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1 Introduction

Principal component analysis (PCA) has become a key tool for building dynamic models of vector
time series with a large cross-sectional dimension. A typical application first subtracts the sample
mean from each variable and divides the demeaned variables by their sample standard deviations.
PCA finds linear combinations of the standardized variables that have maximum sample variance.
These principal components are then used to build dynamic models for each individual series.
For surveys of PCA and its usefulness in economics see Bai and Ng (2008) and Stock and Watson
(2016).

One difficulty with PCA is that many of the time series encountered in economics and finance
are nonstationary. For a nonstationary variable, the population mean is undefined and the sam-
ple standard deviation diverges to infinity as the number of time-series observations gets large.
Onatski and Wang (2021) detailed some of the problems that can arise from trying to apply PCA to
nonstationary data. The typical solution to this problem is for researchers to examine each series
individually by hand to determine the transformation that needs to be applied to that series before
calculating principal components of the set of variables.

This approach has two shortcomings. First, while for some variables it may be fairly clear what
transformation is necessary to achieve stationarity, for others it is far from obvious. For example,
interest rates have a strong downward trend since 1980. Should yields be treated as stationary?
If nonstationary, should we take their first differences or deviations from a time trend before per-
forming PCA? Some authors work with first differences of inflation and the unemployment rate
while others leave those variables as is. Many decisions like these have to be made before ap-
plying PCA to large data sets. In this paper, we propose an automatic procedure that allows the
researcher to avoid these judgment calls.

A second fundamental problem is the appropriateness of the methodology itself. Suppose
we somehow overcame the first problem and knew for certain the true nature of the trend in
each individual series. Suppose for illustration we knew correctly that the first variable yy; is a
stationary AR(1) process with autoregressive coefficient p = 0.99 while the second variable yy; is
a random walk. The currently prescribed procedure would instruct the researcher to use the first

variable as is and the second variable in first differences. But while the levels of y1; and y»; exhibit



very similar properties, the level of y1; and first difference of y,; are radically different. Should
we expect that there is some linear combination of y;; and Ayy; that can summarize the common
economic drivers behind the two variables? If differencing is the appropriate transformation for
a random walk, it seems we should be using some similar transformation for an AR(1) process
whose root is close but not quite equal to unity.

This paper proposes an approach to PCA that solves these problems. We first note as in Hamil-
ton (2018) that it is possible to use OLS to estimate an h-period-ahead forecast of the level of any
variable as a linear function of its own lags without knowing the nature of the nonstationarity.
Moreover, the errors from these linear forecasts are stationary for a broad class of underlying
nonstationary processes. Our proposal is to use PCA to identify common factors behind the fore-
cast errors. Specifically, we estimate an OLS regression of y;; on (1, Yit—pn, Yit—n—1,-- -+ Yit—h— p+1)/ ,
where i = 1,..., N represents the index of the variable, / is the forecasting horizon, and p is the
number of lags used for the forecast. We then calculate principal components of the residuals.
This approach solves both of the problems identified above. The procedure is fully automatic
and treats every variable in the same way. The transformation of y;; is a continuous function of
the estimated autoregressive coefficients and implies no discontinuity in the way that persistent
stationary series are treated as the largest autoregressive root tends toward unity.

Hamilton (2018) suggested that a two-year-ahead forecast error could be interpreted as the
stationary cyclical component of the series. Our empirical application follows this suggestion and
uses i = 24 for monthly data to uncover the common cyclical factors behind a range of economic
and financial indicators. We demonstrate that using & = 24 also offers a practical solution to the
problem of outliers which has posed a severe challenge to using PCA on macroeconomic observa-
tions in 2020.

Bai and Ng (2004) and Barigozzi et al. (2021) developed methods that are suitable when the
observed data are an unknown mix of I(0) and I(1) variables. Their approaches start by applying
PCA to first-differences of all of the variables whether stationary or not. Bai and Ng (2004) esti-
mated factors for the original data by accumulating factors estimated from the differenced data.
Barigozzi et al. (2021) estimated factors by applying the loadings estimated from differenced data
to the detrended levels of the original data. Barigozzi et al. (2021) showed that their procedure

can estimate the set of factors that account for common stochastic trends in the original data. In



contrast to these approaches, the goal of our analysis is to uncover the cyclical components that
are driving both the stationary and nonstationary variables.

Our results are also useful for estimation of dynamic factor models. One common approach
to estimating dynamic factor models is to apply a transformation that is believed to make the
individual series stationary, calculate principal components of the transformed data, and then fit
a vector autoregression to the estimated factors (Stock and Watson (2002, 2016); Bai and Ng (2002,
2006)). In contrast, our approach allows the researcher to implement the initial transformations
without the need for subjective judgments about each individual series.

Section 2 discusses the use of forecasting regressions to isolate a stationary component of a
possibly nonstationary time series. Section 3 describes how PCA could be used to uncover the
common factors behind the forecast errors if we somehow could know the true process followed
by each variable. Section 4 analyzes the case when PCA is applied to the residuals from estimated
OLS regressions and establishes consistency of the method. Simulations in Section 5 report results
for a variety of possible data-generating processes. We find that using two-year-ahead forecast
errors works well when we have 50 years of data and that i = 1 performs quite well even in much
shorter samples. Section 6 illustrates the promise of our approach in an empirical analysis using
the FRED-MD large macroeconomics data set. Proofs of theorems and additional simulations and

empirical results are provided in an online supplement.

2 Isolating a stationary component from a nonstationary series

Let y;; denote the level of a possibly nonstationary variable at time ¢. Collect its p most recent val-
ues as of date t — 1 along with a constant term in a vector z;;—, = (1, Vi —n, Yit—n—1, ...,yi’t,h,p+1)/.
The population linear projection of y;; on z;;_j, is given by P(yi|z;;—n) = &}yzi+—n where the co-
efficient wjy is defined as the vector that minimizes the expected squared error of a forecast of v;;

based on a linear function of z;;_j:

nj) = arg mainE(yit — 'z ). M)



For example, if y;; is covariance stationary with E(z;;_jz;, ;) nonsingular, the population linear

projection coefficient is given by

1
i = [E(Zi,t—hzg,ph)} E(zit—nYit)- (2)

If y;; is ergodic for second moments, the population parameter a;y can be consistently estimated

by an OLS regression of y;; on z;;_j:

-1 1
~ T / T —1 T / —1 T P
K = [Zt:l Zi,t—hzj,t_h} [thl Zi,t—hyit] = |:T Etzl Zi,t—hzi,t—h] [T thl Zit—nYit = .

Note that there is no assumption in the definition (1) nor in its stationary solution (2) that the pro-
cess is linear or that it can be characterized by an ARMA representation of known order. There
may be better forecasts of y;; that could be obtained using a nonlinear function or more lags like
Yit—h—ps Yit—h—p—1,--- But there is an optimal forecast within the class of linear forecasts that use
only p lags. For a covariance-stationary process, the optimal forecast within that class is charac-
terized by (2).

A solution to (1) also exists if y;; is nonstationary but its first difference Ay;; is covariance

stationary. This can be seen from the accounting identity that holds for any time series:

Vit = Yip—h T DYip—nt1 + DYij—nso + - - + Ay 3)

For anI(1) process,’

P(itlzis—1) = Yign + P(DYis-n1|zhip) + P(AYisonialzii ) + -+ P(Ayalzl, ) @)
for zis 5 = (L ¥ipnYip-n1rYign-ps1)s Zisp = (L DYipon, DYip—n1, - DYi—n—ps2)' and

-1
P(Ayi—slzf,_,) = [E(Ayi,t_sz;r,’tfh)} [E (z:‘r,tfhz:r,;fh)] z},_;,- Moreover, the population linear pro-

jection coefficient a;y can again be consistently estimated by an OLS regression of the level of y;; on

!Note that the space spanned by z;; j is the same as the space spanned by (Z;r,t,h/yi,t—h) which is bigger than
the space spanned by z:{tih. However, the coefficient on y;,;_j in the projection ]P(Ay,-t|z;f,tih,yi/t_h) is zero, because
multiplying the I(1) variable y; ;_j by any nonzero value would produce a forecast of y;; that has infinite MSE. For this
reason P(Ayit|zji—p) = P(Ayirlzf, ).



(L, Yit—hsYif—h—1, - Yit—n—p+1)’- The intuition for this is that an OLS levels regression minimizes

the sample analog to the population minimization in (1):
&; = argminT 1y (yie — a'zi-p)". (5)

If the OLS estimate &; picks up the unit root, the value of (5) converges to a finite number as T
gets large. If it does not, the value of (5) would diverge to infinity. Thus in large samples, OLS
estimation is dominated by the incentive inherent in the objective function of OLS to remove any
nonstationary features of the data. More formally, the fitted values from the regression (5) are
numerically identical to the fitted values from an OLS regression of y;; on (y;;_j, z:“/tfh) In the
latter regression, the OLS coefficient on the lagged level y;;_j, will converge in probability to one
whenever the dependent variable is an I(1) process. In fact, the OLS estimate of this parameter
is superconsistent, converging at rate T rather than at rate VT, and the asymptotic distribution of
the other coefficients is identical to what would result if we regressed Ay;; on ZZ i_p» see Hamilton
(2018).

