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1 Introduction

This note shows how to construct rigorously a phase diagram for analyzing the perfect
foresight dynamics of a discrete-time RBC model. The construction begins by converting
the necessary conditions for a solution to continuous time. After checking that it is possible
to define the curves A = 0 and K = 0 needed for the phase diagram, the analysis proceeds by
totally log-differentiating these curves. Total log-differentiation is mathematically equivalent
in its essentials to log-linearizing around a steady state, and as a consequence it provides a
familiar and tractable procedure for studying phase diagrams.

Section 2 shows how to convert the necessary conditions to continuous time, and section
3 considers the definitions of the A = 0 and K = 0 curves. Analysis of the curves via total
log-differentiation is developed in Section 4. Section 5 provides an illustrative example of
the entire construction, and section 6 briefly summarizes the procedures of conversion to

continuous time and total log-differentiation.

2 Perfect foresight dynamics in continuous time

Consider a version of the Real Business Cycle model in which the period length is A > 0.

The social planner problem is given by
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s.t. F(Zt, Kt_A, Lt>A + (1 - 5A)Kt_A == Kt + OtA + GtA,



where 0 < 3,8 < 1, and {Z;} and {G;} are exogenous stationary processes. The functions
U, V and F are assumed to satisfy standard regularity conditions. Necessary conditions for

an interior solution of this problem are given by

Uc(Cy) = A, (1)

VL(Lt) — AtFL(Zt;thAth)v (2)

GiTAEtAtJFA (FK(Zt+A, Kt, Lt+A)A + 1-— 5A) == )\t, (3)
F(Zy, Ki-ny L) A+ (1 = 0A)K; A = K + CiA + GLA, (4)

where )\ is the Lagrange multiplier on the resource constraint.
If the exogenous variables follow known deterministic paths, then the planner faces no
uncertainty, and rational expectations are equivalent to perfect foresight. In this case,

conditions (3) and (4) may be rewritten as

A - A 1-— eiTA -r

LET e P <T — e (F(Zesas Kiy L a) — 5)) , (5)
K, — K
tTtA = F(Zt, Kt—A?-Lt) — 5Kt_A - Ct - Gt- (6)

Taking the limit as A — 0 of (1)-(2) and (5)-(6) gives the following continuous time system:

UC(Ot> - )\t7 (7)

Vi(Lt) = MFL(Ze, Ky, Lt), (8)

A =N (r+6 — Fx(Zy, Ky, Lt)) (9)
K; = F(Z, Ky, Ly) — 6K; — C; — Gy. (10)

These equations characterize the perfect foresight dynamics of the model in continuous time.



The dynamics of the system (7)-(10) may be analyzed using a phase diagram in the
K- plane. To set up the diagram, begin by solving (7) and (8) for C and Ly:

Cy = d9(\), (11)

Ly = L\, Ky, Zy). (12)

Note that ®€ is the inverse of the marginal utility of consumption, whereas ®* depends on
both the marginal disutility of labor and marginal product of labor. Substituting ®¢ and
®L into (9) and (10) gives

)"t = )\t (T"‘(S_FK(Ztthaq)L())) (13)
= ‘IJA()\taKth)’

Ky = F(Z;, K;, ®L (1) — 6K, — @°(-) — Gy (14)

= UR (N, Ki, Zy, Gy).

Observe that the functions ¥* and ¥¥ determine the dynamic behavior of K; and \; for

given perfectly-anticipated deterministic paths of Z; and G;.

3 Defining the ).\t = 0 and Kt = 0 curves

A phase diagram analysis in the K;-\; plane involves tracing the paths of \; and K}
relative to a pair of curves along which A = 0 and K = 0. The latter curves may be defined

implicitly using (13) and (14):
0= VAN, 2). Ko, Z2). (15)
0= ‘I]K(S‘K(KtaztaGt)aKtaZtaGt)a (16)

where X' and A\ are functions indicating the A =0and K = 0 curves, respectively.

According to the Implicit Function Theorem, for 2 and M to be well-defined, the functions



U and UX must be invertible with respect to A; at points where (15) and (16) hold.
Consequently, this requirement must be checked as the first step in setting up the phase
diagram.

For the A = 0 curve to be defined, we must have \IJ§ # 0 wherever U* = 0. A sufficient

condition for this may be obtained using (8) and (13). Begin by totally differentiating (8):
VirdLy = Frd\i + MFrgdKy + M FrdLy + N Fr,zdZy.

