definition: Call an appraisal system m-plainly consistent if, for every L C H and every
L-conjunctive pair of consecutive situations h, h' € H such that p" exhibits L-independence
on S(h') xS(h)_r, the update from h to h' is L-plainly consistent on S(h'), x S(h)_r.

For L-conjunctive consecutive situations, under m-plain consistency, nothing further is
implied by looking at the belief conditional on any strict subsets of S(h');, x S(h)_r. The
consistency condition means simply applying the conditional-probability formula separately
on each dimension as applicable. Independence is preserved if the conditional-probability

formula applies to at least one dimension.

Lemma 1: An appraisal system is m-plainly consistent if and only if for every L C H and
for every L-conjunctive pair of consecutive situations h,h' € H for which p" exhibits L-

independence on S(W'), x S(h)_y, it is the case that p"" exhibits L-independence on S, and
P = pi C1S()L).

In applications, one may get enough mileage from imposing m-plain consistency on a
small number of L sets and situations. The concept of plain consistency is flexible in that it

(in the stronger or moderate form) can be imposed in as many or few places in a game as the

analyst views as useful and where the premise of the definition holds.
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4.3 Implications of moderate plain consistency
This subsection describes some of the implications of moderate plain consistency.

Minimal consistency. Moderate plain consistency implies minimal consistency, and

therefore the one-deviation condition for sequential rationality.
Lemma 2: If an appraisal system is m-plainly consistent then it is minimally consistent.

The reason for this result is that, for every strategic player ¢ and every situation h € H,
S(h) is an H,-conjunctive set. Therefore, moderate plain consistency requires player i’s
belief about the others’ strategy profile s_; to be updated using the conditional-probability

formula as applicable (separate from player ¢’s own past and future planned actions).

Subgame perfection. Moderate plain consistency implies that players do not change
their beliefs about, or plans for, behavior at situations that have not yet been reached in the
game. In the equilibrium context, this implies subgame perfection, which is notably not an

implication of “weak PBE.”

Theorem 1: If P is an m-plain perfect Bayesian equilibrium of a finite game, then the

equilibrium strategy profile o is a subgame-perfect Nash equilibrium.
To see why Theorem 1 is true, note the following about situations in a given subgame:

Lemma 3: Given a game, consider any subgame and let J be the set of situations in the

subgame. Then every h € H |, is J-conjunctive.

At the initial situations, the players have the same appraisal, which is the equilibrium
strategy profile, and this strategy profile specifies behavior in the subgame. Lemmas 1 and 3
imply that, as players update beliefs on a path to the subgame, their beliefs about play in the
subgame do not change, for nothing has been learned about play in the subgame before it is
reached. The proof then shows that rationality at whatever situation a player first acts in the

subgame implies that the continuation strategy in the subgame is a Nash equilibrium.

Reasonableness in multistage games with observed actions and independent types.
For this class, plain consistency produces some of the implications of Fudenberg and Tirole’s
(1991) reasonableness condition, which I refer to as FT-reasonableness, described in the
Introduction. Moderate plain consistency suffices if we model nature as separated into agents

who simultaneously choose the types of the strategic players.
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To be precise, there are n strategic players and correspondingly n agents of nature called
01,02,...,0n. The game begins at stage 0, when, simultaneously, each agent 0: of na-
ture, at a situation denoted by h", chooses the type of strategic player i, denoted by ;.
Types are drawn independently according to a given probability distribution with full sup-
port, and each strategic player ¢ observes her own type 6#; but nothing else. Then in each
of stages 1,2,..., 7T, the strategic players simultaneously choose actions, where the sets of
feasible actions may depend on previous actions but not on the types. At the end of each
stage, the players observe the vector of actions chosen. Payoffs depend on the type vector
and sequence of action profiles.

By imposing that the —i players update their belief about 6; from one stage to the next
as a function of only player ¢’s action in the former stage (even upon observing an unex-
pected action profile), FT-reasonableness makes sense because none of the other players
have any direct information about player ¢’s type. Moderate plain consistency has a similar
implication, as follows: For any strategic player i, let L' = {h%} U H;. For consecutive
situations (h, ') of any strategic player and for any other strategic player i, if p exhibits -
independence and p”;(S(h’):) > 0 then FT-reasonableness is implied for the update about

dimension L' of the strategy profile. This follows from Lemma 1 and the next result.

Lemma 4: Take as given a multi-stage game with observed actions and independent types

(as specified above). Then every h € H , is L'-conjunctive.

Section B.5 in the Supplemental Appendix picks up on this theme by defining a version
of moderate plain consistency for appraisal systems derived from conditional-probability
systems. A result is obtained relating PBE and sequential equilibrium for finite multistage
games with observed actions and independent types, along the lines of a theorem of Fuden-

berg and Tirole (1991) and utilizing Watson’s (2023) partial-construction theorem.

4.4 Generalization for infinite games

An advantage of the plain-consistency concept is that it can be applied to infinite games, with
the appropriate modifications to deal with distributions on infinite spaces. The definitions in
Section 2 extend without modification to infinite games, except that sigma-algebras must be
defined for S and any projection Sy, on which conditions are to be assessed, AS}, shall denote
the associated space of probability measures, and payoff functions must be measurable. A

general version of the plain-consistency condition can be stated for any application in which
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the assumed measurable spaces have an appropriate product structure and appraisals can be

“disintegrated” between the two dimensions under consideration.

Definition: Say that a given set L. C H satisfies the tensor-product condition if S, S, and
S_ 1, are endowed with sigma-algebras B, By, and B_|, respectively, such that B is the tensor-
product sigma-algebra in relation to By, and B_y. Say that a given distribution p € AS
satisfies the L-disintegration condition if there exists a function k. S x S_;, — RU{oo},

called the L-disintegration probability kernel, such that

(a) forevery Xy, € By, k,(Xp, - ) is a B_-measurable function,
(b) forevery s_, € S_r, kr(-,s_r) is a probability measure on (S, Br), and

(c) p(Xp x X_p) :/ kp(Xp,s_p)p_r(ds_p) forall X, € By and X_| € B_j.

X_L

We interpret xr (X, s_r) as the probability of X conditional on s_j, which in the
case of finite S is obviously well defined so long as p_;(s_;) > 0. Depending on the
application, one could assume the L-disintegration condition directly, or use an existence
result for the spaces in the representation of the game.'> The general definition of plain

consistency follows.

Definition: [Generization] Take as given any L C H that satisfies the tensor-product con-
dition, an appraisal system P, and consecutive situations h and h' for any strategic player,
such that p" satisfies the L-disintegration condition. Consider any L-product setY C S,
such that Y C S(h) and p" exhibits L-independence on'Y. Say that the update from h to
h’ is L-plainly consistent on'Y if

HL(XL, SfL)

h
= XexY | Y xY_
%L(YM&L) b ( L L| L L)

forevery s_; € Y_p and X C Yy, for which Yy x{s_p} C S(h') and kp(Yy,s_1) > 0,
where ky, is the L-disintegration probability kernel associated with p" .

Recall that p(Y') > 0 is required for p” to exhibit L-independence on Y. The equation

above matches the statement in the original definition of plain consistency. The right side is,

SBaccelli, Blaszczyszyn, and Karray (2024, Section 14.D) prove that a sufficient condition for a measure on
a product space to have a disintegration probability kernel, and thus to satisfy the L-disintegration condition, is
that the output space, (Sr,, B1,) above, is Polish.
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as before, the L-marginal probability of X for the appraisal at i conditional on Y. The left
side is the L-marginal probability of X, for the appraisal at i’ conditional on Y7, x{s_.}, as
given by the L-disintegration kernel. One could write p" (X, x{s_;} | S, x{s_1}) in place
of, and defined as, k1,(X, s_r), to consolidate notation.

The definition can be further generalized to allow p(Y) = 0 if suitable for the application,
by extending the definition of p”(-|-) to allow such a conditioning set, and in the definition

of “independence on,” replace p(Y) > 0 with the requirement that p" (- | V) is well defined.!¢

S Application: Sender/Designer Games

This section explores the implications of plain consistency for sender/designer games, in
which one player communicates or arranges to provide information to the others about a
move of nature. For a game in this class, n strategic players and nature interact in the

following three stages:
1. Nature chooses the state § € © according to a distribution oy € A© with full support.
2. Player 1 privately observes ¢ = f(0) € ® and then chooses e € F.

3. For each i € N, player ¢ privately observes \; = g;(e,6) € A;, and then simultane-

ously the players choose actions.

Sets ©, @, F, and A; fori € N, , along with functions f: © — ® and g;: £ x © — A; for
t € N4, are given and commonly known. The game may end after the third stage, or it may

continue in additional stages.

5.1 Examples of sender/designer games

I shall characterize the implications of plain consistency for each player ¢’s belief about 6
upon observing )\; in the third stage. But first I note some of the standard game-theoretic

models in the sender/designer class.