Hamilton (2018) showed that these results generalize to any nonstationary process that is co-
variance stationary around a deterministic polynomial in time t provided that the order of the
polynomial is no greater than the number of lags p, or if the process is I(d) with the dth difference
of y;; covariance stationary for some d no greater than p. One does not need to know the order of
the polynomial or the value of d in order to consistently estimate the population linear projection
coefficient a;p using a regression of the level of y;; on a constant and its p most recent levels as of
date t — h.

Hamilton (2018) also showed that the residual from the population linear projection, c¢;; =
Vit — &jyZi ¢y, is covariance stationary for any of the above nonstationary processes. For example,

for an I(1) process, we see from (3) and (4) that

cit = Yie — P(yir|zip—n)
= [Ayi,t—hﬂ - P(Ayi,t—h—i-l"zz)’r,t—h)} + [Ayi,t—h-l-Z - ]P(Ayi,t—h—ﬂ’z:'r,tfh)} +

cee [Ayit - IP(A]/it|Z;r,t7h)]



is covariance stationary for any finite h. It is thus possible to isolate a stationary component
of a large range of nonstationary processes from the residuals of an OLS regression of y;; on
(LYit—n Yit—n—1s s yl',t_h_p_;,_l)/ without knowing whether the variable y;; is stationary or non-
stationary.?

It is instructive to compare this approach with other common ways of thinking about the trend

in a nonstationary series. If the ith observed variable is a deterministic function of time plus a zero-

det

mean stationary ergodic process, y;; = 55 (t) + 5, we typically could describe the deterministic

time trend as the limit of a forecast that would have been made in the arbitrarily distant past:

51det(t) == hm hmE(th | ylt h/ylt h—1s- /yi,t—h—p-‘rl)'

h—ocop—r00

By contrast, if the first difference of the ith variable is a zero-mean stationary process, Beveridge
and Nelson (1981) suggested that we think of the trend as the forecast of the variable in the arbi-

trarily distant future. They decomposed y;; = 65" + cBN where

55 hm hmE(]/z trh | Yits Yig—1s s Yip— p+1)

h—socop—>

While these concepts of trend have some appeal, they have the significant practical drawback that
both are based on the properties of forecasts at infinite horizons. They thus depend on conjectures
of what happens at infinity, conjectures that are impossible to verify on the basis of a finite sample
of observations.

By contrast, forecasts at a two-year horizon are something that can be reasonably investigated

without auxiliary assumptions in samples of typical size. If we choose & to correspond to a two-

2Specifically, if either: (i) y;; is stationary around a deterministic polynomial function of time of order d; < p satisfy-
ing -
Tr]
1/22%1‘_ 10_511t_512t2 ---—5td)—>wW()
s=1

where [Tr] denotes the largest integer no greater than Tr, W;(r) denotes standard Brownian motion, and 4 denotes
convergence in distribution; or alternatively if (ii) d; differences of y;; are stationary for some d; < p satisfying

d
1/22 Yir— 4 _>‘UW()

then Hamilton (2018) showed that c;; is stationary and that the estimated coefficient &; from an OLS regression gives a
consistent estimate of the population parameter a;g.



year horizon, Hamilton (2018) argued that the decomposition

Vit = PWitl L Yip—ns Yig—n—1, s Yit—n—p+1) + Cit (6)

can be viewed as a way to implement traditional approaches to trend-cycle decomposition that is
practical and robust. Moreover, the primary reason we would go wrong in making a two-year-
ahead forecast of most economic time series is due to unforeseen cyclical changes. For example,
the value of y;; will be significantly below P (yi|z; ;) if the economy goes into a recession after  —
h and significantly above the forecast if recovery from a downturn is more robust than expected.
For this reason, Hamilton (2018) proposed to use h corresponding to a two-year horizon as a way
to isolate the stationary cyclical component of the ith variable, for example, i = 24 for monthly
data.

Another important benefit of setting i = 24 is that it offers a solution to the huge practical
problem of dealing with outliers. To see why this is the case, suppose for illustration that the
ith variable is characterized by a random walk: y;; = v;;—1 + €;. For a monthly random walk,
the residual from the two-year population linear projection is given by c;; = Zgio & ¢—s. From the
Central Limit Theorem, c;; typically exhibits much less kurtosis than the one-period-ahead forecast

error ¢;;.> We find in our empirical application in Section 6 that this feature is extremely helpful in

3 For example, if cgth) = g+ ...+ ¢ pp1 and g is iid. with E(gy) = 0, E(s?f) = 02, and E(e}) = «, then

E {(cff))z} = ho? and E {(cfth))‘l} = hx + 3h(h — 1)c*. The excess kurtosis of cgth) is then

_ hx+3h(h—1)0* [(K/OA) —3}

{E [(Cl(f))z} }2 h2g4 a h

If e;; has positive excess kurtosis (x/c* > 3), then the excess kurtosis of cl(th )declines monotonically to zero as & increases.

For a numerical illustration, suppose ¢;; comes from a mixture of two Normals, where ¢;; ~ N(0, (7%) with probability p
and N(0, 03) with probability 1 — p. Then cfth) = Zé‘;& g ;s is a mixture of & + 1 Normals, distributed

N(0,ko? + (h — k)o3) with probability ( Z > pk(1 = p)ik

2
and variance E {cfth)} =V = h[po? + (1 - p)o3]. For oy = 1,05 = 5,and p = 0.9, the probability that cgth) exceeds

four of its standard deviations, that is, Pr0b< cl(th)

> 4V V<h>>, is 1.4% for h = 1, 0.1% for h = 12, and 0.005% for
h=24.



dealing with outliers such as those seen during the COVID-19 pandemic in 2020.

Notwithstanding, these benefits do not come without a cost. The larger the value of &, the
more serial correlation there will be in cj;, and the more prone PCA can be in small samples to
the spurious factor problem identified by Onatski and Wang (2021). Our simulations in Section 5
suggest that if we have 50 years of data, using two-year-ahead forecast errors works pretty well.
For shorter samples, the spurious factor problem can be more serious, and our recommendation
for those applications is to look for common factors in the one-year-ahead (7 = 12) or one-month-
ahead (h = 1) forecasts. In the latter case, additional correction for outliers is likely needed.

To summarize, our procedure is to estimate the same regression for every variable y;;, regard-
less of whether we think it is stationary and without making any conjecture about the nature of
any nonstationarity. To allow for persistent seasonal components in y;;, we recommend choosing
p to be the number of observations in a year. Our procedure estimates the following regression by

OLS for every variable,

Vit = ki +anlYipn+ anYii—n1+ -+ QiplYit-hpr1+ Cits )

with h = 8 and p = 4 for quarterly data and & = 24 and p = 12 for monthly data. We will
refer to the residual from the estimated regression ¢;; as the OLS residual for variable y;; and the
residual from the population linear projection c;; as the true cyclical component. The value ¢;; is a
consistent estimate of c;;, and the true value c; is stationary as long as any nonstationarity in y;;
is characterized by either a polynomial time trend of order d; or an I(d;) process with d; < p. Our
procedure is to perform PCA on the regression residuals {14, ..., Ent } -

One practical decision is whether a nonlinear transformation of the raw data is necessary for
A‘iy;; to be stationary for some d;. If taking first differences of the log is the correct way to produce
a stationary series, then taking the change in the level would not produce a stationary series. We
recommend using logs for variables like output or prices which are usually described in terms of
growth rates. For such variables we use the log of the level of the variable, y;; = logY; as the
variable in the regression (7). For variables like interest rates or the unemployment rate that are
already quoted in percentage terms, we use the raw data y;; = Yj; in the regression.

The true cyclical component c;; has mean zero and is stationary for a wide range of processes.



However, the population value of a;y is not known but must be estimated by regression. In Section
3 we characterize our assumptions about the factor structure that we hypothesize describes the
true values of c;;, and use standard results to establish that these population factors could be
consistently estimated if the true values of c;; were observed without error. Section 4 considers the
case when we do not know the value of d; for each series, do not know whether it is stationary
or characterized by a deterministic time trend or an I(d;) process, and the c¢;; are not observed. In

that section we analyze the consequences of performing PCA on the estimated OLS residuals ¢;;.

3 Principal component analysis when the true cyclical component is

observed

In the previous section we defined the true cyclical component c;; to be the residual from a popu-
lation linear projection of y;; on (1, Yi t—p, Yit—h—1, - Yit—h—p+1)’, and noted that c;; is stationary for
a broad class of possible processes. In this section we provide sufficient conditions under which
the true cyclical components for a collection of N different variables would have a factor struc-
ture that could be consistently estimated using PCA if we observed the true value of c;; for each

variable. The set-up and results in this section closely follow Stock and Watson (2002).

