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3 Theory
� Basic question: how do people evaluate and compare outcomes in the money-time space? It is
better to consume $100 today or $200 in �ve years?

� In general, consumption in each time period could be treated as a different good, and a general
theory of preferences could be invoked

� But this is too complicated for a tractable analysis of decision-making over time
� Simpli�cation 1: express utility over a stream of consumption in different periods as a weighted
sum of a period utility of consumption, where the period utility function is the same in every
period, and the weight on period t relative to the present period � , or the discount function, is
given by D(� ; t) (that is, D(� ; � ) is normalized to 1)

� Simpli�cation 2: assume that the discount function does not depend on calendar time, only on
how far in advance one evaluates the utility; that is, D(�) only depends on t� � ;

� Question: what discount function should be used?
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Standard Model
Samuelson, Paul, �A Note on Measurement of Utility", Review of Economic Studies, 4(2), 1937,
155-161.

� Exponential discounting: Dt = �t, where � 2 (0; 1]

U =

TX
s=t

�s�tu(cs)

where � = 1=(1 + �), � = discount factor, and � = discount rate.
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Alternative Models

� These all have the same objective of explaining excessive impatience for good things and ex-
cessive procrastination of bad things.

� These have various names:
� Present Bias

� Hyperbolic Discounting

� Quasi-hyperbolic Discounting

� �-� Preferences
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Strotz, R.H., �Myopia and Inconsistency in Dynamic Utility Maximization, Review of Economic
Studies, 23(3), 1956, 165-180.

� Seriously considers the possibility of non-exponential discounting
� Idea: D(t� � ) drops dramatically between 0 and 1, but decreases more slowly afterwards
� Results in time inconsistency and present bias
� From the point of view of today, period � , the MRS between consumption in periods � + 1 and
� + 2 is given by u0(c�+1)=u0(c�+2) = D(2)=D(1)

� However, come period � + 1, this MRS will be given by D(1)=D(0) < D(2)=D(1)

� As a result, the DM will want to overconsume in period � + 1 relative to the plan he made in
period �
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� This is the behavioral outcome when the DM is not self-aware of the present bias in his prefer-
ences, i.e., if he assumes that the preferences of his current self over future allocations do not
coincide with preferences of his future selves over these allocations

� This is what subsequent literature labels as a naive DM
� But it is quite possible that at least with experience over time, a DM will become aware of this
bias; that is, he will recognize that his behavior over time is given by an outcome of a game
among different temporal selves

� This is what subsequent literature labels as a sophisticated DM
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Loewenstein, George and Drazen Prelec, �Anomalies in Intertemporal Choice: Evidence
and an Interpretation,� Quarterly Journal of Economics, 107(2), 1992, 573-597.

� Suppose that a DM is indifferent between receiving x today (time 0) and receiving y > x in s
periods from today; that is, u(x) = u(y)D(s)

� Under the present bias, if both outcomes are postponed t periods, then the later outcome will
be preferred: u(x)D(t) < u(y)D(s + t)

� Question: how long does the later outcome need to be postponed to make the two outcome-time
pairs indifferent?

� Hypothesis: This time is a linear function of t, namely kt, with k > 0; that is, for any t > 0,
u(x)D(t) = u(y)D(s + kt); k = 1 implies no present bias, k > 1 implies present bias, k depends
on x and y

� Interpretation: �clocks" for the two outcomes run at different speeds
� L&P show that in order for this to be true for any x, y > x, and t > 0, D(�) must be a hyperbola:

D(t) = (1 + �t)��=�; �; � > 0

� Therefore the name hyperbolic discounting
� The parameter � determines how much D(�) differs from exponential discounting; the two be-
come closer as �! 0; one can use the l'Hopital rule to show that the for the limiting case when
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� = 0, D(t) = e��t, or exponential discounting
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Phelps, Edmund S. and R.A. Pollack, �On Second Best National Saving and Game-Equilibrium
Growth", Review of Economic Studies, 35(2), (1968), 185-199.
Laibson, David, �Golden Eggs and Hyperbolic Discounting", Quarterly Journal of Economics,
112(2), (1997), 443-478.

� Hyberbolic discount function is not very tractable
� Phelps and Pollak (1968) propose a different discount function which Laibson (1997) later calls
quasi-hyperbolic discounting (or sometimes called �-� preferences), since it approximates a
hyperbola by mimicking one key property of the present bias: large discounting between the
present (time 0) and a future time period s relative to the discounting between t > 0 and t + s

D(t) =

�
1 if t = 0

��t; �; � 2 (0; 1) if t > 0

� With � = 1, this becomes a standard exponential discount function
� Terminology: � = short-term discount factor, � = long-term discount factor
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� So, whereas the standar utility would be

U = u(x0) +

TX
t=1

�tu(xt);

we instead have

U = u(x0) + �

TX
t=1

�tu(xt)
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� Model explains why you may constrain your future self with actions today.
� Take on debt for college so you work hard in your job.

