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1 Linear dynamic stochastic model

Consider the following model:

0 = Avvt +A��t +Akkt +Azzt; (1)

BvEtvt+1 +B�1Et�t+1 +Bk1kt+1 +BzEtzt+1 = B�0�t; (2)

Ck1kt+1 = Cvvt + Ck0kt + Czzt; (3)

where vt is an l� 1 vector of endogenous variables determined at t, �t is an m� 1 vector of

Lagrangian multipliers, kt is an s�1 vector of endogenous variables determined at t�1, and

zt is a d�1 vector of exogenous variables determined at t. In terms of macroeconomic models,

(1) represents l linearized intratemporal Euler equations corresponding to the elements of vt,

(2) gives s linearized intertemporal Euler equations associated with the elements of kt+1, and

(3) gives m linearized constraints. Av is assumed to be invertible, and fztg is a stationary

vector process.

The system may be expressed as

vt = �A�1v
h
A� Ak

i24 �t
kt

35�A�1v Azzt; (4)

24 Bv
0

35Etvt+1 +
24 B�1 Bk

0 Ck1

3524 Et�t+1
kt+1

35 (5)
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=

24 0

Cv

35 vt +
24 B�0 0

0 Ck0

3524 �t
kt

35

+

24 �Bz
0

35Etzt+1 +
24 0

Cz

35 zt:
Using (4) to substitute for Etvt+1 and vt and rearranging gives

D1

24 Et�t+1
kt+1

35 = D0
24 �t
kt

35 (6)

+Dz1Etzt+1 +Dz0zt;

where

D1 =

24 B�1 Bk

0m�m Ck1

35�
24 Bv

0m�l

35A�1v h
A� Ak

i
;

D0 =

24 B�0 0s�s

0m�m Ck0

35�
24 0s�l
Cv

35A�1v h
A� Ak

i
;

Dz1 =

24 �Bz
0m�d

35+
24 Bv

0m�l

35A�1v Az;

Dz0 =

24 0s�d
Cz

35�
24 0s�l
Cv

35A�1v Az:
D1 and D0 are (m + s) � (m + s) matrices, and Dz1 and Dz0 are (m + s) � d matrices.

Note that (6) reduces the system to m costate variables and s endogenous state variables,

combined with the exogenous process fztg.
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2 Rational expectations solution

Suppose zt+1 = �zt+"t+1, where f"tg is vector white noise. Then (6) and the zt process

may be expressed jointly as

A1

26664
Et�t+1

kt+1

zt+1

37775 = A0
26664
�t

kt

zt

37775+B0"t+1; (7)

where

A1 =

24 D1 0(m+s)�d

0d�(m+s) Id�d

35 ;

A0 =

24 D0 Dz0 +Dz1�

0d�(m+s) �

35 ;

B0 =

24 0(m+s)�d
Id�d

35
A1 and A0 are (m+ s+ d)� (m+ s+ d) matrices.

A rational expectations solution of (7) takes the form (see "Notes on Linear Rational

Expectations Equilibria"):

�t = �U

24 kt
zt

35 ;
24 kt+1
zt+1

35 = �S
24 kt
zt

35+
24 0s�d
Id�d

35 "t+1:
The associated solution for vt is determined by (4).
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3 RBC model with government spending

Consider the following standard speci�cation of the Real Business Cycle model with

government spending: For t = 0; 1; 2; :::, the social planner solves

max
Ct;Lt;Kt+1

Et
X1

s=0
�s

 
lnCt+s �

�L
1+1=�
t+s

1 + 1=�

!

subject to

ZtK
�
t L

1��
t + (1� �)Kt = Ct +Gt +Kt+1;

Zt = Z
�
t�1e

"t ;

Gt = G
1�Gt�1e

�t ;

where �;G > 0, 0 < �;�; �; �;  < 1, and f["t �t]0g is exogenous vector white noise. First-

order necessary conditions for a solution are

1

Ct
= �t;

�L
1=�
t = (1� �)�tZtK�

t L
��
t ;

�t = �Et�t+1
�
�Zt+1K

��1
t+1 L

1��
t+1 + 1� �

�
;

ZtK
�
t L

1��
t + (1� �)Kt = Ct +Gt +Kt+1;

together with the Zt and Gt processes, where �t is the Lagrange multiplier on the resource

constraint in period t.

Log-linearizing the necessary conditions gives

�ĉt = �̂t;

1

�
l̂t = �̂t + ẑt + �k̂t � �l̂t;

Et�̂t+1 + ���
��1

�
Etẑt+1 � (1� �)k̂t+1 + (1� �)Et l̂t+1

�
= �̂t;

��L
�
ẑt + �k̂t + (1� �)l̂t

�
+ (1� �)�Lk̂t = Cĉt +Gĝt + �Lk̂t+1;
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ẑt = �ẑt�1 + "t;

ĝt = ĝt�1 + �t;

where �, L and C are nonstochastic steady state values:

K

L
= � =

�
1=� � (1� �)

�

�1=(��1)
;

(�� � ��)L = 1� �
�

��L�1=� +G;

1

�
= C =

1� �
�

��L�1=�:

For this example, the vectors vt, �t, kt and zt are given by

vt =

24 ĉt
l̂t

35 ; �t = �̂t; kt = k̂t; zt =

24 ẑt
ĝt

35 :
Expressing the linearized necessary conditions in the form (1)-(3) gives:24 0

0

35 =
24 1 0

0 �(�+ 1
� )

3524 ĉt
l̂t

35+
24 1
1

35 �̂t
+

24 0

�

35 k̂t +
24 0 0

1 0

3524 ẑt
ĝt

35 ;
h
0 ��(1� �)���1

i24 Etĉt+1
Et l̂t+1

35+ Et�̂t+1
���(1� �)���1k̂t+1 +

h
�����1 0

i24 Etẑt+1
Etĝt+1

35 = �̂t;

�Lk̂t+1 =
h
�C (1� �)��L

i24 ĉt
l̂t

35
+
�
����1 + 1� �

�
�Lk̂t +

h
��L �G

i24 ẑt
ĝt

35 :
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