3.1 Assumed factor structure of the true cyclical components

Collect the true cyclical components for the N different series at time ¢ in an (N x 1) vector C; =

(c1t, ..., cNt)". We postulate that these are characterized by a factor structure of the form

Ct = A Ft + e . (8)
(Nx1)  (Nxr)(rx1) (Nx1)

The number of latent factors r is much less than the number of variables N, but the r factors are
assumed to account for most of the variance of C; in a sense made formal below. Since the factors
are unobserved, C; = AH 'HF; + ¢; would imply the identical observable model as (8). Thus
some normalizations are necessary in order to talk about consistently estimating the jth factor fj;.
In empirical estimation, practitioners typically resolve this ambiguity by estimating the jth column

of A by the eigenvector associated with the jth largest eigenvalue of T~ Y[ ; C;C.. Note that such



a procedure implies a normalization in which the columns of A are orthogonal to each other and
the elements of F; are uncorrelated with each other and ordered by the size of their variance.
We follow Stock and Watson (2002) in how to characterize these conventions as the cross-section

dimension N and time-series dimension T get large.*
Assumption 1 (factor structure).
(i) (NA/N) — I,.
(i) E[FF{] = QFF, where QFr is a diagonal matrix with w;; > wjj > 0 fori < j.
(i) |Aij| < A < oo.
(iv) TV, BF 5 Qpr.

In addition to implementing the property that eigenvectors of a symmetric matrix are orthog-
onal, Assumption 1(i) requires that each factor makes a nonnegligible contribution to the average
variance of c;; across i. That is, if we were to imagine adding more variables (increasing N) with
Aij = 0 for all i greater than some fixed Ny, then Assumption 1(i) could not hold. Likewise 1(i7)
and 1(iv) require that each factor continues to matter as the number of time-series observations T
grows. These conditions are consistent with serial dependence of the factors, but rely on the fact
that C; is stationary.

Let ¢ denote an (N x 1) vector and I' = {7y : 9/¢/N = 1}. Note that if y were the jth col-
umn of A, the scalar 7/AF;/N would converge to fj; and (N2T) "1y o/ ARF/A'y EA wjj. The
assumption that the idiosyncratic elements e; do not have a factor structure requires that there is
no value of 7y for which the analogous operation applied to e; would lead to anything other than
zero: sup(N2T) "' Y1, esely % 0. Stock and Watson (2002) used the following assumptions to

yel
guarantee the absence of a factor structure in e;.

Assumption 2 (moments of the errors).
(i) Jim sup, T, [Elefer o/ N]| < oo

(ii) I\ljim sup, N~1 P Z]-l\il |Eleirejt]| < oo, where e;; denotes the ith element of e;.
—00

4See Bai and Ng (2013) and Stock and Watson (2016) for discussion of alternative normalizations.
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. _ N N
(i) lim sup,,N"" TN, ¥ Jeovlese, epei]| < oo

Some might be concerned that we have simply postulated that the true cyclical components
are characterized by Assumptions 1 and 2. But something very similar is done in traditional
applications that assume conditions like these characterize specified stationary transformations of
the original data. Indeed, insofar as the cyclical components have a common primitive definition
in terms of h-period-ahead forecast errors, we would argue that these assumptions are easier to

defend in our application than in many others.

3.2 Consequences of applying PCA to the true cyclical components

Recall that the (N x 1) vector of true cyclical components C; is stationary and has population mean
zero. If C; was observed directly, its estimated sample variance matrix would be § = T~ YL, C;C!
and a linear combination 7'C; for any (N X 1) vector v would have sample variance 9/Svy. If C;
was observed, the first estimated principal component (denoted f;; = N _1;\1 C¢) would be defined
as the linear combination that has maximum sample variance subject to a normalization condition

suchasy eI ={y:9v/N =1}

A1 = argsupR(7) ©)
yerl
R(y) = (N°T) Y9/ T, CiCly. (10)

Note we are normalizing 7\/17\1 /N =1 as we did asymptotically for the columns of A in Assump-
tion 1(i). We also divide the sample variance of 7/C; by N? in anticipation of the result that R(A;)
will converge to a fixed constant as N and T grow. The solution to (9) is obtained by setting
A1 proportional to the eigenvector of S = T~ YT, C;C} associated with the largest eigenvalue.
For example, if we calculated eigenvectors of this matrix using code that normalizes eigenvectors
to have unit length and orders eigenvalues by decreasing size, A; would be /N times the first
eigenvector. The largest eigenvalue of S is equal to T-' Y1, f2., the sample variance of the first
principal component. The jth principal component N *1)1;-@ is found by maximizing R(y) sub-
ject to the constraint that v is orthogonal to Al e ;\j,l. The solution for 7\j is proportional to the
eigenvector of S associated with the jth largest eigenvalue.

Alternatively, if we observed the true factors F; and loadings A, we could calculate the compo-

11



nent of the variance of 7'C; that is attributable to the r factors alone:
R*(y) = (N?T) 'y Ty ARF{A'y. (11)

Stock and Watson (2002) showed that under Assumptions 1 and 2, the maximum value for (10)
(which is given by the largest eigenvalue of S) and the supremum of (11) over all ¢y € T converge
in probability to the same number w1y, which is the population variance of the first factor, and
that )1/1 C:/ N gives a consistent estimate of fi; up to a sign. If we were to estimate k > r principal
components, the first 7 would consistently estimate f;; up to a sign normalization and the last k — r
would asymptotically have zero variance. Their results are a special case of Theorem 1 developed

in the following section.

4 Principal component analysis when the cyclical component must be

estimated

In this section we assume that we do not observe the true cyclical component c;; of series i but
have an estimate ¢;; = c;; + 9. Let C; = (éy4, ..., ént)’ and Vi = (814, ..., Ont)'. We investigate the

properties of principal components calculated from the estimated cyclical components:

Al A

fir = NG (12)

)ij = arg sup R(7)
(el Y A==7'Aj_1=0}

R(v) = (N*T) 7'y £y GG
We first state high-level sufficient conditions under which PCA applied to the estimated cyclical
components o gives consistent estimates of the true factors F;. Let 9;; = ¢y — c;; denote the dif-

ference between the estimated and true cyclical component of series i at date t. The conditions

require N to grow with T so as to ensure that N"' YN, 2 and T~' Y[, ¢ are 0p(1).

Assumption 3 (high-level conditions on 9;;). The cross-section dimension N grows with the number of

time series observations T according to a function N(T) such that for all 6,& > 0 there exists a Ty(J,€)

12



such that for all T > To(6, €):

1 NI 5
Prob 05, >0 p <e (1)
(]ﬁ) =~ it
Prob mxli%>5<e (i)
1<i<N(n) T =7 '

The following result establishes that if the error in estimating the cyclical component satisfies
Assumption 3, then the results (fi,A;, R(7)) of applying PCA to the estimated cyclical compo-
nents C; give consistent estimates of the magnitudes that characterize the true cyclical components

Ct. For a proof see online Appendix A.

Theorem 1. Suppose that C; and e; in equation (8) satisfy Assumptions 1 and 2. Let C; = C; + V; for

Vi = (D14,...,On¢) where By satisfy Assumption 3. Let fu, . fkt denote the first k estimated principal

components of C; (f}t = /A\;Ct/N) withk > randlet B = (fi, ..., frt)’ und( A : = [ A oo A } )
rx1) Nxr

(
Then

(i) T-1 Zz;l A]Zt = R(}\]) £> w]']'fOTj =1,..r;
(i) TV, 25 0forj=r+1,..,k

(iii) EA'A/N L5 I, where & is a diagonal matrix whose row j column j element is +1 if )AL}A]' > 0and

Al

>

~E 5o

[zp

(iv)

Before presenting formal sufficient conditions for verifying Assumption 3, we first discuss the
intuition for why we might expect it to hold. For z;;_, = (1, Y t—pn, Yit—h—1, - Yit—h—p+1)’, the true
cyclical component c; is the residual from a population linear projection of y;; on z;;_j, and ¢ is

the residual from the corresponding estimated regression:

/
Cit = Vit — XjoZit—n

A Al
Cit = Vit — &;Zjt—p

A A AN/
Uit = Cit — Ciy = (061'0 - (Xz‘) Zit—h

13



(wio — &) = — (2?21 Zi,tfhzglt7h> (ZtT:1 Zi,tfhcit> (13)

0% = (wio — &)'zip—nz},_p(io — &) (14)

Y 0% = (aio — &) (Zszl Zi,tfhzz,‘,tfh) (aip — ;). (15)

Expression (15) will be recognized as the OLS Wald statistic for testing the true null hypothesis
Hp : a; = aj multiplied by 67 = (T — k) ' ¥ ¢%, the average squared regression residual. As
we now sketch, this statistic would be expected to be O,(1) for a wide class of stationary and
nonstationary processes. This would lead us to expect that the individual terms 9% should be
0p(1), with some uniformity conditions across i then guaranteeing Assumption 3(i). Likewise if
we divide (15) by T we should again get an 0,(1) random variable, as required by Assumption
3(ii).

We now explore the intuition for why we would typically expect (15) to be O,(1). Note that

the expression can be written

-1
T 52 T / T / T ,
Yis10p = <2t:1 Citzi,tfh) (21‘:1 Zi,t*hzi,tfh) (Z:t:l Zi,t%cli)

1
= (Zthl Citzg,tthz‘_T1> (Yi}l Y zi,t-hZQt,thTl) (Yi_Tl Y Zz’,t—hcit> (16)

where Yle could be any sequence of nonsingular matrices. Note that the researcher does not need
to know the value of Y;7. This matrix is just a device to calculate the asymptotic properties of the
left side of (16) (which does not depend on Y;r) under various possible forms of nonstationarity
for zj;.

If y;; were stationary, we would use Y;;/ = T~V ?Ip41 to find the asymptotic distribution of
Zthl z?lzt. In this case, z;;_jc;; is a stationary random variable which by the definition of the true
cyclical component c;; has population mean zero. In this case, a central limit theorem could be
used to establish that Yi_T1 Zthl Zit—nCit = T-1/2 Zthl z; 1—nCit converges to a Normal distribution.