Signaling (Spence (1974)) and Cheap-talk (Crawford and Sobel (1982)). Player 1

is the sender and the other players are receivers. Set © is an interval subset of a Euclidean

16For instance, if S;, = [0,3], p? is the uniform distribution, and Y = {1,2} x S_z, then it would be
appropriate to define p" (- | Y) as the distribution that puts probability 1/2 on each of {1}xS_z and {2}xS_.
Extending the conditional probability in this way essentially defines a partial conditional-probability system
with a small collection of conditioning sets.
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space, P is a partition of © or homeomorphic to such, f(#) is the partition element containing
0, E is a message space, A; = E for every i € N, and g; is defined by g;(e, ) = e. That is,
the sender observes the partition element containing the true state and then sends a message
to the receiver or receivers, who jointly observe only the message. In the standard model, the
sender observes the state perfectly, which means @ is the finest partition, and the game ends
after stage three. Payoffs are a function of the state, the sender’s action, and the receivers’

actions, except in the cheap-talk setting where payoffs do not depend on the sender’s action.

Hard evidence/persuasion.'” Player 1 observes something about the state and may
possess hard evidence, in the form of documents or other items whose existence (and thus
availability for disclosure) depends on the state. State space O typically is taken to be an
interval subset of a Euclidean space, and ® is a partition of ©. Set E is the set of possible
evidentiary actions (subsets of documents to disclose); it is assumed to contain the empty
action () meaning no disclosure. For every § € ©, a given subset £/ C E defines the
evidentiary actions that are feasible in state #, where E = E? for any pair  and ¢’ that are
in the same element of partition ®. For every § € ©, f(0) is the partition element containing
6. Further, for every ¢ € N, we define A; = F, and we define g; as follows: For every § € ©
and e € E, let g;(e,0) = eife € E? and let g;(e,0) = D if e ¢ E°.

In words, player 1 observes the partition element containing the true state, knows the
corresponding set of feasible evidentiary actions, and then picks an evidentiary action (dis-
closure choice). If the disclosure is feasible then this is what the other players observe;
otherwise they observe the empty disclosure. The game ends with the third-round action
choices. Payoffs are a function of these actions, the state, and also the evidentiary action in

the case of costly evidence.

Information design.'® Nature’s role is to choose a payoff-relevant value w € ) accord-
ing to a given distribution o € A€ with full support, and to conduct a signaling experiment
chosen by player 1. Let Z be the set of possible signal vectors of the form (z1, 2o, ..., 2,),
where z; denotes the signal privately observed by player <. An experiment is a function

e: 0 — AZ that gives a distribution of signal vectors contingent on w. Take as given a

17In the literature on strategic settings with hard evidence, key conceptual elements were developed in vari-
ous entries, including Green and Laffont (1986), Milgrom and Roberts (1986), Shin (1991), Lipman and Seppi
(1995), and Bull and Watson (2004, 2007). The description here allows for statistical evidence (Bull and
Watson 2019)).

18The description here allows for interim information design (Koessler and Skreta 2022).
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set I/ of feasible experiments. Assume that for every experiment e, nature’s feasible draws
are given by Z° = suppe, which will imply that nature’s strategy has full support. Let
B = XeepZ€ and let 5 = (°).cr denote a generic element, where 3¢ = 2°.

We can think of nature as choosing w and privately conducting all experiments in the first
stage. Player 1 obtains information about w and then picks an experiment. The other players
observe the identity of the experiment, and each player 7 privately observes her realized
signal. Thus, © = 2 x B, and oy is the product of of and every e € E. Further, ® is
a partition of 2, and for every § = (w,3) € ©, f(0) is the partition element containing
w. Finally, for every ¢ € N, we define A; = F x Z;, and we define g; as follows: For
every ) = (w, ) € O and e € F, let g;(e,0) = (e, B¢). The players simultaneously choose

stage-three actions, the game ends, and payoffs are a function of these actions and w.

Mechanism design by an informed principal (Myerson (1983)). Nature chooses a
vector of types w = (wy,ws, . . ., w,) from a set {2 according to a given distribution off € AQ
with full support, and nature also serves as a mediation system for communication between
the strategic players and an external enforcer, which is a mechanism chosen by player 1.

As in the previous setting, we can think of nature conducting the random draws for every
mechanism in stage one. In stage two, player 1 observes her type w; and selects a mechanism.
In stage three, all players observe the identity of the chosen mechanism; each player: € N,
privately observes their type w; and private reports the type to the mechanism. In stage four,
the mechanism sends each strategic player ¢« € N, a private message, which is an element
of a set D; and is interpreted as the suggested action to take in stage five. Concurrently, the
mechanism privately directs an external enforcer on what public action to take. Then in stage
five, the strategic players simultaneously choose productive actions, where D; is the set of
feasible actions for player ¢ € V., and the external enforcer takes the public action from
the set D, that the mechanism directed. The game ends after stage five, and payoffs are a
function of w and the productive-action profile d = (dy, ds,...,d,) € D = X;enD;.

Let Q = Xjen L€, where (); is the set of feasible types for player ¢ € N, and note
that 2 can be a strict subset of 2 if types are correlated. The set of mechanisms is given by
E = {e: Q — AD}. As in the previous setting, assume that for every mechanism e and
type-report vector w, nature’s set of feasible recommendation vectors is Z¢(w) = supp e(w),
which implies nature’s strategy has full support. Let B = X . ,cqZ°(w) and, for a generic

element 3, let 5¢(w) denote the vector of recommended actions under mechanism e.
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Thus, the structure of the first three stages is described as follows: © = () x B, and o
is the product of 0% and e(w) for every e € E and @ € Q. Further, ® = 2, and, for every
0 = (w,5) € O, weset f(f) = w,. Finally, for every i € N, we define A; = E x ), and
we set g;(e,8) = (e,w;) for every § = (w, 3) € ©. The players’ observations and feasible

actions in stage four are similarly described.

5.2 Characterization of stage-three beliefs about the state

To keep notation simple, let \; denote the situation in stage three in which player ¢ has
observed \;, and let ¢ denote the situation in stage two where player 1 has observed ¢ € .
I will thus refer to @ as the set of situations for player 1 in stage two, s¢ denotes player 1°s
strategy on these situations, and —® refers to the situations other than ®. Also, let M =
H\ (Hy U @) denote the set of situations in stage three and later. For any A\, € A; and
Sp € Se, let

Yo(Ni, s9) = {9|>\i :gi(sf(0)70)} (D

This is the set of states for which (6, s¢) reaches situation \;. Note that, because at situation
Ai, nothing has been observed about actions to be taken at the other situations in M, S()\;) is
an M-product set and S()\;) = Sy X S_pr(N;).

Let us explore the implications of plain consistency for the updated belief about 6. If
any specific \; would arise on the equilibrium path, then, under minimal consistency, the
conditional-probability formula would apply to calculate player ¢’s belief at situation \; about
6 and about player 1’s strategy component sg. If \; is not on the equilibrium path, then
anything goes under minimal consistency, and player i’s belief at \; about @ is arbitrary.
Plain consistency, however, has sharp implications for the belief about the state.

The next definition describes the regularity conditions on the appraisal system needed to
impose plain consistency on the belief at \;. The second definition is the application of plain
consistency at such a situation for dimensions M and —®; the former ensures that beliefs
about actions taken before stage three are treated independently of beliefs about actions in
stage three and beyond, and the latter ensures that updating about player 1’s actions in stage

two are isolated from all other actions, with respect to conjunctive events.

Definition: Call a sender/designer game and appraisal system P amenable if the following
conditions hold: First, the tensor-product condition is satisfied by H,, Hg, and M. Sec-
ond, Yo(\i, s¢) is measurable and p% (- | Yo(\;, s0) X Sy X {sa}) is well-defined, for every
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i € Ny, \i € A;, and s € Sg. Third, for every i € N, and \; € \;, (a) p" exhibits
Hy-independence, ®-independence, and M -independence on S, and (b) p™i satisfies the L-
disintegration condition for L. = M and for L = —®.

Definition: Given an amenable sender/designer game and appraisal system P, call the
appraisal system pc-compliant if, for every i € N, and \; € A;, the update from h; to \;
is both M -plainly consistent on S and —®-plainly consistent on Yy(\;, so) X S_q for every
S € So.

To understand the next result, note that péj denotes player i’s belief at situation \; about

player 1’s strategy component sg, and péi is player ¢’s belief about nature’s strategy 6.

Theorem 2: Consider any amenable sender/designer game and appraisal system P, and let
Yo(Ai, so) be defined by Equation (1). Then P is pc-compliant only if, for every player i €
Ny and \; € A,

(a) pi exhibits M-independence on S and satisfies p?} = p%j[, and

. h. )
) B (X0) = [ 8 (X |Yoh50) i dsn).
Se

Likewise, the converse holds (P satisfying conditions (a) and (b) implies pc-compliance) for

appropriately defined M- and —®-disintegration kernels.