This yields
L_ 4L L

AT AN Vip— MFLr

Now differentiate (13) with respect to A
A

v
Uy = S M Fi @Y.

Substituting for q)f and imposing ¥* = 0 gives

MFrFr,

Uy =
A Vi — MFrr

Under standard assumptions, \Il§ < 0 will hold, and hence the A = 0 curve is well-defined
by (15).
Similarly, for the K; = 0 curve, we must have \Iff\( #£ 0 at points such that ¥* = 0. This

property may be established using (7), (8) and (14). Totally differentiating (7) yields
UccdCy = dy,

and hence

¢ — d_Ct _ 1

A = == .
dM\ Ucc

Thus, differentiating (14) with respect to A\; gives

MFk L F? 1
Vir —MFr, Ucc’

ol = Frot — o =



and we have \Ilf > 0 under standard assumptions. It follows that the K; = 0 curve is

well-defined by (16).

4 Total log-differentiation

After verifying that the two curves are well-defined, the analysis proceeds by calculating
partial derivatives of the curves. This is customarily done via total differentiation of the
equations (15) and (16) that define the curves. In the present context, however, it is conve-
nient to express the total derivatives in terms of natural logarithms, rather than levels, since
the functional forms used in macroeconomic models typically have constant elasticities.!

Let us first consider the log-derivative of the function ®, which is defined implicitly by
(1). For given strictly-positive values Cy, C, \; and \}, define

dinCy = 1nC’£ —InC;, dlnk = ln)\; —In M\,

which is equivalent to

Ol = Cpe®Ci | N — ) elinn,
Thus, (1) evaluated at the point (Cf, \;) may be written as
Up(Cre™Cry = ppedinAe,
A first-order approximation around dIn C = dIn A; = 0 yields
Ucc(Cy)CrdInCy = A d1n M. (17)

This is the total log-derivative of (1) at the point (Cy, A¢). Using (1) to substitute for A, we

can write

= (18)

dn®® N (UCC(Ct)Ct>1
dln N\ Ucc(Cy)Cy Uc(Cy) '

' Log-differentiation cannot be used in the analysis of the preceding section, however, since the log-

derivatives of ¥* or ¥X do not exist at points where ¥* = 0 or ¥¥ = 0.



Observe that the log-derivative of ®¢ depends on the elasticity of the marginal utility of con-
sumption with respect to consumption. This is often a constant parameter in applications,
making the expression very simple.

It is interesting to note that the calculation of (17) is mathematically equivalent to
log-linearizing around a steady state equilibrium, except for two distinctions. First, the
necessary condition (1) may be totally log-differentiated at any strictly positive values, not
just steady state values. Second, the variables dlnC; and dln s are log-differentials, not
log-deviations from the steady state. These log-differentials become infinitesimally small
when partial log-derivatives are constructed.

Equation (2) can be totally log-differentiated in the same manner:

Vi L FriK, FriL Frz7
PEL Ly = dIn M + K2 g K, + ~ 25 din L, + ~ 222 0 7,
Vi, I T Fr,

where the derivatives of V' are evaluated at L;, and the derivatives of F' are evaluated at

Ky, Ly, Z;). Using this equation, the partial log-derivatives of ® are calculated as
( g g

olm®r 1 9lm®F 1 FigK, 0Ol®" 1Fy 37

—_— = — = — 1
811’1)\15 D’ 8ant D FL ’ 811’1215 D FL ’ ( 9)
where
D_ VirLe  FrpLy
VL, Fr,

Next consider the function S\A, defined implicitly by (15). Total log-differentiation of
(15), using (13), gives

0=(r+6—F)\dln \* = N\FrzZdIn Z, — N\ Fr e KydIn K,

L
o= V4 din K, + £2° 4 7,

-\ I y  Oln®L Oln dL
“NFy @ :
KE <8ln)\t o K, dIn Z;

Moreover, the first coefficient is zero, since (13) and (15) imply

(r+6—Fg) X' =0 =0.



Substituting from (12) and (19) and rearranging leads to

1 FrrlLy FrrgKi 1 Frxrli FrxK;
= 22" dln )\ — dIn K,
0= D Fe +( Fx D Fx L ) e

FrzZy 1 FxrLi Frz7Z;
— dln Z,
+( P D Fr F| ) e

This expression can be used to calculate the partial log-derivatives 0ln 5\)‘/8an15 and
dlnX\*/01n Z,.