Likewise in the stationary case,
-1y T / -1 _ p=1yT / P /
Yir YicaZig-nZippYir =T Lim1 Zip—nZip—p — E(Zi,tfhzi,tfh)-

For this reason, Y/, 9% would typically be O, (1) when y; is stationary.
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Consider next the case when d; = 1 and Ay;; (denoted below by u;;) is a zero-mean stationary
process. Taking a regression with p = 3 lags for illustration, an OLS regression of y;; on z;;_j, =
(L, Yit—n Yit—n—1,Yit—n—2) has the identical fitted values as an OLS regression of y;; on Ri_lzilt_ h=

(tip—p, tis—n—1,1,Yi¢—p) - In this case to calculate the asymptotic distribution of (16) we would take

~1/2
v | TV 0 »
iT = LN
0 T—
1T ;-1
Yir Yie1 Zip—nZipn Yir
IyT 2 1y T 1T —3/2 5T
T Yo vy, Ty upepttipn TV quen T2 5w nYirn
1y T AT 2 1T —3/25T
| T X tipenattipn T e Uiy Ty tipn1 T2y Vi
1y T 1T ~3/2yT
T Y i Ui T Yo Mipn 1 T3 2 1 Yison
—3/2yT —3/2yT —3/2yT 2vT 2
T332 Yinttipn T2y Yiponttipmn—1 T3S vien T 2X{0 97,

Under standard unit-root asymptotics (e.g., Hamilton (1994, p. 506)), we expect Yl._T1 Zthl Zip— hzg,tf nY

Q; with ) )
Yio Ya O 0
Y Yo O 0
Q=| " " ) (17)
0 0 1 wj [y Wi(r)dr
0 0 wlfo r)dr wzfo[ A ] dr

for v, = E(ujsuiz—), w? = Z}";_oo 7ij, and W;(r) standard Brownian motion. Similar tools can be
used to establish that Y ' Y z;;_pcis KN giand Y1, 02 LN 7:Q;: 'q; ~ O,(1).
If instead E(Ay;) = p; # 0, the level y;; would be dominated asymptotically by a determin-

istic time trend ‘uit.5 In this case (and for general p > 2) we would use Ri’lzi,t,h = (Ay; s —

5 That is, for any nonnegative integer v,

P
—(v+) Zt 1Yit — ~(v+1) Zt 1(pit)" =0

as T — coand T~ D YT ()’ — ul/(v+1).
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,ul‘/ A]/z‘,tfh—l - ]’ll‘/ ceey A]/i,t—h+2 - ,ul‘/ ]-1 yi,t*h)/ and

- T-Y21, 0

— -1
iT — Ri

0 T-3/2

to establish that YL, 0% ~ Op(1). General cases for d; < p are examined in Hamilton (2018). Note
that we do not need to know the value of d; or Y;r to estimate any magnitudes — in every case we
are talking about a regression of y;; on the lagged levels z;;—, = (1, Yit—n, Yit—n—1, ...,yi’t,h,p+1)/.
Instead, Y;r is just a device to analyze the properties if the levels regression is applied to a variety
of different stationary and nonstationary processes.

We are now in a position to state formally sufficient conditions under which Assumption 3
would be satisfied, for which we let || X|| denote the Frobenius/Euclidean norm (the square root

of the sums of squares of the elements of a vector or matrix X).

Assumption 4 (sufficient conditions for Assumption 3). For each i, there exist some nonsingular ma-

trix Y1 and a possibly random matrix Q;, such that

(i) For some positive constant cq,

T
-1 2 1 2
12‘?1(\1 11;1%XTE(H\/TYZ.T zipnll?) <e1 and 12‘?1(\1 E(]] t;YiT zi —nCit||7) < e1.

(ii) For some positive constants ¢, ¢3, ¢4, and cs,

1

1ri1ii>l<\]Prob<Qmin(Qi) < 5> < exp{ — c3<5>1/C4} forall 5 < cs,

where o, denotes the minimum eigenvalue. In addition, N'log™* (N)/T — 0.

(iii) The cross-section dimension N grows with the number of time series observations T according to a

function N(T), such that
1<i<N

T
Prob( max H ZYi_lei/t,hzgltthi_Tl - QZ-H > c6(N)) —0
=1

for some positive sequence c(N) = o(log™ “(N)).
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Condition 4(i) is quite mild, as it only requires finite moments on the transformed regressors
and the cyclical components after suitable normalization. For example, when Ay;; is a zero-mean

stationary process, the first inequality requires Ay;; and y;;/+/T to have finite variance. Condi-

gets inverted in (16) can be uniformly approximated by a possibly random limit Q;, and that the

minimum eigenvalue of the limiting matrix exhibits an exponential-type tail at zero.
Theorem 2. Assumption 4 implies Assumption 3.
Next we relate Assumption 4 to conditions for general linear processes.

Assumption 5 (linear process). There exist positive constants cy—c11, such that foreachi € {1,2,...,N}

there exist a y; and an integer d; for which u; = (1 — L)%y — u, = Y52, Yty and
(i) maxi<i<n ;| < c717% with ¢g > 2.
(i) minj<j<n | Y720 ¥;] > ¢ > 0.
(iii) n,, is an i.i.d. process with zero mean, unit variance, and maxy<j<n E(17%) < ¢1.
(iv) Let Q; be the covariance matrix of (i, Wis—1, ..., Uit—pid1). Then 0 (Qy) > e11 > 0.

Conditions 5(i) and 5(ii) would be satisfied if u;; is any zero-mean stationary AR(g) process

for some g,
Uit = Ppllip—1+ -+ Pltip—g+17; with [[z]| > 1 for any z satisfying |1 — ¢z — - — ¢, .25 = 0.

Alternatively, 5(i) and 5(ii) would also be satisfied for any MA(g) process that has a representation

that is not arbitrarily close to being noninvertible,
Ujp = 1y —+ Gilﬂi,t—l + -+ Qigﬂi,t—g with |1+ 91'1 + .4 9ig > C9.

Condition 5 (ii) defines the necessary degree of differencing d;. For example, if y;; = ,(L)7;,
with ¢,, satisfying 1,(1) > co, then the MA(oo) coefficients ¥, of the first difference (1 — L)y; =
(1—L)y,(L)y,, = §,(L)1y,, would not satisfy (ii) because §,(1) = (1 —1)y;(1) = 0.

1

17



Theorem 3. Suppose that p > 1 and Assumption 5 is satisfied for every i € {1,2,...,N} for some
d; € {0,1}, and that the true cyclical components c;; satisfy Assumptions 1 and 2. If Nlog'*(N) /T — 0,
then results (i)—(iv) of Theorem 1 hold.

We now briefly outline our proof technique and main technical contribution. It is helpful to
compare the current setting with the case where N is fixed and T grows. The fixed-N case is
straightforward, as one can establish either convergence in probability to a nonrandom Q; (under
weak stationarity) or convergence in distribution to a random Q; (as functionals of Brownian
motion). This aligns with the reasoning provided earlier (see (17) and the related discussion).
However, when N is allowed to grow, the theoretical analysis requires uniform control of the
estimation error across i = 1,...,N, as implied by Assumption 3. The core of our proof is to
decompose the quantity of interest into a sum of i.i.d. components plus negligible remainder
terms. We then apply the coupling method of Komloés et al. (1976) to establish a distributional
approximation that is uniformly valid fori =1,..., N.

While our proof of Theorem 3 only covers the case when d; < 1, we conjecture that a similar
result could be obtained for any d; < p. Extending the proof to this case requires verifying the three
conditions in Assumption 4. Assumption 4(i) requires only finite moments of the regressors and
the cyclical components after suitable transformation and rescaling by the appropriate Y;7. This is
true for processes satisfying Assumption 5 with d; = 2, although the calculations demonstrating
this would be more tedious than the d; = 1 case we review. It is also possible to establish 4(iii)
for d; > 2. The key step in our proof builds on the coupling result of Komlés et al. (1976), which
provides a uniform (inboth1 < i < Nand 1 <t < T) strong approximation of a random walk
by sums of independent Gaussian variables. This result can also be applied to provide a uniform
(in1 <7 < N) approximation of the Q;r matrix using d;-fold integrals of Brownian motion. As
another extension, we show in Appendix A.4 that the strong approximation result also holds for
series that are local to unity.

The main technical challenge in extending Theorem 3 to the case when d; > 2 and the local-to-
unity scenario is verifying Assumption 4(ii). When d; > 2 and y; = 0,the limiting random matrix
Q; involves n-fold integrals of Brownian motion. Based on the literature of small ball probabilities

for n-fold integrals of Brownian motion (Chen and Li, 2003; Gao et al., 2003), we conjecture that
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4(ii) holds with ¢4 = 2max;<;<n d;, though we were unable to locate a concrete demonstration of
this in the literature. Regarding the local-to-unity case, existing results on small ball probabilities
for Ornstein-Uhlenbeck processes (Ai, 2016) suggest that 4(ii) holds with ¢4 = 2. Thus, although
our current Theorem 3 applies only to stationary and I(1) processes, we expect that it extends to
series with any order of integration and those that are local to unity, with the only change that the
exponent on the log of N may differ.