Theorem 2’s characterization of beliefs regarding nature’s move is simple to state in
words: After observing )\;, player i’s belief about the state § can be expressed by a two-stage
distribution: First player 1’s strategy component s¢ is drawn according to distribution péj,
which is player i’s updated belief about sg at situation \;. Then 6 is drawn according to
the conditional distribution p%" (-] Yo (N, sa)), which is player ¢’s initial belief about nature’s
strategy, conditioned on the subset of O that reaches \; for strategy component sq of player 1.

For example, if )\; is a surprise event (assigned zero probability by player ¢’s belief at the
beginning of the game), then player i’s explanation is that player 1 must have deviated and
nature did not deviate. The deviation of player 1 cannot be the basis for player ¢ to update
the belief about the state, except insofar as it reflects player 1’s own information about the
state. Player 1’s deviation does not signal something that player 1 did not observe.

In fact, the updated belief can also be written as the conditional-probability update of
a new prior belief that is identical to p except that player 1’s second-stage behavior is

given by some 04 that reaches situation \;,. This is a form of structural consistency that
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features nature’s given distribution.”® For instance, consider the setting in which ©, ¢,
and A are finite, and let distributions oy € ASy, 06 € ASe, and o), € AS), be such that
pli(s) = 0o(s0)0a(se)or(syr) for every s € S. Define 64 € ASg by

A,
. Py (se)n
Jé(%) B UO(YO()\z‘,S@)

for every sg for which Yy (\;, s®) # (), and otherwise set 6o (se) = 0, where
~1

Py (s2)
Z UO(YE]O\i;&I))

{s8|Yo(\i,5®)#0}

=
Il

Define 6 € AS by 6(s) = 00(s0)0a(se)onr(sar). It is not difficult to verify that, under pc-
compliance, p*i(s) = (s | S();)) for every s € S();). One can also verify that Theorem 2’s
characterization of beliefs regarding nature’s move is exactly what full consistency implies.

The upshot is that, for finite sender/designer games, plain consistency has the same im-
plications for stage-three beliefs as does full consistency but has the advantage of being a
regularity condition on updating rather than being derived from a sequence of fully mixed
behavior strategies. Further, with plain consistency, the characterization of stage-three be-
liefs generalizes to the class of infinite sender/designer games, with appropriate measurabil-
ity assumptions on the strategy space.

To highlight how plain consistency, rather than just the moderate application, is required
to reach the conclusion of Theorem 2, I provide a proof here rather than in the Appendix,
where the other proofs may be found. The application of plain consistency is still relatively
simple in that one step uses the moderate form, and another step uses only conditioning sets
of the formY =Y, xS_;.

Proof of Theorem 2: First I show that pc-compliance implies properties (a) and (b) stated in
the theorem. Consider any player ¢ € N, and \; € A;. Recall that S(\;) = Sy x S_p(\).
The update from h, to \; being M-plainly consistent on S implies that sy, (-, s_p) = p%j[
for every s_j; € S_j; for which Sy x {s_p} C S(N\;), where k), is the M-disintegration
probability kernel associated with p*i. Here I have used the fact that ,(Sys, s_p7) = 1 and
P (X x S_ar | S) = phi(X L) for every X, € By. Note that Sy x {s_p} € S(\;) if and

“While it characterizes the updated beliefs in the application here, in general finite games, structural con-
sistency is not equivalent to full consistency (Kreps and Ramey (1987)).
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only if s_p; € S_pr(\;), and thus kps( -, s_p) = p%} for every s_p; € S_p(\;). Therefore,
from the definition of disintegration probability kernel, p* exhibits M/ -independence on S
and satisfies p}} = p%}'[, and hence condition (a) holds.

Next consider any player ¢ € N, and \; € A;, and let K_g be the —®-disintegration
probability kernel associated with p*i. We can assume that x_¢(Yo(\;, S0) XSy, se) = 1 for
every sg € Sg, because k_g( -, Se) is a probability measure, kg is uniquely defined up to
a measure-zero set, and if this condition were violated over a strictly positive measure of s¢
then it would contradict that p* € AS();).

Take any Xy C Yo(\;, se). Because k_¢(Yo(\;, s6) X Sy, Se) = 1, we have

K_& (X() X SM, 8@)
K—o (YO()\iaS@) XSM75<I>>

= H,Q(Xo X SM, Sq>).

By —®-plain consistency on Y5(\;, s¢) X .S_g, we have

K_® (X() X SM, S@)

r-a (Yo(Ai, s0) X Sar, s0) P (Xo xS % Se | Yo(Ai, s) X S % Se)

By definition of xk_g,

piitb(XOXSM> :p/\i(XoXSsté) - / K_q’(XOXSM’S‘I’)péi(dS@)'
So

Combining the above equations yields

Py (Xox Sar) = j P (Xox Sar % Sa | Yo(Ni, 58) X Sar x So) py (dsa).
®
Note that phi (Xo x Sus X So | Yo(Ni, 50) X Sar X Sa) = pei (Xo | Yo(Ai, ), the Hy-marginal
probability of X, conditional on Yj(\;, s3). Likewise, piy, (XoxSar) = poi(Xo). With these
substitutions, we obtain condition (b) in the theorem.

To prove the converse, consider any appraisal system that satisfies conditions (a) and (b)
forevery i € N, and \; € A;. If, for some i € N, and \; € A;, the given disintegration
kernel x_g for p* violates —®-plain consistency on Yo(Ai, sa) X S_ for a positive-measure
subset of S, then condition (b) would fail. Thus, —®-plain consistency can be violated only
on a measure-zero subset, and we can alter the definition of x_g on this subset, to everywhere

conform to —®-plain consistency. A similar adjustment can be done for ;. [
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5.3 Possible usefulness for applications

As noted in the Introduction, many entries in the literature on sender/designer games are
ambiguous on belief consistency, by either (a) not formally defining the perfect Bayesian
equilibrium concept to be utilized, or (b) not reporting analysis of a fully specified nonco-
operative game. For instance, looking at the ten articles with sender/designer elements that
were published in the “top-five” general-interest economics journals in 2022-2023, I put one
in the first category and seven in the second category.?’ My intent is not to criticize this liter-
ature. I merely wish to suggest there is room to clarify the foundations of applied theoretical
analysis. One of my own articles, Watson (1996), is in the second category.?!

Plain consistency may thus be useful for clarifying, and in some cases provide a founda-
tion for, various modeling exercises in the sender/designer literature. A reasonable standard
for application of noncooperative game theory is to fully describe the game to be studied as
well as the solution concept to be utilized. For modeling exercises where it is convenient to
present a partial analysis of the game and to focus on specific outcomes that emerge from
the partial analysis, a good starting point would be to specify a solution concept that justi-
fies the focus. In numerous examples, defining perfect Bayesian equilibrium based on plain
consistency would help to complete the game-theoretic exercise and rule out outcomes that
were previously dispensed with implicitly. In particular, Theorem 2 provides a foundation
for the structural-consistency assumption that Myerson (1983), Koessler and Skreta (2023),
and others make directly on belief systems. In any case, one might differentiate between

possible predictions based on plain consistency and other consistency notions.

5.4 Comments on equilibrium existence

As for any solution concept, the issue of equilibrium existence arises with respect to ver-

sions of perfect Bayesian equilibrium for infinite games. Existence is typically not a hurdle

2In the first category I classified Kattwinkel and Knoepfle (2023), and in the second Au and Whitmeyer
(2023), Bowen et al. (2023), de Clippel and Zhang (2022), Dworczak and Pavan (2022), Lipnowski, et al.
(2022), McClellan (2022), and Perego and Yuksel (2022). Koessler and Skreta (2023) provide an equilibrium
definition in line with Myerson (1983) that directly assumes structural consistency for stage-three beliefs.

2IMy own interest in consistency conditions for belief systems began early on, including in research to
produce Shimoji and Watson (1998) and Watson (1998). Further, Pierpaolo Battigalli pointed out that I had
implicitly assumed a cross-player consistency condition in Watson (1993), which led to the corrective Battigalli
and Watson (1997). Research leading to the present paper began in 2011 when I aimed to develop a strong per-
fect Bayesian equilibrium concept for models of decentralized contractual networks, although the first resulting
paper, Watson (2024), utilized sequential equilibrium for a complicated equilibrium construction.
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for some kinds of sender/designer games, such as cheap-talk settings in which a babbling
equilibrium exists under mild assumptions, and similarly information-design settings with
an uninformed designer. Existence is a more difficult proposition for other sender/designer
games, such as general signaling games and informed-designer/principal games.

Presumably existence can be dealt with for narrow classes of games, and it comes down
to familiar considerations and technical barriers (continuity, compactness, monotonicity, and
so on). Whereas imposing plain consistency or any other consistency restriction may advance
theoretical goals in an application, limiting the scope may grease the wheels of an existence
argument by allowing for a wide range of beliefs where it may be useful in a proof.