� 401k savings with penalty for early withdrawl
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� Promise to teach a course to force yourself to learn stuff you wish you knew but never took
the time for.
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O'Donoghue, Ted and Matthew Rabin, �Doing It Now or Later", American Economic Review,
March 1999..

� Consider the implication of the present bias on the timing of a one-time activity
� They distinguish between activities with
� immediate costs: the cost is realized when the activity is performed, while a bene�t comes
later (writing a paper, working out)

� immediate bene�ts: the bene�t is realized when the activity is performed, while a cost comes
later (seeing a movie, eating a chocolate ice-cream)

� As we discussed in the case of the Strotz paper, they distinguish between present-biased DMs
that are

� naive (naifs, N): do not realize the time inconsistency; think that future selves will implement
the plan of the current self

� sophisticated (sophisticates, S): do realize the time inconsistency; solution computed by
subgame-perfect equilibrium

� They compare the timing of an action of both types to the timing of time consistent (TC) agents
for whom � = 1 and time inconsistent, with � < 1:
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� Setup: the activity must be performed exactly once in one of the time periods 1; :::; T
� For simplicity let � = 1 (it's just easier that way�all intuitions follow).
� Preferences in any period t 2 f1; ::; Tg:

Ut = ut + �[ut+1 + ::: + uT ]

� If performed in period t, an activity has a bene�t of vt and a cost of ct
� When evaluating timing of the activity in period t, if the person completes the activity in period
� � t,
� for activities with immediate costs

Ut =

�
�v� � c� if � = t
�v� � �c� if � > t

� for activities with immediate rewards

Ut =

�
v� � �c� if � = t
�v� � �c� if � > t

� Proposition 1: If costs are immediate, then naifs procrastinate (complete the activity later than
TCs). If rewards are immediate, then naifs preproterate (complete the activity sooner than TCs).

� Proposition 2: For all cases, sophisticates complete the activity sooner than naifs. As a result,
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sophistication mitigates procrastination, but exacerbates preproperation.
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� Example 1: immediate costs, delayed bene�t: T = 4, � = 1=2, vi = v, c = (3; 5; 8; 13).

� TCs: (Y; Y; Y; Y ); best to do it immediately
� Naifs: (N;N;N; Y )
� Sophisticates: (N; Y;N; Y )
� Know at time 2 they won't do it at time 3, so do it at time 2.
� Know at time 1 they will do it at time 2, so better to wait.
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� Example 2: immediate rewards, delayed cost: T = 4, � = 1=2, v = (3; 5; 8; 13), c = (0; 0; 0; 0):

� TCs: (N;N;N; Y ); best to wait until the end.
� Naifs: (N;N; Y; Y )
� In period 1 and 2 think they'll wait until the end, so wait, but suffer impatience in period 3.

� Sophisticates: (Y; Y; Y; Y )
� Know they'll have a self control problem in period 2 and won't wait to the end, so doing it
now is better.
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� It turns out that the sophistication effect may completely undo, even overundo, the procrastina-
tion effect (preemptive overcontrol):

� Example 3: immediate costs, but delayed bene�ts T = 3, � = 1=2, v = (12; 18; 18), c = (3; 8; 13):

� TCs: (N; Y; Y )
� Time 2 maximizes v � c

� Naifs: (N;N; Y )
� Sophisticates: (Y;N; Y )
� So moves things to the opposite pole that procrastination does.

� It is important to distinguish in applications whether a particular result is driven by the present
bias itself, or the present bias in conjunction with sophistication.
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4 Empirical Evidence on Exponential and Hyperbolic
Discounting

Frederick, Shane, George Loewenstein, and Ted O'Donoghue, �Time Discounting and Time
Preference: A Critical Review�, Journal of Economic Literature, 40(2), (2002), 351-401.

� Survey theoretical and empirical literature on discounting and its applications
� Criticize the standard discounted utility (DU) model of Samuelson

U =

TX
s=t

�s�tu(cs)

where � = 1=(1 + �), � = discount factor, and � = discount rate.
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Key properties of the standard DU model

1. New alternatives are integrated into existing plans: if you are offered to give up $100
now for $200 next year, you incorporate this into your consumption planning and potentially
adjust consumption in all future periods. That, utility is over consumption, not changes in
consumption.