Finally, we note that no additional proof is necessary to extend Theorem 3 to the case when

2 < d; < p if the number of series for which d; > 2 does not increase with N or T.

5 Results from simulations

In this section we report results from applying our method in a variety of different settings. In
these simulations we take the number of cross-section variables to be N = 100 and vary the
number of time-series observations T from 100 to 1000. For each generated sample, we calculate
the (N x N) correlation matrices of: (1) the raw data; (2) the OLS regression residuals for that
data set; and (3) the true cyclical components for that data set implied by the particular process
that was used to generate that sample. For each of these correlation matrices, let & j denote the jth
largest eigenvalue of the correlation matrix. The fraction of the variance of the sample explained
by the jth principal component is

R? = ¢&/N. (18)

We also calculated the number of factors that would be selected for that sample based on the I Cp2

criterion of Bai and Ng (2002) recommended by Stock and Watson (2016, p. 436),

. 4
i=0 G N+T
= ars rG{IOI,lli,?,ro} o8 (1 B E]Z\;) 6] i ( I\?_T > mil’l{N, T} ’ 19

with &, defined to be 0. We took ro = 10 and for each of the different cases generated 1,000

different samples.
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5.1 Mix of unrelated stationary and nonstationary variables

For our first example, half the variables are random walks and the other half are white noise,

) Vi ‘e =g +e 1+ +en fori=1,2,..,N/2
e Eit fori=(N/2)+1,..,N
fort = 1,..., T. The innovations ¢; ~ N(0,1) are independent across all i and ¢. Thus each of the
N variables is completely independent of the others and there is no factor structure in the true
data-generating process.

The first two columns of Table 1 report the results from calculating principal components of
the raw data. In a sample of T = 100 observations, the first three principal components seem to
account for 38% of the variance of the full set of N = 100 variables. This result is entirely spurious,
and illustrates the cautions raised by Onatski and Wang (2021) about using PCA when some of the
variables are nonstationary. The criterion (19) would always lead us incorrectly to conclude that
there is more than one factor in a sample of size T = 100. This problem in the apparent number of
factors gets even worse when the sample size increases. The latter is the expected result, since (19)
is in the class of criteria for which Onatski and Wang (2021, p. 602) demonstrated that the number
of factors selected diverges as N and T go to infinity.

The next two columns of Table 1 report what the results would be if we somehow knew the
true cyclical component of each variable. For this case, we applied PCA to a sample of T — h

observations for which the ith observed variable for t = h +1,h +2,...,, T is given by

Vit —Yip—n = €t + &1+ -+ & pp1  fori=12,.,N/2
Cit = . (20)

gt fori=(N/2)+1,..,N
Note that the cyclical components in (20) can be serially correlated, but this autocorrelation van-
ishes for observations separated by more than / periods. The cyclical components c;; thus sat-
isfy by construction the conditions under which Bai and Ng (2002) demonstrated that (19) would
asymptotically select the correct number of factors. We find in our simulations that (19) does in-
deed correctly conclude there is no factor structure for these data sets provided the number of

time-series observations is 600 or larger. For smaller T it is less reliable. The reason is that there is

20



Table 1: Mixture of independent random walks and white noise

[Raw data | c; (h=24) | & (h=24) | & (h=12) | & (h=8) | & (h=1) |

j R | R v | R | R ¢ |R r |R
M @6 @B 6 © 7O © O 10 ay «da2
T =100
0 — 0 — 0 — 1 — 13| — 9% | — 100
1 226 0 160 0 |119 26 |103 48 |84 4 4.1 0
2 99 67 | 120 6 94 54 |85 3 |71 O 3.8 0
3 56 33 83 94 |73 19| 69 4 (61 O 3.6 0
T =200
0 — 0 — 0 — 0 — 78| — 100 | — 100
1 227 0 94 0 [102 O 66 22 |52 0 29 0
2 94 13 | 7.8 3 8.2 8 5.7 0 |46 O 2.7 0
3 53 87 | 66 97 | 65 92| 49 0 |42 O 2.6 0
T =400
0 — 0 — 23| — 3 — 100 | — 100 | — 100
1 225 0 59 51 | 65 34 | 43 0 |35 0 2.2 0
2 94 0 52 22 | 55 47 | 38 0 |32 0 2.1 0
3 51 100 | 45 4 47 16 | 3.5 0 |30 O 21 0
T =600
0 — 0 - 9 = 9| — 100 — 100 | — 100
1 224 0 | 46 1 50 21 | 34 0 129 0 1.9 0
2 9.3 0 | 41 0 44 0 3.1 0 |27 O 1.9 0
3 52 100 | 3.7 O 3.9 0 29 0 |25 0 1.8 0
T =800
0 — 0 — 100| — 100 — 100 | — 100 | — 100
1 227 0 4.0 0 4.2 0 3.0 0 |26 O 1.8 0
2 9.3 0 3.6 0 3.7 0 27 0 (24 O 1.7 0
3 50 100 | 3.3 0 34 0 2.6 0 |23 0 1.7 0
T = 1000
0 — 0 — 100| — 100| — 100 | — 100 | — 100
1 226 0 3.5 0 3.7 0 2.7 0 |24 O 1.7 0
2 9.3 1 3.2 0 3.3 0 2.5 0 |22 O 1.7 0
3 51 99 | 3.0 0 3.0 0 24 0 |21 O 1.6 0

Notes to Table 1. R? indicates the percentage of total variance accounted for by the jth principal
component for j = 1,2 or 3. r* indicates the percentage of samples for which the criterion (19)
selects the number of factors to be j = 0,1,2, or > 3. In every case, the true number of factors is

r = 0 and the cross-section dimension is N = 100.
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a small-sample version of the Onatski and Wang (2021) spurious factor problem that arises from
the serial correlation of some of the variables that is induced by the definition of the true cyclical
component in equation (20). If T is large enough, this problem goes away, but for smaller T it can
make a difference.

Columns (5) and (6) examine the case where the analysis is based on the residuals from running
an OLS regression on the raw data Yj; for all variables i = 1, ..., N without making any judgments
about which variables are stationary and which are not. For large samples, the results are similar
to those that we would obtain if we somehow knew the exact correct transformation to use for
every variable.

The small-sample problem in columns (3)-(6) results from the serial correlation that is a conse-
quence defining the cyclical component to be the error from a 24-period-ahead forecast. Columns
(7) and (8) report results if we instead were to look for common factors in the 12-period-ahead fore-
cast errors. This typically would reach the correct conclusion even in a sample of only T = 200
observations. Columns (9) and (10) consider 8-period-ahead forecast errors, such as our suggested
cyclical calculation would use for quarterly data. The results indicate that if we have more than
50 years of data (T = 600 for monthly data or T = 200 for quarterly data), conducting PCA on the
two-year-ahead OLS forecast residuals (# = 24 for monthly data or 1 = 8 for quarterly data) is
reasonably reliable. With less than 50 years of data, some researchers might want to use a smaller
value for h or place less reliance on (19) as a criterion for selecting the number of factors.

The last two columns of Table 1 examine looking for common factors in the one-period-ahead
forecast errors. In these simulations, this reaches the correct conclusion 100% of the time that there
are zero factors in these data sets even for a sample of T = 100 observations. Thus our proposed
method appears to be quite reliable if the interest is in identifying common factors behind one-
period-ahead forecast errors. However, one-period-ahead forecast errors are more sensitive to
outliers. This is an important consideration, as will be demonstrated in our analysis of actual data

in Section 6.
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5.2 Mix of unrelated stationary variables with differing persistence

In our second example, for i = 1,2,...,, N/2 the variables are generated by a stationary but persis-
tent AR(1) process:
yin ~ N(0,1/(1—p%)

Vit = pYir—1 +e&p fort=23,.,T. (21)

The remaining N /2 variables are white noise (y;; = ¢ fori = (N/2) +1, ..., N). Our example uses
p = 0.99, so all the variables are stationary but half of them are highly persistent. The innovations
eir ~ N(0,1) are independent across all i and ¢, so there is no factor structure in the true data-
generating processes.

Columns (1) and (2) of Table 2 report the results from applying PCA to the raw data. Note that
for this example, the raw data themselves satisfy the Bai and Ng (2002) conditions for asymptotic
validity of PCA. Nevertheless, even in a sample of size T = 1000, the first principal component
alone appears to explain a third of the data, and the criterion in (19) would always conclude
incorrectly that there is at least one factor. This is a small-sample manifestation of the Onatski and
Wang (2021) spurious factor phenomenon. In a sufficiently large sample, this problem would go
away. But T = 1000 is not large enough for persistence characterized by p = 0.99.

In columns (3)-(4) we apply PCA to the residuals from a 24-period-ahead forecasting regres-
sion. Again we estimated the same regression for all variables, whether persistent or not. And
again using regression residuals solves the problem pretty reliably in samples larger than T = 600.
If we look for a factor structure in the one-period-ahead regression residuals as in columns (5)-(6),

the problem is solved 100% of the time even in a sample of T = 100.