Without getting too deep into the weeds, here is an example of an existence argument
for a class of signaling games utilizing a method that focuses attention on a finite subset
of an infinite space. There are n strategic players (a finite number). At stage one of the
game, nature chooses a vector of types § = (6, 6,,0s,...,0,) according to a probability
distribution 4 that has full support on a finite product space © = Oy x O, x---x0,,. Each
player ¢ will later choose an action a; € A;, where A; is a compact subset of the reals, we let
A= A x Ay x---xA,, and the payoffs are given by a function w: © x A — R". In stage
two, player 1 observes ; and chooses a;, which everyone else observes. At stage three, each
player i € {2,3,...,n} observes 6;, and these players simultaneously choose their actions
as, . .., ay,, ending the game.

Such a sender/designer game is a multi-stage game with observed actions, but it is gener-
ally not finite and does not necessarily have independent types. Let us adopt pc-compliance
as the belief-consistency restriction for perfect Bayesian equilibrium. Deferring discussion
of the assumptions on A and w that will be needed, consider the following method of attack
for an existence proof.

Note that any action a; and distribution 1/ € A©O (a posterior about nature’s move) define
a stage-three continuation game that is a Bayesian game in which nature chooses # according
to distribution g/, players 2 through n observe their types, and they simultaneously select
their actions. Suppose that this continuation game has a (Bayesian) Nash equilibrium, let us
arbitrarily select such an equilibrium, and let wj(a;, i/, 61) denote the equilibrium expected
payoff of player 1’s type 6;. We’ll need an assumption implying that w? is continuous in ///,

and that guarantees the existence of a distribution ¢ € A© such that

w;<a17,u/761) > w;(alaﬂa 61) (2)

32



for every 1/ € AO that satisfies belief consistency, a; € Ay, and 6; € ©1. We’ll also need
wj(ay, p, 01) to have a maximum by choice of a;.

A constructive algorithm could then run as follows. First, for each ¢; € 6y, find afl to
maximize w*(ay, y1, 1), and define Ay = {a® | 6, € ©,}. Our perfect Bayesian equilibrium
will specify that the types of player 1 put zero probability on actions outside of Ay, and if
such an action is chosen then players 2 through n hold posterior belief 1 and their play in the
stage-three continuation is that which leads to payoff w7 for the types of player 1. No type 6,
would want to deviate to such an action, since afl would yield a weakly higher payoff given
the definition of afl and Inequality 2.

Second, look at an artificial game between player 1’s types whereby they choose mixed
actions in A°A; and receive payoffs given by wj, where A®A; denotes the (compact) subset
of AA; in which each action gets a probability of at least . Using standard methods, we
can find an equilibrium of of this artificial game. Third, by letting € approach 0, we can
construct a sequence (ai/ k)k that converges to some o] and from which we derive (using the
conditional-probability formula) the posterior about nature’s move that players 2 through n
hold contingent on observing any action a; € Ay, asin a full-consistency construction.
Coupled with posterior u for every other action, we have specified all stage-three beliefs.
Player 1’s equilibrium strategy is o] and sequential rationality holds by construction. More
details and sufficient conditions may be found in Appendix A.2.

The beliefs of players 2 through n after observing any a;, € Ay conform to Theorem 2 by
construction because they have the same formulation as with full consistency. Thus, the key
constraint imposed by plain consistency is that y, the off-equilibrium-path posterior about
nature’s move, also has the form required by Theorem 2. Weaker consistency conditions
would loosen this requirement, with minimal and weak consistency imposing no constraint.

Moving to informed-designer games and mechanism design by an informed principal,
it is worth noting that even existing equilibrium-existence results in these settings entail
complications. I have already noted that plain consistency justifies the structure of stage-
three beliefs that are directly assumed in some theoretical exercises such as Myerson (1983).
However, using plain consistency, or any other consistency condition, to define perfect
Bayesian equilibrium would not transform their equilibrium constructions into full-blown
perfect Bayesian equilibria. For example, Myerson’s (1983) analysis of incentives in stage

five are put in terms of the expected payoffs from the start of stage four, calculated us-
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ing the beliefs from stage three, as in a Bayes-Nash equilibrium calculation. This analysis
does not imply sequential rationality for all situations that could be reached in stage five,
because some of these situations may have zero probability given stage-three beliefs.> In
other words, the equilibrium notion that Myerson (1983) uses does not require sequential
rationality and hence is technically not in the “perfect” category. The same is true for other

entries in the literature that followed, including Koessler and Skreta (2023).

6 Further Definitions and Discussion

This section gives a definition of extensive-form rationalizability for any given belief-con-
sistency condition, presents a result on the relation between the various consistency concepts

defined earlier, and provides further comments on related literature.

6.1 Extensive-form rationalizability

Pearce’s (1984) notion of extensive-form rationaliability can be generalized to allow for any
consistency condition on appraisals.?® For any strategic player i, let P; = (ph) he, denote
player ¢’s appraisal system (the appraisals at player ¢’s situations), and let us refer to a given
consistency condition applied to F; as ®-consistency. Note that the definitions of “rooted in”

and the consistent-plan property apply to F; by restricting to these appraisals.

Definition: Call X C S a player-product set if it is an H;-product set for every i € N,.
Then, given a player i € N, and player i’s appraisal system P, say that P; conforms to X
if for every h € H, satisfying S(h)_; N X_; # 0, it is the case that p" ,(S(h) _; N X_;) = 1.

Given a player-product set X and a pure strategy s; € S;, denote by P;(X, s;) the set of
player i’s appraisal systems that are ®-consistent, rooted in (s;, o_;) for any behavior strategy

profile o_; € AX_;, have the consistent-plan property, and conform to X. If desired for the

22Here is an illustration: Suppose that player 1 deviates in stage two to selects a mechanism that would
suggest action ds to player 2 in the event that player 1 reports type 6, and otherwise would suggest another
action. Suppose that in the equilibrium construction, upon observing this selected mechanism, player 2 puts
zero probability on player 1’s type 6. Then Myerson’s incentive-compatibility condition does not constrain
what player 2 believes or should do in stage five if the mechanism recommends dy in stage four, although this
is a situation in the game and it would be reached if type 0, of player 1 chose the deviation mechanism and
then reported truthfully.

23The description here is a generalization of Shimoji and Watson’s (1998) replacement-based definition and
makes sense presuming at least minimal consistency of appraisals is assumed.
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application, one can also take nature’s strategy as given (a common prior). Define

Bi(X) = {s; € X, | there exists P, € P;(X, s;) such that
p" is rational for every h € H; for which S(h)_; N X_; # 0},

and let B(X) = x;cn, Bi(X). Define operator B* inductively by B® = B and B*(X) =
B(B*Y(X))fork=1,2,....

Definition: Take as given a consistency concept for beliefs, relative to which operator B
is defined. If appropriate for the application, also take nature’s strategy (op),,c 7, s given.
The set of rationalizable strategy profiles for the strategic players is defined as the largest
fixed point of B, which, for finite n-player games, is equal to N B*(S; x Sy x -+ +x S,,).

Following Pearce (1984), rationality is imposed at only situations reached by X ;. Under
minimal consistency, this is Pearce’s definition of rationalizability. The definition under plain

consistency was already featured in Bull and Watson’s (2019) analysis of statistical evidence.

6.2 Inclusion order of consistency concepts

On the relation between consistency conditions, here is terminology to refer to the widest

application of plain consistency:

Definition: Call an appraisal system f-plainly consistent (f for fully) if it satisfies the plain-
consistency condition for every applicable L C H, pair of consecutive situations, and L-

product set Y.

Recall that, by assuming any of the various consistency conditions in the equilibrium
context, we obtain different versions of perfect Bayesian equilibrium (with sequential equi-
librium as one version). The next result states what one would expect regarding the relation

between the various consistency concepts discussed herein.

Theorem 3: As defined for finite games, consistency definitions are nested from strongest to

weakest as follows: full, strong, f-plain, m-plain, and minimal.
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Figure 2: Another example.

6.3 Additional notes on the literature

Other versions of perfect Bayesian equilibrium that have appeared in the literature include
concepts defined by Bonanno (2013), Gonzalez-Diaz and Meléndez-Jiménez (2014), Mailath
(2019), and Doval and Ely (2020). Their consistency conditions apply to assessments and
are engineered to strengthen weak PBE enough to ensure subgame perfection. Bonanno’s
(2013) definition has a plausibility-logic foundation (“AGM-consistency’) that provides an
intuitive lexic support restriction.’* Gonzélez-Diaz and Meléndez-Jiménez (2014) take the
more direct approach of generalizing the notion of a subgame to “regular quasi-subtree,”
which they define as an situation and the nodes that follow, with the property that in this
set each player knows he or she is in this set. Gonzdlez-Diaz and Meléndez-Jiménez require
weak PBE on every regular quasi-subtree, which implies Nash equilibrium on every subgame
as a special case. Mailath’s (2019) definition of “almost PBE” is similar, imposing proper
conditional-probability updating of assessments from one situation to the next (generally for
a different player) in the case in which the latter situation follows with positive probability
given the assessment at the former. Doval and Ely (2020) strengthen Mailath’s definition by
requiring beliefs to be derived from a conditional-probability system on the strategy space.
The PBE definitions developed in all of the entries cited above do not address conditional-
probability updating on separate components of the strategy space, and in this critical sense

are weaker than plain PBE. For example, in the game shown in Figure 2, with initial beliefs

24Bonanno requires Bayes’ updating in the sense of minimal consistency, although it is characterized in
terms of plausibility of nodes and a requirement that information-set assessments are derived by calculating the
product of action probabilities on the feasible paths. In a given subgame, where plausibility of various nodes
are anchored by the plausibility level of the subgame’s initial node, the conditions imply that assessments at
on-path situations (conditional on reaching the subgame) are consistent with the strategy profile, which implies
subgame perfection.