2. Additive separability over time; the time path of utility is irrelevant as long as its discounted
sum is the same; rules out, for example, preference for a non-decreasing path of utility over
time

3. Consumption independence: utility in period s depends only on consumption in period s, but
not on consumption in any other period; rules out habit formation, for example

4. Stationarity of the period utility function over time; rules out a possibility of changing tastes

5. Independence of discounting from consumption; rules out simultaneous patience in some
aspects of consumption (career development) and impatience in others (smoking)

6. Exponential discounting; rules out present bias
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� Experimental measurements of the discount factor �:

� Note: a consensus is not forming....should lead us to question the measurements as well as the
model of preferences.
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� Methods for measuring �:
� Choice task: �Do you prefer 100 units today or 120 units in a year?�

� subjects are usually asked a series of questions of this sort
� each of them provides an upper or a lower bound for the discount factor
� problem: presentation effects:
� anchoring effect : people will be more likely to choose 120 next year if this choice task is
preceded by a task of choosing between 100 today and 103 in a year
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� Matching task: �100 units now is the same as ____ units in one year�

� Fill in the blank.
� Are these choices incentivized? Any reason to reveal true value?

� Pricing task: respondents specify a willingness to pay to obtain (avoid) some outcome oc-
curring at a particular time

� Note WTP is typically less than WTA (see the Endowment Effect elsewhere).
� Rating task: respondents evaluate an outcome occurring at a particular time by rating its
attractiveness or aversiveness.

� Psychology
� Typical way of measuring � :
� If indifferent between xt and xt+k; �nd the � such that xt = �kxt+k:

� If indifferent between X now and a stream xt for k periods, then �nd � such that X =Pk
i=1 �

ixt+i:



42

� Issues:
� Real vs. hypothetical rewards: Kirby and Marakovic (1995) show that discount rates are
lower/discount factors are higher for hypothetical rewards)

� Intertemporal arbitrage: If people have access to capital markets, present value is all that
should matter. Then the key will be knowing what rate of interest subjects have access to.

� Concave utility: Measuring � assumes utility is approximately linear. For example, someone
indifferent between 16 at t and 25 at t+1 would have a per period discount factor of � = 16=25 =
0:64: But if utility is u(x) =

p
x, then the true discount factor is � = u0(xt)=u0(xt+1) = 5=4

� Uncertainty or Ambiguity about getting payment: Will the experimenter be there with
cash? What if I need to be out of town on that day? Will I hit a borrowing constraint be-
fore I get paid?

� Transaction costs (not discussed in FLO):Will there be added costs with getting paid later,
e.g. check vs. cash, change of address, coming to an of�ce on campus, remembering to pick
it up, remembering the amount I am owed, other costs of worry and memory.

� In�ation: Can we observe their beliefs about in�ation?

� Change in utility function or the baseline consumption

� NOTE: These all suggest that �nding a read discount rate will be dif�cult, especially using money
on students without access to capital markets, since their present bias may be rational. But
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using money with older subjects who can access capital markets means you only test net-
present-value maximization.

� The best commodity to use may be time rather than money.
� Reactions?
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� Field studies measurement: Infer from choices made in real markets
� Riskier job with higher salary (Viscusi and Moore, 1989) � 2 [0.02, 0.14]
� Auto safety choices (Dreyfus and Viscusi, 1995): � 2 [0.11, 0.17]
� Life-cycle savings in macro model (Lawrence 1991),: � 2 [0.04, 0.13]
� Life-cycle savings, with some borrowing constraints (Carroll and Samwick, 1997), � 2 [0.05,
0.14]:

� Natural Experiment of pension buyout, get $22,283 now or $3,714/year for 18 years. 90%chose
now, implying � = 0.175:

� Is this high? It is about what credit cards charge, so maybe not.
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Experimental Evidence on Hyperbolic Discounting
Thaler, Richard, �Some Empirical Evidence on Dynamic Inconsistency�, Economics Letters,
8, (1981), 201-207.

� Uses experiment with hypothetical payoffs to measure discount functions
� Based on a matching task
� Looking separately at gains and losses
� Gains: Subjects were told that they had won some money in a lottery held by their bank. They
could take the money right away or wait until later. They were asked how much they would
require to make waiting just as attractive as getting the money now

� Losses: Traf�c ticket that could be paid now or later.

� Each subject received a 3 � 3 table to �ll in, with dimensions being the amount of money and
the time of delay
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� about 20 responses for every form
� Results:
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� Average discount rates drop sharply with
a. the length of delay � suggests hyperbolic discounting

b. size of the prize � suggests �xed costs to waiting

� Average discount rates are smaller for losses than for gains
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Benzion, Uri, Amnon Rapoport, and Joseph Yagil, �Discount Rates Inferred from Decisions:
An Experimental Study�, Management Science, 35(3), (1989), 270-284.