5.3 Results for other data-generating processes

We also report simulations for a number of other data-generating processes. For details of these
and other simulations see online Appendix C. We first considered a dataset in which half the
variables are cointegrated with a single common factor and the other are independent white noise.
Columns (7) and (8) of Table 2 reproduce the well-known result that PCA on raw nonstationary

cointegrated data can correctly pick out the single common factor; for more discussion see Harris
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Table 2: Monte Carlo results in other settings

\ p =0.99 ‘ Cointegrated ‘ Mixed ‘
| Raw data | ¢ (h=24) | & (h=1) | Raw data | & (h=24) | Raw data | & (h=24) |
j R | R r |R | R v |R v |R r|R r
W @6 &6 © | @O ¢ |6 10| a) a2 | «as) a4
T =100
0 - 0| — o0|— 100 — O0|— 0| — 0] — 0
1 430 98 |158 3 |41 0 |461 100|403 100 275 0 |238 0
2 37 2 106 97 |38 0 |28 0 |34 0 |181 0 (112 1
3 28 0 |55 0 |36 0|25 0 |31 0 |85 100| 87 99
T =200
0 - 0| — o0|— 100 — 0| — 0| — 0] — 0
1 425 83 108 0 |29 0 |481 100|457 100|251 O |226 O
2 33 1787 1 |27 0 | 21 0 | 23 0 |180 O 9.8 0
3 23 0|70 9 {26 0 |20 0 |22 0 |87 100 | 79 100
T = 400
0 - 0| — 5|— 100 ~— 0|— 0| — 0]— 0
1 405 52 | 63 33 |22 0 |488 100|465 100|238 0 |21.1 O
2 34 47 | 54 45 |21 O 1.8 0 1.8 0 |179 0 6.4 0
3 22 1 48 18|21 0 |17 0 |17 0 | 88 100 | 54 100
T = 600
0 - 0|/ - 9|— 100 — O|— 0| — 0] — 0
1 386 38|49 9 |19 0 |493 100|470 100 | 233 0 |208 O
2 35 58 | 43 0 |19 0 1.6 0 1.6 0 |179 0 4.9 4
3 23 5 (39 0 (18 0 |15 0 |16 O |89 100 | 43 96
T = 800
0 - 0| — 100}|~— 100} — 0| — 0| — 0] — 0
1 370 33|41 0 |18 0 |[494 100|470 100 | 232 0O |205 33
2 35 60|37 0 |17 O 1.5 0 1.5 0 |177 0 41 43
3 24 8 (33 0 |17 0 |15 0 |15 0 |92 100| 37 24
T = 1000
0 - 0| — 10}|~— 100} — 0| — 0| — 0] — 0
1 355 33|36 0 |17 0 |495 100|471 100 | 228 0O |204 86
2 35 59 | 33 0 |17 O 1.5 0 1.5 0 |176 O 3.7 14
3 25 8 (30 0 |16 O |14 O |14 O |92 100| 33 0

Notes to Table 2. R? indicates the percentage of total variance accounted for by the jth principal
component for j = 1,2 or 3. r* indicates the percentage of samples for which the criterion (19)
selects the number of factors tobe j = 0,1,2, or > 3. In columns (1)-(6), the true number of factors
is r = 0. In columns (7)-(14), the true number of factors is r = 1. In every case, the cross-section
dimension is N = 100.
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(1997) and Onatski and Wang (2018). We find that this result is preserved when all N series are
prefiltered as proposed here, as seen in columns (9)-(10) of Table 2.

We also considered an example where the common factor is stationary while the idiosyncratic
components are a mix of stationary and nonstationary processes. When PCA is applied directly
to the observed data y;;, the familiar Onatski and Wang (2021) result is observed in column (11)
of Table 2: higher-order factors spuriously appear to explain a large amount of the variance of the
data. When PCA is applied instead to the i = 24-period-ahead regression forecast residuals ¢;;,
the contribution of higher-order factors F;; for j > 1 is substantially lower, though the selection cri-
terion (19) would still typically incorrectly conclude that r > 2 for T < 600. The correct conclusion
(r = 1) would be reached 86% of the time when T = 1000. Moreover, we found that the average
correlation between the true realization of F; for a particular simulation and the first estimated
factor Fy; of the OLS regression residuals from that simulation is 0.98 for T > 600. In other words,
the first principal component of the OLS regression residuals accurately uncovers the true single
common feature of these data.

Table C1 in online Appendix C examines local-to-unity and fractionally integrated processes.
The results in these simulations turn out to be in between the unit-root example in Table 1 and the
stationary-but-persistent example in columns (1)-(6) of Table 2. Table C2 compares our approach
with the PANIC method of Bai and Ng (2004). They proposed to take first-differences of all the
original data, apply PCA to the changes, and then accumulate the resulting principal components.
We find PANIC performs very similarly to our approach for these examples when we set i = 1.

Overall, these results confirm the asymptotic theory that applying PCA to OLS regression
residuals is a promising approach to handling both nonstationarity and stationary persistence of

unknown form provided that the time-series dimension T is reasonably large.

6 Characterizing a large macroeconomic data set

The use of large macroeconomic data sets was pioneered by Stock and Watson (1999). Their goal
was to use the information of 168 different macroeconomic variables to produce better forecasts
of inflation. They found that the first principal component of indicators of real economic activity

produced the best inflation forecasts over the period 1959:1 to 1997:9. Their findings led to the
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development of the Chicago Fed National Activity Index (CFNAI).

McCracken and Ng (2016) developed the FRED-MD database whose 2015:4 vintage covered
134 macroeconomic variables. These include monthly measures in eight broad categories: (1)
output and income; (2) labor market; (3) housing; (4) consumption, orders, and inventories; (5)
money and credit; (6) interest and exchange rates; (7) prices; and (8) stock market. This data set
offers benefits of continuity and continuous updating and is the basis for the analysis in this paper.

In previous applications of PCA to large macroeconomic data sets, each of the variables needed
to be transformed using a detrending method that was selected individually for each series. For
details of how this has been done for the CFNAI see Federal Reserve Bank of Chicago (2021)
and for FRED-MD see the data appendix to McCracken and Ng (2016). Figure 1 illustrates these
transformations for three important macroeconomic indicators. The first column plots the raw
data, while the second column plots the data as transformed by McCracken and Ng (2016) using
the same data set as in their original paper. Everyone agrees that industrial production (row 1)
is nonstationary, and all previous researchers have used first differences of the log of industrial
production shown in panel (1,2). While there is little doubt that this is a valid way to generate a
stationary series for this variable, monthly growth rates of industrial production exhibit a lot of
high-frequency fluctuations around the dominant cyclical patterns. For the unemployment rate
(row 2), it is less clear whether the series should be regarded as stationary. McCracken and Ng
(2016) used first differences of unemployment, which behave quite differently from the level. The
purchasing managers composite index from the Institute of Supply Management (row 3) appears
to be stationary, and McCracken and Ng (2016) entered this series directly into PCA without any
transformation.

The third column of Figure 1 plots the cyclical components of industrial production, unem-
ployment, and PMI as estimated by the residuals of the OLS regression (7) with 1 = 24 and
p = 12.° PMI is almost impossible to predict two years in advance, and our cyclical component

is almost identical to the original series. Thus both our method and the traditional approach use

6For those series that McCracken and Ng (2016) transformed using logs, first differences of logs, or second differ-
ences of logs (their transformations 4-6), we simply took the log of the variable before performing the regresssion. Thus
for example the series plotted in the upper left panel of Figure 1 is 100 times the natural logarithm of the industrial
production index. For those series that they used as is, as first differences, or second differences (their transformations
1-3), we simply used the variable as is. They employed a special transformation (7) for nonborrowed reserves. One
would have expected to take logs of a variable like this, but the variable took on negative values in 2008. For this series
their transformation was y;; = A(x¢/x;_1 — 1.0) and we used y;; = x¢/x;_1.

26



Figure 1: Level, transformed value, and cyclical component of industrial production, unemploy-
ment, and PMI Composite, 1962:3 to 2014:12
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this variable essentially as is. There is some but not much predictability of the unemployment
rate at the two-year horizon, so for this variable our transformation much more closely resem-
bles the original series than it does the first-difference transformation. For industrial production,
our approach takes out the broad trend while retaining the essential cyclical behavior observed
in the raw data. The three variables in the third column, unlike those in the second column, all
share a common characterization of what is happening over the business cycle. Consistent with a
long tradition in business cycle research, when plotted this way PMI appears as a leading indica-
tor, industrial production as a coincident indicator, and unemployment as a coincident or lagging
indicator, with all three clearly following the same cycle.

The top panel of Figure 2 plots the first principal component of the transformed series arrived
at by McCracken and Ng (2016).” This inherits some of the high-frequency fluctuations seen in
the (1,2) and (2,2) panels of Figure 1. Indeed, McCracken and Ng (2016) regarded this series as too

volatile to reliably identify business cycles and turning points, and instead plotted in their Figure

7We generated this figure using the exact data and code posted at https:/ /research.stlouisfed.org /econ /mccracken / fred-
databases/. Note that we have multiplied the series by —1 in order to give it the property that the factor declines in
recessions, and that their Figure 3 plots the accumulations (s1; = Z§:1 f11) whereas our graph shows fy; itself.
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Figure 2: First PC of FRED-MD variables as transformed by McCracken and Ng (2016), the
Chicago Fed National Activity Index, and first PC of cyclical components of FRED-MD variables,
1962:3 to 2014:12
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3 the accumulation of this series. The CFNAI (shown in panel 2 of Figure 2) is very similar to the
tirst principal component of the FRED-MD macro data set.