36



given by the indicated probabilities of actions, these definitions do not restrict the belief of
player 3 at situation h regarding player 2’s actions d and e, whereas plain consistency nails
it down to probability 1/4 on d and probability 3/4 on e. Thus, these other definitions do
not constrain beliefs along the lines of reasonableness, and they do not constrain stage-three
beliefs in sender/designer games. On the other hand, their definitions all assume a greater
level of conformity for the assessments of the various players, so in this sense they impose
stronger requirements than does plain PBE.? Further, none of these alternative concepts in

the literature are defined for infinite games.

7 Conclusion

This paper has endeavored to expand the toolbox of consistency conditions for the belief-
based solution concepts, to support applied-theoretical analysis and to clarify the founda-
tions for specific applications. For example, plain consistency provides a conceptual foun-
dation for assuming structural consistency of stage-three beliefs in sender/designer games,
as shown in Section 5. With such an intent, the analysis can go straight to the assumption
of structural consistency without having to explicate the operation of the underlying plain
consistency condition. Additionally, this paper promotes modeling behavior strategies and
beliefs as probability distributions over the space of strategy profiles, which is needed to
represent complementary dimensions of the strategy space and also simplifies some of the
definitions and logical steps. Whether or not the paper succeeds in a broad sense, I hope that
it helps theorists to classify alternative assumptions for solution concepts, provides a peda-
gogical benefit, and encourages further research on consistency conditions and implications

for classes of games beyond those studied herein.
A Appendix
Below are proofs and additional discussion. Subsections A.1 and A.3 pertain to finite games.

A.1 Implications of moderate plain consistency

Results presented in Section 4.3 are restated here along with proofs.

23Weibull (1992) proposes another definition, based on strategy trembles, that sits between subgame perfec-
tion and perfect equilibrium, and expresses beliefs as probability distributions over strategy profiles.
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Lemma 1: An appraisal system is m-plainly consistent if and only if for every L C H
and every L-conjunctive pair of consecutive situations h, ' € H for which p” exhibits L-

independence on S(h');, x S(h)_p, it is the case that p"’ exhibits L-independence on S, and
pE =P (- 1S(H)L).

Proof: The full implications of m-plain consistency are obtained by plugging Y = S(h') x

S(h)_r into the equation defining plain consistency, which then states that
p"(Xpx{s o} S(W)px{s_r}) = p"(Xpx S(h) 1| S(h)Lx S(h)-1)

for every s_; € S(h)_p for which S(W'); x {s_r} C S(I') and p" (S(W)L x {s_1}) >
0, and for every X, C S;. Because S(h') is an L-product set, s_;, € S(h)_; implies
S(h)px{s_p} C S(R'). Therefore p" (X x{s_}|S(h')x{s_1}) is the same number for
every s_; € S(h')_y, for which p" (S(h')p x {s_.}) > 0, proving L-independence for p",
and it is equal to p" (X xS(h')_r | S(h');xS(W)_r}), whichis p} (X ) because the support
is contained in S(h'). Note also that p"( X xS(h)_r | S(W)xS(h)_r}) = p" (X | S(h')L),

which gives the claimed expression. Reversing the steps proves the opposite relation. [
Lemma 2: If an appraisal system is m-plain consistent then it is minimally consistent.

Proof: Recall the definition of J", giveni € N, and h € H;, from Section B.3: J" is the
set of situations consisting of & and its successors for player 7. For any player ¢ € N, and
pair of consecutive situations h, h’ € H,, it is true that S(h) and S(h/) are J" -product sets
satisfying S(h) ;= S(h') v, and moderate plain consistency implies p", = p%,. Also,
S(h) and S(Rh') are H;-product sets due to perfect recall, and setting L = —H, gives the

updating condition of minimal consistency (which references — H,; as —1). [

Lemma 3: Given a game, consider any subgame and let .J be the set of situations in the

subgame. Then every h € H is J-conjunctive.

Proof: The initial node of the subgame is a singleton situation, denoted h. Let M be the set
of situations for all players on the unique path to h. For each h € M, let dy, be the unique
action taken at situation h on the path to fz, and write ay; = (ap)nenr- Let J be the set of
situations in the subgame, and let M’ = H \ (J U M).

For every strategic player i, we have S(h;) = S = S; x S_; and so trivially h; is J-

conjunctive. For every h € M U M’, no situation in .J is on any path to h, and therefore
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S(h) = Sy x S(h)_;. For every h € J, the player on the move has observed a,; and there
is no situation in M’ is on any path to h, and therefore S(h) = S(h); x {ap} x Spr. M

Theorem 1: If P is an m-plain perfect Bayesian equilibrium of a finite game, then the

equilibrium strategy profile o is a subgame-perfect Nash equilibrium.

Proof: Let P be an m-plain perfect Bayesian equilibrium for a given finite game and let o
denote the equilibrium strategy profile. Consider any subgame containing a situation for any
given strategic player ¢, and let L, h, M, M' @, for h € M, and a,; be defined as in the proof
of Lemma 3. We must show that o, is a Nash equilibrium in the subgame—that is, for every
strategic player i, o, is a best response to oy, _,.

Ifh = h; for some strategic player j, then the subgame is the entire game, player ’s strat-
egy in the subgame is 0;, and we know from rationality at 4 and the one-deviation property
that o; is a best response to p;i ;, = o0_;. Otherwise, there is a unique sequence of situa-
tions {h',h?, ... K%} C H;\ L;, such that (a) h! = h;; (b) foreach k = 1,2,... K —
1, h¥ and h**! are consecutive situations for player ¢; and (c) there is a situation A €
L; such that h* and h are consecutive situations for player i. Let L, = {h € L; |
h% and h that are consecutive situations for player i.}.

To evaluate payoffs in the subgame, let & be the behavior strategy constructed as follows.
For each situation h on the path to h, 6, assigns probability one to action a;; otherwise,
o = op. Thus, 61, = o, and 6 reaches the subgame with probability one. Player ¢’s payoff
in the subgame (that is, conditional on the subgame being reached) under strategy profile o
is u; ().

Presume that o, is not a best response to o,_, in the subgame, and we will find a con-
tradiction. Under the presumption, there exists a behavior strategy ¢’ € AS satisfying
6" 1. = 0_r, and u;(6") > u;(G). In words, ¢’ represents player i unilaterally deviating from
0 in the sugbame, to her strict benefit.

Because L; is the set of situations in which player ¢ first acts in the subgame, there must
be a situation /€ L; such that (S(h)) = &'(S(h)) > 0 and player i’s continuation value
from A under & is strictly higher than under 6. To write these continuation values, define
probability distributions & and ' with support S(h) by & = &(-| S(h)) and &' = &'(- | S(h)).
Player i’s continuation value from h under 6 is given by u;(¢"), her continuation value from
h under & is given by u;(#), and we have u;(6') > u;(#). By construction, & and &' are

appraisals at i, and &' is a continuation-strategy h-deviation from &.
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Let us establish the relation between p’:” and ¢. First we show that 5, = p’iK. This follows
from m-plain consistency using induction, Lemma 1, and Lemma 3. Start with £ = 1, recall
from Lemma 3 that ' and h? are L-conjunctive, and note that p"'" exhibits L-independence
on S(h?), x S(h')_p = Sp x S(h')_r. Lemma 1 implies that p* = pl' (.| S) = p?' =
o = o and th exhibits L-independence. Repeating the argument for the pairs (h%, h?),
(h3, h*), and so on yields p?" = o = 6, and p"* exhibits L-independence.

Because 1€ and h are L-conjunctive, we can apply m-plain consistency once more, for
hE and h are consecutive situations for player 7 and th exhibits L-independence. Lemma 1
implies p” = p"* (- |S(h).) = 6.(-|S(h)L) and p" exhibits L-independence. Because & is
a behavior strategy, it exhibits L-independence, and thus 6,(- |S(h);) = 6.(-|S(h)) = 6.

We have shown that p’~1 and ¢ are both appraisals at h and satisfy piLL = 0. Define

distribution @ € AS to exhibit L-independence, with ;, = &, and 7_; = p* .- Then

o 1s a continuation-strategy h-deviation from p;’. Because payoffs in the subgame depend
only on sy, we have u;(5) = u;(6') > u;(5) = w;(p"). Thus, P is not continuation-strategy
sequentially rational. Using Lemma 2 and Theorem 4, we conclude that P is not sequentially

rational, which contradicts that P is an m-plain perfect Bayesian equilibrium. [ |

Lemma 4: Take as given a multi-stage game with observed actions and independent types

(as specified in Section 4.3). Then every h € H , is L'-conjunctive.