� Similar idea
� 204 Israeli subjects with at least two-year background in econ or �nance
� Four designs:
a. A (postpone receipt): earned $y in a ��nancially solid� public institute, but the institute is
�temporarily short of funds�; but the money will be available t periods in the future; state
indifferent amount $x at that time

b. B (postpone payment): debt $y is due to the institute; state indifferent amount $x t periods
in the future, t given

c. C (expedite a receipt): institute must pay $y t periods from now; state indifferent amount $x
to receive now

d. D (expedite a payment): debt $y is due to the institute in t periods; state indifferent amount
$x to pay now

� For each design, a 4�4 factorial design is used with t = 0:5; 1; 2; 4 years and y = $40; $200; $1; 000; $5; 000
� Together in 64 questions (plus 16 �ller questions); order of questions within a block randomized,
order of 16 blocks randomized too
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Results:
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� As in Thaler (1981), average discount rates drop with prize and time
� �A > �B (difference 0:1) and �C < �D (difference 0:065)
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� Results for forward rates (discount rates between a consecutive pair of future time periods)
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Benhahib, Jess, Alberto Bisin, and Andrew Schotter, �Present-Bias, Quasi-Hyperbolic Dis-
counting, and Fixed Costs", unpublished manuscript, 2006.

� Observation from prior studies is that there may be some �xed costs of delay. These could
come from the fear of not getting paid, or the inconvenience, or the memory storage costs, etc.

� The innovation here is try to get enough information from a particular individual to estimate this
�xed cost, as well as nested versions of discounting theories.

� Using a matching task, both for future and present equivalent payoff to control for framing effects,
try to distinguish among various theories of discounting.

� 27 subjects at two two different times (within subject design)
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� Time 1, Q-Present: �What amount of money, $x, if paid to you today, would make you indiffer-
ent to $y paid to you in t days?"

� report x
� y 2 f$10; $20; $30; $50; $100g,
� t 2 f3 days, 1 week, 2 weeks, 1 month, 3 months, 6 monthsg, 5� 6 = 30 matching tasks
� Incentivized choices with Becker-DeGroot-Marschak mechanism
� pick one out of 30 tasks at random
� draw a number from a uniform distribution [0; y]
� if lower than x, subject has to wait, if higher, x is paid immediately.
� true w.t.p. is dominant strategy.

� Subjects paid by check either at the end of the experiment, or the check mailed to their
address so that it gets there with a proper time delay (important, because the transaction
costs of obtaining the money are the same)



58

� Time 2, Q-Future: �What amount of money, $y, would make you indifferent between $x today
and $y t days from now?"

� report y:
� x's generated from answers at time 1. equal to the minimum x reported across subjects.
� y's were censored to be no larger than the corresponding y's on Time 1 task.
� the rest is similar.
� This allows a test of framing of the questions.
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� Econometric speci�cation:

u(y; t) = D(y; t; �; r; �; b)y; where

D(y; t; �; r; �; b) = "(y; t)

�
1 if t = 0

�[1� (1� �)rt]1=(1��) � b=y if t > 0

� For � ! 1, � = 1 and b = 0 this becomes e�rt, or exponential discounting

� For � = 2, � = 1 and b = 0 this becomes 1=(1 + rt), or hyperbolic discounting

� For � ! 1, � < 1 and b = 0 this becomes quasi-hyperbolic discounting

� If b > 0, there is a �xed cost of delay

� "(y; t) assumed log-normal

� Nonlinear least squares used for estimation
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Results:

� Raw results: Data have both the present bias and magnitude effects of earlier studies:
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� Estimate discount rates separately for every subject:
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Things to note:

� � � 1 for most.
� b > 0 for most, and relatively similar across subjects.
� b � 4 on average, interpretation of a $4 �xed cost (or certainty equivalent adjustment in the case
of risk).

� � is not very precisely measured, or very stable across individuals.

Framing:

� Yes, parameters estimates are not the same across the two conditions.
� But this is hard to attribute to a true framing effect. For instance, what if we had some subjects
make the same choices again? Would they differ too?
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Conclusions:

� Clear experimental evidence against exponential discounting.
� The data favors a speci�cation of discounting which contains a present bias in the form of a
�xed cost, and no quasi-hyperbolic component.

� Curvature of discounting (exponential vs. hyperbolic), in the �xed cost speci�cation, is not
precisely estimated.

� This implies that present bias vanishes with large rewards and that the evidence for hyperbolic
discounting is perhaps weaker than previously documented using more restrictive speci�ca-
tions.

� But....experiments with relatively large rewards are needed to con�rm the �xed cost represen-
tation of present bias