The first principal component of the estimated cyclical components of the variables in the
data set is plotted in the bottom panel of Figure 2. Unlike the CFNAI, this provides a very clean
summary of historical business cycles. There is another interesting difference between the third
panel and the first two. The NBER defines the business-cycle trough (the end point of the shaded
regions) as the low point in the level of overall economic activity. For example, in the first month of
a new expansion, the unemployment rate is still very high, but it has started to come down. Our
series in the bottom panel of Figure 2 captures this feature very well, reaching a trough at exactly
the point identified by the NBER Business Cycle Dating Committee. By contrast, the low point in
the series plotted in the first two panels typically comes more towards the middle of the recession.
This is because the rate of decline of real output (a common raw input in the variables as usually
transformed) starts to ease well before the recession has ended. Both in terms of the cleanness of

the series and its timing, we would suggest that our approach offers a better characterization of
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the state of the U.S. business cycle over this sample period.

6.1 Choiceof h

Our method identifies common components in h-period-ahead forecast errors. Any valueof h > 1
is sufficient to produce a stationary series. Which value of / to use depends on which common
components the researcher is interested in.

McCracken and Ng applied the Bry and Boschan (1971) algorithm for dating business-cycle
turning points to the first principal component that resulted from their analysis. They found that
the resulting series was in agreement with NBER recession dates only 65% of the time, meaning
that 65% of NBER recession periods fell within the peak-to-trough phases of the series. We were
able to reproduce this result by adapting the code in Stock and Watson (2014).8 We found a similar
result (67% agreement) when Bry and Boschan is applied to the CFNAL

The top panel of Figure 3 plots the percent agreement with NBER recessions that results from
our method for every value of I between 1 and 36 months. The common component of & = 1-
or 2-month-ahead forecast errors has less correspondence with NBER recession dates than either
the McCracken and Ng series or the CFNAI We attribute this to the fact that replacing stationary
series like the PMI in the bottom row of Figure 1 with a 1-month-ahead forecast error removes
what we would normally think of as the business-cycle indicator provided by the series. By con-
trast, for every h > 3, our approach has a closer correspondence to NBER recessions than either
McCracken-Ng or the CFNAI The maximal agreement (99%) is obtained using & = 25. Choosing
h = 24 is very similar (98%).

McCracken and Ng noted that agreement of the original fMN with NBER expansion dates was
even weaker. We found that only 51% of the expansion dates based on fMN were also designated
as expansion by NBER and still only 61% agreement using EMN. Our series with & = 24 does a

little better than either of these with 65% agreement.

8 As discussed in Stock and Watson (2014, f.n. 2), the first step in applying the Bry and Boschan algorithm is to take a
centered moving average of the series for which turning points are to be assigned, which in this case is a moving average
of the first principal component. Specifying nma = 12 seems to come closest to reproducing the numbers reported in
McCracken and Ng (2016, p. 583). Our numbers, however, were not in all instances identical. This appears to be
in part because McCracken and Ng were reporting results for a data set that has some slightly different series from
those in 2015-04.csv. In the case of the percent agreement with NBER recession dates, our calculation (65%) exactly
reproduces theirs. Other numbers reported here in the text are based on our reproduction using the 2015-04.csv data,
which sometimes differ from those reported in McCracken and Ng (2016, p. 583).
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Figure 3: Agreement with NBER-dated recessions and number of series exhibiting outliers as a
function of forecast horizon h, 1967:2-2014:12
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Notes to Figure 3. Horizontal axis: forecast horizon h. Top panel: percent of NBER-dated recession periods
that fall within Bry-Boschan-designated downturns. Bottom panel: number of series exhibiting outliers.
Horizontal lines denote results for the first principal component found by McCracken and Ng (2016).

6.2 Outliers

Previous users of large macro data sets devoted a lot of attention to outliers and implemented pro-
cedures to mitigate their influence. Prior to the COVID-19 recession of 2020, the CFNAI discarded
observations that were more than six times the interquartile range, as did Stock and Watson (1999)
in some of their analysis. McCracken and Ng (2016) discarded observations that were more than
ten times the interquartile range. This criterion identifies 79 different observations on 22 different
variables as outliers in the 1960:3 to 2014:12 data set.

We noted in footnote 3 that as a result of the Central Limit Theorem, we should expect fewer
outliers when we calculate principal components of h-period-ahead forecasts for larger values of /.

To calculate outliers for our method, we constructed forecast errors from leave-one-out regressions
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and designated values exceeding ten times the interquartile range as outliers.” The number of
series exhibiting outliers is plotted as a function of & in the bottom panel of Figure 3. Using
h = 1 results in 31 series exhibiting outliers, substantially more than in calculating the McCracken
and Ng (2016) principal components. Many of the additional outliers come from interest rate
spreads. McCracken and Ng (2016) used these as is without filtering, which turns out to be close
to our definition of the cyclical component of these variables. By contrast, using # = 1-month-
ahead forecast errors highlights some of the unusual behavior of interest rates during the Volcker
monetary contraction in 1980-81. The number of outliers steadily decreases as / is increased. Only
two series exhibit outliers for i > 21.10

Our recommended procedure is to use two-year-ahead regression residuals and make no cor-
rections for outliers. The series that we have plotted in the bottom panel of Figure 2 is the unad-
justed first principal component of the full set of OLS residuals ¢;;.

Outliers are an even bigger issue when data for 2020 are included. For the 2024:12 vintage
of FRED-MD, the McCracken-Ng procedure would identify 40 of the 126 variables as all being
outliers in the single month of 2020:4. Despite dropping all of these 40 observations, the first
principal component calculated using their algorithm shows an enormous decline in this month.
Indeed, in order to include the 2020 observations in the top panel of Figure 4, the scale must be so
large that it makes all the previous cyclical fluctuations barely noticeable. The CFNAI modified
its procedure for dealing with anomalous observations to handle these observations. Even so the
CFEFNAI still displays an unprecedented drop in 2020, as seen in the second panel.

By contrast, only two variables are identified as outliers for 2020:4 for purposes of our ap-
proach, these being new claims for unemployment insurance and the number unemployed for
less than 5 weeks. The result of applying our procedure to the FRED-MD database available as of
December of 2024 with no corrections for outliers is displayed in the third panel of Figure 4. Note
that, unlike the top two panels, our series describes the downturn in 2020 on a comparable scale
as earlier recessions, although our series indicates that the speed of the downturn was unprece-

dented, as was the growth in the first two months of the recovery. Also in contrast to the first two

-1
. ~ -~ 1~ T ~ - T ~ .
That is, we calculated &j; = Vit — &y Zip g With &y = <Zs:1,s# Zi,sfhzll‘,s_h> (ZS:LS# z,-,s,hy,-s> estimated sepa-
rately for each i and t and then divided ¢;; by its observed interquartile range.
10These are total bank reserves and nonborrowed reserves in the Fed’s response to the financial crisis.
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Figure 4: First PC of FRED-MD variables as transformed by McCracken and Ng (2016), the
Chicago Fed National Activity Index, and first and second PC of cyclical components of FRED-MD
variables, 1962:3 to 2024:9
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panels, our series indicates (correctly, in our view) that the economy did not fully recover from
the COVID-19 shock until September of 2021. The sharp spike up in our series in April of 2022
reflects the fact that most macro variables were substantially higher in April 2022 than one would
have predicted based on observations in April 2020. This conclusion is also consistent with the ag-
gressive actions of policy makers in the spring of 2020. Our series further indicates that economic
activity remained unusually strong through the fall of 2023.

Another issue comes from discontinued, newly added, or missing variables. McCracken and
Ng (2016) adapted the Stock and Watson (2002) algorithm for unbalanced panels, though they
found in their original data set that the results are essentially identical if one simply drops vari-
ables as needed to create a balanced panel. For our application, we have simply calculated princi-
pal components of ¢;; on a balanced panel, though there is no obstacle to applying the Stock and

Watson (2002) algorithm to an unbalanced panel of ¢;;.
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6.3 Uses of macroeconomic cyclical factors

A key use of PCA is to summarize the statistical information in a large cross section of indicators.
The movement in variable i that is captured by the jth factor alone is given by ;\ij f]-t. Since ¢j
is normalized to have unit variance, the fraction of the variance of the stationary component of
variable i that is explained by the jth macro factor is given by )AL?]-T_l Y A]Zt

Table B1 in the online appendix reports the R? explained by the first macroeconomic cyclical
factor for each of the 119 variables used in our analysis of the 2023 vintage data set. The first factor
alone accounts for almost 2/3 of the variance of typical indicators of real output or income and
more than half of the variance of typical indicators of labor-market conditions. The first cyclical
factor is far less successful at describing financial indicators and nominal prices. It is interesting
that when we add the second cyclical factor, the R? for the median price indicator rises to 66%. The
first factor thus seems mainly to capture real economic conditions and the second characterizes
nominal prices and interest rates.

The fourth panel in Figure 4 plots the second cyclical factor. This by construction is orthogonal
to the first, and often continues to fall even as the recovery in real economic activity is beginning.
This is consistent with the view that nominal variables may respond sluggishly to business-cycle
developments. It describes events beginning in 2022 as a third big U.S. inflation wave, though less
dramatic than the big inflations of 1973-74 and 1979-81.