Proof: Note that a situation in any stage K for any strategic player ¢ is a personal his-
tory combining 6; with the publicly observed sequence of actions profiles (a', a?, ..., a" 1)
through the previous stage (the sequence being null if K is the first stage). Player ¢’s strat-
egy specifies the action to be taken in each such situation. Consider any situation h that
entails a given sequence of action profiles (a',a?, ..., a®~!) for some K. The set S(h);
depends only on (a',a?,...,a®"1). To be precise, 0;3; € S(h).: if and only if, for every
kE =1,...,K — 1, it is the case that 5, = a¥, where h* is defined as the personal his-
tory combining 6 with action sequence (a',a?, ... ,a*"1). Thus, for any strategy profile
s=101---0,51 -5, such that 0;s; € S(h)p: forevery i € N, we have s € S(h). Hence h

is L'-conjunctive for every i € N,. |

A.2 More on existence sketch

Here I present a few more details on the example of equilibrium existence sketched in Sec-

tion 5. Picking up with the second part of the proposed algorithm, fix any small number
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e > 0 and let A°4, be the (compact) subset of AA; in which each action gets a probability
of at least . Imagine that for each a; € Ay, we have specified a distribution ™ € A©
that will be the posterior belief of players 2 through n about nature’s move, contingent on
observing action a; chosen by player 1. Let us look at an artificial game between player 1’s
types whereby they choose mixed actions in AfA; and receive payoffs given by wj. We
then have a correspondence p°: (AO)A1l == (A€ A,)!€1] that gives, for each vector of poste-
riors (p%1), .4, the set of optimal mixed-action vectors for player 1’s types. Let function
0 (ATA) O (A@)‘A1| give, for every mixed-action vector for player 1’s types, the
implied posteriors for the actions in Ay, which are uniquely determined by Bayes rule. Let
n° (a1, o1) denote the posterior conditional on action a; when player 1’s types choose mixed
action vector o7j.

The next step is to find a fixed point o of the composition mapping p° o 1°, which exists
because 7)° is continuous and p° is nonempty, convex-valued, and upper hemi-continuous
owing to the continuity of wj. We can then construct a sequence (a% / k)k that converges and
has the property that n*/*(a;, o) converges for every a; € A;. Sucha sequence exists from
Kakutani’s theorem since (A5A1)|@1‘ is a compact subset of RI®I=1 The limit of ai/k is
player 1’s equilibrium strategy and the limit of '/*(a,, %) is the posterior about nature’s
move that players 2 through n hold contingent on observing action a; € A;. The posterior
contingent on observing any of the other actions is specified to be p, as discussed above.

As noted in the text, the key constraint imposed by plain consistency in the foregoing
argument is that y, the off-equilibrium-path posterior about nature’s move, has the form re-
quired by Theorem 2. Also, for the construction to work, we need assumptions guaranteeing
that the stage-three continuation game has an equilibrium, that there is a selection of such
equilibria that makes wj continuous in 4', and that there is a distribution  of the form re-
quired by Theorem 2 and satisfying Inequality 2 for every i/ € A®O that in turn satisfies
belief consistency, a; € A;, and 6; € O;. For example, a supermodular setting with the
following assumptions would suffice: A; is an interval and ©; is a finite subset of the reals,
for every player i; types are positively related in that, for each M C N, and —M = N\ M,
(1| ©pr x {0_p1})as is increasing in 0y, in the multivariate sense of first-order stochastic
dominance (@Dsterdal (2010)); function w is supermodular in all arguments (Topkis (1979),
Milgrom and Roberts (1990)), continuous, and strictly quasiconcave; and w is increasing in

0_1 and a_;. We can select the maximal equilibrium of the stage-three continuation game to
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define wy, and let 11 be the posterior conditional on the lowest type of player 1.

A.3 Inclusion result

Theorem 3: As defined for finite games, consistency definitions are nested from strongest

to weakest as follows: full, strong, f-plain, m-plain, and minimal.

Proof: Battigalli (1996) proves that full consistency implies strong consistency. To show that
strong consistency implies f-plain consistency, consider any strongly consistent appraisal
system P, and let ¢ be a conditional-probability system that has the independence property,
from which P is derived. Take any . C H and L-product set Y C .S, and consecutive situa-
tions h and h/ for any strategic player, such that Y C S(h) and p” exhibits L-independence
onY. Take any s_;, € Y_; for which Y7 x {s_.} € S(I) and p" (Y. x {s_1}) > 0. Using
that P is derived from ¢ and that { has the independence property, we have

P (Xex{s o} [Yex{s-1}) = C(Xpx{s-1} [ YVx{s_1}) = ((Xp xS | Y xS_p)
for every X C Y7, and
PP X xY_p | YpxY_p) = C(XpxY_p | Yo xY_ ) =C(XpxS_p | Y xS_1),
which implies p" (X x{s_} | Yo x{s_r}) = p"( X xY_p | Y xY_L), as required for plain

consistency. The remaining inclusion relations are implied by the moderate and full plain

consistency definitions, and by Lemma 2. [
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B Supplemental Appendix

This supplemental appendix contains additional technical material, including additional re-

sults with proofs. All subsections pertain to finite games.

B.1 Behavior strategies in mixed-strategy space

Recall that I have defined a behavior strategy profile as an element of AS that exhibits
h-independence on S for every h € H, claiming that this is equivalent to the traditional def-
inition as a distribution 7 = (7 )pey € XpegAA(h), with independence across situations.
The next lemma formalizes the claim. Let AS denote the set of mixed strategies that satisfy

h-independence on S for every h € H.
Lemma 5: For any finite game and any o € AS, o(s) = [[,cy on(sn) for every s € S.

Proof: Consider the following claim: For any given 0 € AS, L C H,and b/ € —L, if
o(s) =o0_r(5-1) [ her, on(sn) forevery s € S, then o(s) = o_r/(s_1/) - [[ 1, on(sn) for
every s € S, where L' = L U {h'}. This claim is proved as follows. From the premise of the
claim, we have for every s € S, 0(s) = o_r(s_1) - [[,c; on(sn). Forany ' € —L, fixing

any s_j and summing over s}, € Sy, we obtain

> olsowsi) = > o-rlswsi) - [ [ onlsn).

S,h,GSh/ SIh/GSh/ heL

The left side is equal to o_/(s_j/) and the summation term on the right is o_/(s_z/). Mul-
tiplying both sides by o4 (sp/) yields oy (sp)o_p (5—p) = 0_p/(5—1/) - I ,ers on(5n). Using
the fact that o exhibits h’-independence on S, we see that the left side is o(s), which gives
the expression in the conclusion of the claim.

Forany s € S, starting with an arbitrary h € H, for which we have o(s) = o,(sp)o_p(s-p)
by h-independence on .S, we then apply the claim in iterative fashion over all other situations

in H, producing the expression o(s) = [[,,c; on(sn)- |

Lemma 6: For any finite game, define n: Xpcyg AA(h) — AS as follows. For every
T = (Th)peny € XneaAA(h), let 0 = n(n) be given by o(s) = [[,cy ®n(sn). Then n is
a bijection and, for every m € XpcgAA(h), it is the case that T and o = n(w) induce the

same probability distribution on play paths (terminal nodes) in the game.
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Proof: Clearly 0 € AS and o), = 7, for every h € H, by construction. Further, Lemma 5
implies that mixed strategy profiles in AS are uniquely defined by their marginal distribu-
tions across h € H. Therefore, 7 is a bijection.

To verify that ¢ and 7 induce the same distribution on play paths, consider any feasible

path of actions p = (at,a?, ..., a")

in the game, which is a terminal node in the extensive-
form representation. Let (h', h2,. .., h) be the uniquely identified corresponding sequence
of situations where these actions are taken; that is, a® is chosen at k¥, for k € {1,2,..., K}.
If play is described by 7, then the probability that path p occurs is [ [, o gy T (a®). If
play is described by o, then the probability that p occurs is ) _,, 0(s) where T” = {s €
S| s =a* fork € {1,2,...,K}}. Let H* = {h',h? ... h"}. From the definition of
T” and that o satisfies h-independence on S for every h € H, we have that ., o(s) =
[hepio, xyon (a®)->S Ao _yo(s_go) | S_go € S_g»}. Of course, the marginal distribution
o_ e satisfies {o_p,(s_go) | S_pgr € S_po} = 0_go(S_pgo) = 1. Recalling that o), = 7,
we conclude that 35 5, 0(s) = [0 iy Thn(a). u

As the analysis makes clear, this result extends to comparing conventionally-expressed
behavior strategies and mixed strategies for an individual player, holding fixed the strategies
of the other players, so there is no loss in expressing behavior strategies of an individual

player i as elements of AS; and expressing behavior strategy profiles as elements of AS.