We next explore the use of the cyclical factors in forecasting. Stock and Watson (1999) demon-
strated that the first principal component of a large data set of real macroeconomic variables could
be very helpful for forecasting inflation. Their finding gave rise to the Chicago Fed National Ac-
tivity Index (CFNAI), a PCA-based indicator that is still widely used today. We compare the use-
fulness for forecasting of the CENAI (denoted fCF), the first or second principal component cal-
culated using the algorithm and data set of McCracken and Ng (2016) (denoted fMN! and fMN?,
respectively), or the first or second principal component of the forecasting residuals (denoted
FHMXT op fHMX2) calculated from the FRED-MD data set using equation (12). Our approach to
comparing different forecasts is similar to that used by Stock and Watson (1999) and McCracken
and Ng (2016).

A particular model m uses a set of variables xj" that are observed at date t to try to forecast the
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value of a variable of interest y/ ., that will not be observed until ¢ + h:

h
y?—‘rh = "'x{" + ”:ﬁlh- (22)

We estimated the value of 7t by OLS regression on the subsample t = Ty, To +1, ..., T —h — 1 and
used these coefficients to forecast y%. We then augmented the sample by one observation, estimat-
ing the regression over t = Ty, Tp + 1, ..., T — h and using those coefficients to forecast y;%l 41 We
repeated this for an evaluation period T; to T; and calculated the average squared forecast error
over this evaluation period. We performed this analysis using three different evaluation periods.
The first evaluation period is specified by T; = 1970:1 to T, = 1996:12, which was the evaluation
period in the original study by Stock and Watson (1999). The second evaluation period is T} =
1997:1 to T, = 2014:12, which corresponds to the new data used by McCracken and Ng (2016)
that were not available to Stock and Watson (1999). The third evaluation period is T7 = 2015:1 to
T, = 2024:9, which is the new data available since publication of McCracken and Ng (2016). The
models we considered were a pure autoregressive model, x/'* = (1,y},y! ...y} 5)’, and models
that add to the autoregressive model six lags of one of the principal components estimates. For ex-
ample, xtF = (xR, fCF, fCF ., fC5)". This differs a little from the forecast evaluations performed
by Stock and Watson (1999) and McCracken and Ng (2016) in that these authors used BIC to select
different lag lengths for the autoregressive and principal components and for each subsample,
whereas we set the lag length to six for every evaluation. Also, since fF is only available begin-
ning in 1967:3, we used Ty = 1967:9 as the first date for estimation of all models. In every case, for
each T we re-estimated the coefficients 7t™ for the forecasting regression (22) using an expanding
data set ending / periods before the variable being forecast.

A separate question is the data set used to estimate the factors f; themselves. Insofar as the
factors are only identified up to sign, the meaning of coefficients multiplying f; could change
across expanding samples. We formed data sets to calculate the factors f; for each of the three
methods as follows. (i) For the explanatory variable fMN, for the first two evaluation samples we

followed McCracken and Ng (2016) in calculating the factor fMN using the full historical vintage

of the FRED-MD database available as of 2015:4.11 For the third evaluation sample, we estimated

Our series for fMN for this subsample is almost (but not quite) identical to the series analyzed by McCracken and
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fMN using the full database available as of 2024:12. (ii) For the explanatory variable fF we used

the value of the CFNALI as it was reported in 2024 for all historical dates.'? (iii) For the explanatory
variable fFMX, we need to specify both (a) the data set used to estimate the coefficients &; for
the detrending regression (7) and (b) the data set used to calculate principal components of the
forecast errors ¢;; = yi — &/z; ;. For (a), for all three evaluation samples, we estimated &; from
the 2015:4 vintage data set. For (b), for the first two evaluation samples, we calculated principal
components of ¢; using the 2015:4 vintage data set. For the last evaluation sample, we calculated
principal components of ¢;; using the 2024:12 data set. Thus our forecasting exercise for the third
subsample is not affected by the potential concern that the detrending regression used information
that was not available at the time the forecast was made. This is because the coefficients for the
detrending regression were all known as of 2015. We also repeated the exercise using instead
for (b) trend coefficients estimated using all the data through 2024. This alternative specification
produced similar results (not reported here).

For our first set of evaluations we set y/" ', to be the average inflation rate between month ¢ and

t + h, quoted at an annual rate,
ho
Yign = (1200/h)log(CPI;/CPL),

where CPI; denotes the level of the consumer price index in month £.13 The column labeled AR in
Table 3 reports the simulated out-of-sample mean squared error of a purely autoregressive model
for each of the three evaluation samples and for forecast horizons of h = 1, 6, or 12 months.'* The
tirst panel reproduces the finding of Stock and Watson (1999) that an index like CFNAI signifi-
cantly improves forecasts for longer horizons over the 1970-1996 period. The alternative measures
FMNL o PHMX1

or f, offer similar improvements. The indexes offer little or no improvement for one-

month-ahead forecasts over this period, but again are similar to each other. All three indexes are

Ng (2016). We have been unable to identify the source of the small discrepancies.
12We downloaded ftCF on January 13, 2025 from the FRED database at https://fred.stlouisfed.org/series/CFNAL
13Here again our evaluation design differs slightly from that in Stock and Watson (1999) and McCracken and Ng
(2016) in that those authors took the object of interest to be to forecast the change in the inflation rate as a function of
lagged changes:
yi‘+h = (1200/h)log(CPI;,y/CPI;) — 1200log(CPI; /CPIL;_1).

14Gtock and Watson (1999) reported results for i = 12 months whereas McCracken and Ng (2016) reported results
forh =1,6,and 12.
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Table 3: Mean squared forecast errors for different models

Consumer Price Index
sample horizon AR CF MN1 HMX1 MN2 HMX2

1970-1996 h=1 791 1.00 0.99 1.03 0.98 0.90
h=6 426 081 0.77 0.80 0.95 0.88
h=12 532 070 0.62 0.74 1.02 1.33
1997-2014 h=1 1226 1.03 1.04 1.02 0.97 1.09
h=6 6.08 123 1.23 1.23 0.96 1.11
h=12 421 122 1.22 1.28 0.95 1.17
2015-2024 h=1 8.07 151 1.27 1.14 0.94 1.04
h=6 370 195 148 1.76 1.03 1.01
h=12 364 171 1.30 1.49 1.09 0.96

Industrial Production
sample  horizon AR CF MN1 HMX1 MN2 HMX2

1970-1996 h=1 76.73 097 094 0.96 1.01 1.02
h=6 38.66 092 093 0.83 0.71 0.79
h=12 2719 1.01 1.06 1.21 0.49 0.87

1997-2014 h=1 5890 0.85 0.83 0.98 1.04 1.00
h=6 2261 093 094 1.05 1.24 1.12
h=12 2011 09 1.01 1.06 1.26 1.11
2015-2024 = 506.67 1.73 0.93 1.10 1.02 1.00

h=1
h=6 87.37 229 1.16 1.03 1.05 0.94
h=12 38.10 231 1.14 0.85 1.03 0.93

Notes to Table 3. AR column reports simulated out-of-sample mean squared forecast error for
purely autoregressive model evaluated over three different out-of-sample periods. CF column
reports the relative MSE when lags of the Chicago Fed National Activity Index are added to the
autoregression, with a value less than one indicating the variable is useful for forecasting. MN1
column reports the relative MSE when lags of the first principal component calculated using the
procedures in McCracken and Ng (2016) are used in place of the CFNAIL HMX1 reports relative
MSE when lags of the first principal component of the estimated cyclical components are used
in place of CFNAIL MN2 and HMX2 report results when the second principal component is used
instead of the first.
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outperformed by simple autoregressive forecasts over either of the later two evaluation periods.
The observation that inflation has become much harder to forecast in data since 1996 has been
reported by a number of other researchers, including Atkeson and Ohanian (2001), Fisher et al.
(2002), Stock and Watson (2007), and Stock and Watson (2008). Interestingly, the second cyclical
factor f"MX2 does better than any of the other four indexes at forecasting inflation at the one-
month horizon for the 1970-1996 sample and at the 6-12 month horizons for the 2015-2024 sample.

Table 3 also reports forecasts of industrial production, setting

y?Jrh = (1200/}’1) log(IpH_h/IPt)/

for IP; the level of the industrial production index in month t. The indexes f¢F, fMN!, and fHMX1
all help forecast industrial production over near horizons in the first two evaluation periods. The
CFNAI does particularly poorly at forecasting either inflation or industrial production at any hori-
zon for 2015-2024. Both f/IMX1 and fHMX2 4o significantly better than CFNALI in every case over
this period.

We conclude that our approach offers similar benefits to conventional PCA when evaluated
in terms of simulated out-of-sample forecasts, and does much better than measures like the CF-
NALI for recent data. We share the conclusion of the earlier literature that the usefulness of any
principal-component-based measure for purposes of forecasting depends on the variable, evalua-

tion period, and horizon of the forecast.

7 Conclusion

Calculating principal components of medium-horizon forecast errors is a viable approach to iden-
tifying the common cyclical factors that drive a large collection of potentially nonstationary eco-
nomic indicators. This avoids the need to decide how to detrend each individual series and is
much more promising than approaches such as the Chicago Fed National Activity Index for han-

dling data that include the large outliers of 2020.
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