B.2 Translating Assessments into Appraisals

The next lemma establishes that there is no loss of generality in accounting for beliefs and
plans as appraisals rather than as assessments. An assessment is denoted by (u, 7), where
7 is the strategy profile, 1 = (u"*)nen, and for each h € H, py, is a probability distribution
on the nodes at information set h. Let us say that an assessment (1, ) and appraisal system
P are equivalent if, for every h € H, they imply the same distribution over terminal nodes,
including for h-deviations. For any situation h and decision node z, let us write x € h to

mean that x is in the h information set of the extensive form representation.

Lemma 7: Tuake as given an assessment (u, ) for a finite game. There is an equivalent

appraisal system that satisfies the consistent-plan property.

Proof: Consider any situation h € H . For each node x in this situation, let L"(x) be the set

of situations that are on the path to node z, not including % itself. Then let L" = U,¢, L™ ().
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For any node = € h, define behavior strategy profile o € AS as follows. For every
situation i’ € L"(z), let o, put probability 1 on the action taken at /' on the path to x. For
every other situation i’ € H\ L"(z), let 6%, = ;. Note that, as a behavior strategy profile,
o(s) = [ ey on(sn) forevery s € S.

Now define p" as the weighted average of distributions (%) ,.¢;, with weights (1"(x)) e
That is, for every strategy profile s € S, p"(s) = 3, p"(2)o"(s). Note that p" exhibits
h'-independence on S for every h' € H\ L", because every o"(s) has this property by
construction. This further implies that p” is an appraisal, because, letting i be the player on
the move at h, for every /' € H; N L" we know that p!, is a mass point due to perfect recall.

Having defined p" for every h € H, let us turn to the initial situations. For eachi € N,
let p% = o, where o is the expression of 7 in the space AS so that o,(s) = m,(sy) for every
h e H.

We have defined the appraisal system P. That P satisfies the consistent-plan property
follows from the construction of p”, specifically that 0¥, = 7, for b’ € H\ L"(x). |

It is also worth pointing out that a fully consistent appraisal system implies an equivalent
fully consistent assessment, which is clear from the definition of full consistency. Other-
wise, appraisal systems allow for a greater range of beliefs than do assessments, because an
assessment requires all players and player-types to have the same beliefs about future actions

(nailed down by the single strategy profile).

B.3 One-deviation property

For a given game, consider a situation h € H; where player 4 is on the move. Let .J" be the
subset of H; consisting of h and all of its successors. Then the continuation strategy from h

for player 4 that appraisal p” prescribes is the marginal distribution on J”, that is p?h.

Definition: For a given situation h € H_ and two appraisals p" and p", say that p" is a

continuation-strategy h-deviation from p" if p" , = p" .

In other words, for player i’s situation h, a continuation-strategy h-deviation alters only
the actions played at player ¢’s situations in the continuation of the game (that is, at h and

successor situations for player 7).

Definition: Call an appraisal system P continuation-strategy sequentially rational if for

every player i € N, every h € H;, and every continuation-strategy h-deviation p", it is the
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A

case that u;(p") > u;(p").

Theorem 4: Given any minimally consistent appraisal system P for a finite game, P is

sequentially rational if and only if it is continuation-strategy sequentially rational.

Theorem 4 is essentially a mixed-strategy, n-player version of one direction of Perea’s
(2000) Theorem 3.1 (see also Hendon, Jacobsen, and Sloth 1996). I include a proof here for

completeness and because of the slight generalization and variation on the logical method.

Proof: Because h-deviations are a subset of continuation-strategy h-deviations, continuation-
strategy sequential rationality implies sequential rationality. To obtain the opposite implica-
tion, presume that appraisal system P is minimally consistent and sequentially rational, and
yet there is a player i € N, a situation »’ € H;, and continuation-strategy h'-deviation p"’,
such that u;(p") < u;(p""). We will find a contradiction.

The set of situations H, can be partitioned into sets (Hf )?3:0 for some integer b, where
H? = {h;} and foreach 8 € {1,2,...,b} and every h € H” there exists a situation in H’ "
that is an immediate predecessor of h. Let b be the largest integer for which there exists
h € HY satisfying pi’ # p'.

Consider every situation h € H?. By presumption, P is rational at h, which means that
u;(p") > u;(p") for every h-deviation p". Let appraisal ¢ be defined so that e = P,
and ¢_ o = ﬁ’j/m. That is, ¢ is a continuation-strategy #’-deviation from p” that deviate;
according to p" éxcept for the last stage at which p"" differs from p”. This is well defined
because p" and p”, as appraisals for player i, satisfy h-independence on S, for every h € H;.

I claim that u;(p") < u;(g). To see why this is the case, let us compare these appraisals.

First note that the sets S(h), for h € H?, are disjoint. Let
HY = {h e H|p"(S(h)) > 0}

and let Y = {S(h) | h € H?}. By the definition of conditional probability, there must exist
probability distributions g € AH? and r € AS such that 7(Y') = 0 and

B =0 () 3 IS g(h) + (15 (0) 3)

heH?
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Likewise, because ¢ differs from " only regarding the play at situations in H?, we have

a=5"() Y a(-IS()g(h) + (1 =" (V) . @

heH?

for the same functions ¢ and 7.

We know that S(h) is an H;-product set for every h € H?. Because ¢ and " are ap-
praisals for player i, they exhibit H;-independence on S, which further implies that 5" ( - |S(h))
and ¢( - |S(h)) exhibit H;-independence on S. Further, we have p" (- |S(h))_; = q(- |S(h))_;
by construction of q.

Applying the minimal-consistency condition in iterated fashion from 4’ to the situations

in H?, and using the law of iterated expectation, we have
P 1S(h)=i = 5" (- 1S ()= x Si) =i = P

for every h € HY. This implies that ¢( - |S(h)) and p" can differ only on situations in H; that
cannot be reached conditional on % having been reached, which implies that u;(g( - |S(h))) =
ug(p"). Although p" (-|S(h)) may not be an h-deviation from p", there exists an h-deviation
that gives the same expected payoff. Because P is sequentially rational, we conclude that
ui(q(-1S(h))) > wi(p" (- |S(h))). From equations 3 and 4, we obtain u;(q) > u;(p").

To recap, relative to ph', we found a continuation-strategy h’-deviation ¢ that delivers
a weakly higher expected payoff to player i as does . Furthermore, although 7" differs
from p" at situations in stage b of the game, ¢ differs from p" through at most stage b —
1. Replacing p* with ¢ and repeating the argument, we eventually have ¢ = p”, which
contradicts that there is a continuation-strategy h’'-deviation that strictly increases player i’s

expected payoff. [

B.4 Additional notes on implications of plain consistency

As noted in Section 4.1, plain consistency does not require different players with the same
information to have the same beliefs. Further, path dependence can arise in the beliefs of
a single player, as the example shown in Figure 3 demonstrates. Suppose player 3’s belief
at the beginning of the game is as indicated in the game tree: that player 1 will select b

and player 2 will select d with certainty. Plain consistency allows player 3 at situation /' to
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Figure 3: Example of path dependence.

believe with certainty that actions b and e were chosen by the other players, and at A to have
the same belief. However, plain consistency requires player 3’s belief at A" to put probability
one on d. Full consistency and strong consistency require the appraisals at 2 and h” to be the
same.

The next example shows that plain consistency has some implications for disjunctive
knowledge (“or” statements) and simultaneous surprise events. Consider the game fragment
shown in Figure 4, where the game ends following actions d and b or after player 3’s move
at situation h. Suppose player 3’s belief at the beginning of the game is as indicated in the
game tree (that player 1 will select b and player 2 will select d with certainty) so that player 3
would be surprised to arrive at situation k. Because S(h)_3 does not have a product structure,
m-plain consistency does not address the update from L4 to h.

However, applying plain consistency for the update from h; to h on S implies that p"
must put zero probability on both a and ¢ having been chosen by players 1 and 2, which is

the same implication of full consistency (zero probability on node x). The reason is that H-

1 b 2 d

o -\ O

afo .- c\©
c d
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.’ 3 a
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- b |2

Figure 4: Example of belief regarding double deviation.
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plain consistency on S; x S_; implies that if p2({c}) > 0 then p" must put zero probability
on both a and c being played. Likewise, letting Hs-plain consistency on Sy X S_5 implies
that if p”({a}) > 0 then p" must put zero probability on both a and ¢ being played. This
example shows that plain consistency is not equivalent to structural consistency, because the
latter does not have such an implication.

A similar restriction can be derived for signaling games with two senders who jointly
observe nature’s choice of the state and simultaneously send messages to a receiver, with
no hard evidence (all actions are available to every type). Following an off-equilibrium-
path message profile that does not identify the deviator, plain consistency implies that the
receivers must believe exactly one of the senders deviated and, conditional on which one,
the posterior must satisfy structural consistency using the non-deviating player’s equilib-
rium strategy. Any public unilateral deviation by one of the senders (not a case of one type
pretending to be another type) will be identified by the receiving players, and in such a con-
tingency the posterior of the receiving players must satisfy structural consistency using the
non-deviating player’s equilibrium strategy. Likewise, consider a asymmetric-information
setting with a product type space and nature choosing the senders’ types according to a dis-
tribution with full support, also with no hard evidence. Then any unilateral public deviation
by one of the senders will be identified by the receiving players, and a similar structural

consistency condition must hold.

B.5 A CPS version of moderate plain consistency, and a comparison of
PBE with sequential equilibrium

This subsection continues Section 4.3’s discussion of reasonableness and implications for
finite multistage games with observed actions and independent types. I begin by defining a
strong version of plain consistency for beliefs derived from a conditional-probability system.
The definition imposes the condition on both dimensions L and — L, if the belief at the former

situation regarding sy, puts positive probability on the latter situation being reached.

Definition: Call an appraisal system cps/m-plainly consistent if it is derived from a condi-
tional-probability system ¢ with the following property: For every L. C H and L-conjunctive
consecutive situations h,h' € H, if ((-|S(h)) exhibits L-independence on S and either
C(S(M)pxS(h)_r|S(h)) > 00r(S(h)LxS(h)_r|S(h)) > 0, then ((-| S(I)) exhibits
L-independence and ((Xpx S(h')| YL xS(W)_-r) = ((XpxS(h)|YLxS(h)-L) forall
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X, CY, C S(h/)L

Fudenberg and Tirole (1991) provide a result showing that, in multi-stage games with
observed actions and independent types, “reasonable” updating is equivalent to full consis-
tency. Reasonableness combines the FT condition with the assumption that the conditional-
probability formula is used where applicable to update the belief about the type of each
player ¢ (conditioned on this player’s action), that beliefs maintain independence across
player-types, and that beliefs are derived from a conditional-probability system. The next

result is based on weaker conditions that are simpler to state.

Theorem 5: Suppose that P is a perfect Bayesian equilibrium of a finite multi-stage game
with observed actions and independent types (as specified in Section 4.3 of the main paper),
under cps/m-plain consistency. Then there is a sequential equilibrium that has exactly the

same outcome distribution.

Proof: For any given finite multi-stage game with observed actions and independent types,
let B be the set of feasible partial sequences of publicly observed action profiles from stage 1
through any stage prior to 7. That is, each 8 € B can be written as § = (a',d?,..., a'),
where ¢t < T is the length of the sequence and a” is the action profile played in stage 7.
Assume B includes the null sequence at the beginning of the game.

For any § € B, let Z(3) denote the subset of S that would result in /5 being played
through the stage equal to the length of . Further, for any player : € N, and type 6;, let
Z%(3,6;) denote the subset of Z([3) in which sq; = 6;. Note that (3, 6;) is a personal history
for player 7 and therefore is exactly that situation i € H, for which S(h) = Z%(j3,6;).

Take as given a perfect Bayesian equilibrium P under cps/m-plain consistency. Recall
Lemma 4 showing that every situation in H , is L’-conjunctive for every j € N.. For any
strategic player i and consecutive situations h, h’ € H,, if ((S(h')r;s x S(h)_ri | S(h)) =0

for at most one 5 € N, then from cps/m-plain consistency we have
C(XLj XS(h/)_Lj ‘ YLj XS(h/)_Lg‘> = C(XLj XS(h)_Lj | YLj XS(h)_Lg‘)

foreveryj € N, and X, C Y, C S(I/);;, and further ((- | S(h’)) exhibits L’/-independence
forevery j € N,.

The condition ((S(h')ri x S(h)_ri | S(h)) = 0 means that at &’ player ¢ observed a
deviation from ((-|S(h)) by player j in the previous stage of the game. If j # i then
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this was a public deviation, meaning that player j took an action in the previous stage that
player 7 did not expect, given player i’s appraisal at h. (No type of player j that player ¢
assigned positive probability would choose this action, given player ¢ belief about player j’s
strategy.) If ;7 = 7 then the deviation was by player 7 herself, and it may have been public
from the other players’ perspective or private (whereby one type deviates to take the action
that another type was supposed to take, where both types were assigned positive probability
by the other players).

Clearly, if j # i and ((S(h')p; x S(h)_1i | S(h)) > 0, so that player ¢ did not observe a
public deviation by player j, then by conditional-probability updating, player 7 believes that
no private deviation was taken by player j in the previous stage.

Consider any situation / of player i in some stage ¢ of the game, and let (h°, h*, h2, ... ht)
be the sequence of consecutive situations for player ¢ from the beginning of the game to h,
where b’ = h, and h! = h. Let us say that h entails at most one deviation per stage if for ev-
eryT € {1,2,...,t}, C(S(h)ixS(h™Y)_1i | S(h™"1)) = 0 for at most one player j € N,.

For such a situation h, iterative application of cps/m-plain consistency implies that
C(X 1 xS(h)_pi | Y xS(h)_ps) = (X1 xS_pi | Y xS_ps)

for every j € Ny and X;; C Y, € S(R)p, and ¢(-|S(h)) exhibits Li-independence
for every j € N,. Setting Y, = S (iz) 1 yields the following relation of L’/-marginal

distributions:
C(X1s XS@)—LJ’ | S(}Al)) = ((Xpi xS i | S(h)Lﬂ' XS L)
Using the same steps as in the proof of Lemma 5, we then obtain:

C(s18(h) = [T ¢cUspyxSth) i |S(h) = TT ¢Wsp} xS [S(h)1s xS 1)
JEN} JENY
forevery s € S.
Let J denote the subset of H | that entails at most one deviation per stage. Let I and
o* denote the given perfect Bayesian equilibrium and equilibrium strategy profile. Because
o* = phi for every i € N,, we have 0* = ((-|S). Since ( is a conditional probability

system, Myerson’s (1986) Theorem 1 guarantees that there is a sequence of fully mixed
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strategy profiles {6*} such that 6* — o*, 6% exhibits L’-independence for every j € N,
and p"(s) = ((s]|S(h)) = limy_eo 6%(5)/6%(S(h)) for every h € J and s € S(h). The
first equality is from the definition of P deriving from (. The second equality is achieved by
using Myerson’s theorem separately on each dimension L7, for the conditional probability
system defined on Sz; given by ((- x S_r; | - xS_r,), to construct a sequence {5%,}, and
taking the product over j € N, .

Because player j observes 0; before taking actions, we can use Kuhn’s Theorem regard-
ing behavior strategies to replace 6@ with an equivalent behavior strategy profile aﬁj, and
take the product to get a behavior strategy profile o* that is equivalent to 6* in the sense
of giving the same distribution on terminal nodes, including in the limit and for any single
deviation (the same h-deviation applied to both o* and 6*). In fact, because o has full
support, without loss we can assume that off = o for all k. (To verify, examine the ratio
of the constructed o*(s) and the modified version with oo(s) = o and note that the latter
is bounded away from zero.) We can also assume that o*(s) /o*(S(h)) converges for every
h € H, and s € S(h) because there must be a subsequence with this property (due to J and
S being finite).

Next let us define an appraisal system P by j"(s) = o*(s)/c*(S(h)) for each h €
H_ and every s € S(h). By construction, P inherits the following properties of P, by
construction. First, for every h € J, p" exhibits L7-independence for all j € N,. Second,
p" is rational at h, for every h € .J. Further, the conditions for rationality at A € J do not
depend on p" ; because such dependence would require both the player on the move at h
and another player to simultaneously deviate at h. This means that any appraisal system P
satisfying p = p”t for every h € J has the property that p" is rational at h, for every h € J.
And by construction, f)ﬁ induces the same outcome distribution as does o*.

Third, every h € JNH, of player 7 entails at most one deviation per stage. That is, for any
consecutive situations A7~ and A" in this sequence, 7" (S(h7) xS (hT)_1; | S(h771)) =0
for no more than one j € N,,. Further, if j # i and 5" (S(h7) ixS(h7)_p; | S(h™"1)) > 0,
so that player ¢ did not observe a public deviation by player j in the stage of /", then player ¢
believes that no private deviation was taken by player j in the previous stage. This means
that at h, player ¢ thinks that all situations reached so far in the game, including for the other
players, are all in J. An implication is that, for any s € S for which s; € supp p", it is the

case that s € S(h). This implies that {s € S(h)|s; € supp p} is a J-product set.
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Let us define a partial appraisal Q = (¢"),_, by ¢" = p; for every h € J, and note
that these probability distributions are over .S ;. By construction, () satisfies Watson’s (2023)
definition of *“.J-partial sequential equilibrium.” The “rectangular margin-support condition”
is also satisfied because we have shown that {s € S(h)|s; € supp p"} is a J-product set
for every h € J. Watson’s (2023) Theorem then establishes the existence of the claimed

sequential equilibrium. |

I claim that Theorem 5 can be extended to multistage games in which we model nature
as choosing the entire vector of types at one situation, by employing plain consistency more

broadly than in the moderate sense, as demonstrated in Section 5 of the main paper.
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