Finally, to obtain partial log-derivatives of the function A

, totally log-differentiate (16),
using (14):

0=FzZidInZ; + Fx KidIn K

Oln oL -y OlndL Oln L
Frol [ ———dIn\ dIn K, dln Z,
T (aln)\t AT o M T Az, t)

(I)Caln(l)

*5thant 81 \
t

dln )\ — thhl Gt
Substituting from (11), (12), (18) and (19) and rearranging gives
1 F Ly Gy (Uoo(CHCH) ™! A
= (2Tt 2t (ZeUT) )
0 (D F F < Uc(Cy) .

FxK, 1F L FixK, K
— — =t )din K
+< F "D F Fp 5F>dn '

FzZ, 1 FLL Fiz7 Gy
S ILBMILZA) Iz, — ZLdn G,
< F D F I > nZ = pdhnG

This expression yields 0 1ln XK/a In K, 0ln 5\K/8 In Z; and Oln XK/a In G.

The partial log-derivatives are useful for analyzing the A = 0 and K; = 0 curves, which

are represented here by the functions 2 and M¥. For example, we can write

omx  ox /3
811'1Kt N 8Kt/Kt




Thus, the slope of A in the K-\ plane satisfies

@_XA B dln X\ 5\_)‘
8Kt B 811’1Kt Kt.

In particular, % /OK} has the same sign as 01n % /0In Ky, so that calculating the partial
log-derivative is sufficient for determining whether the Mt = 0 locus is upward- or downward-
sloping. Similarly, knowing the sign of d1In % /01n Z; is sufficient for determining whether

an increase in Z; shifts the locus upward or downward.

5 Example

Consider the following parameterization of the model:

o0 A L1+1/77
E —rat (1o, 4 L A
(Ol 02 1o® (n t+1+1/77>

st. ZiKP ALTOA+ (1 - SA)K; A = K; + CiA + GUA,

where > 0 and 0 < a < 1. Necessary conditions for the solution in continuous time are

1
1 2

Ct )\ta ( 0)

LY = N(1 — ) ZKP L, (21)

A=\ (r+6—aZKp L), (22)

Ky = ZiK8L® — 6Ky — Cy — Gy, (23)

a 5\t = 0 and Kt = 0 curves

The partial derivatives <I>f\j and @f can be obtained by implicitly differentiating (20) and
(21):
1

*c_t?dct = d\,



1 _
~L/" AL = (1 0) ZKQ Ly dA — Mol — ) Z K Ly VL.
n

Rearranging gives

aC,

o§ =
dN;

=-C? <0,

or — 4Lt _ (1— ) Z K¢, L7° .
L_ & _ .
A 1L Na(l - ) Z g Lo

Thus, using (22) and (23),

‘11)‘
W) = Svin Ma(l —a)Z KoL 2ok,

Ul = (1 - ) Z K2 L — 0.

It follows that \Ili < 0 at points such that ¥* = 0, and U > 0 holds globally. This means
the functions A" and X" are well-defined.

Moreover, these results establish the direction of motion at each point in the K;-)\; plane.
It is easy to see that \Ili > 0 must hold whenever \; < 5\/\, and \Ili < 0 holds whenever
Ar > \*. Hence we have A > 0 at points below the A=0 curve, and A <0 at points above

the curve. Similarly, K <0 at points below the K=0 curve, and K > 0 above the curve.

b Partial log-derivatives

To calculate the partial log-derivatives, begin by totally log-differentiating (20) and (21):
—dInCy = dln Ny,

1
EdlnLt =dln  +dnZ; + adln Ky — adln Ly.

Thus,
dn®

dln)y 7




olmet 1 ool  « omel 1
Oln), 1/n+a’ OlnK, 1/n+a’ 9nZ, 1/n+a

Next, totally log-differentiate (15) using (22):
0= (r+06-— aZthaflL%*a) Mdln X
NZ KL (—dIn Zy + (1 — @)dIn Ky — (1 — )dIn &) .

where L; = ®L. Moreover, using (22) we have
0= (r+6—aZ K¢ 'L}7°).
Thus the expression becomes

0=—-dnZ + (1 —a)dlnK; — (1 — a)dIn ®*

=—dnZ;+ (1 —a)dIn K

+ din Ky + ———dIn Z;

Oln ®L -\ Oln®l Oln ®L
u‘”(mmtdlm oIn K, 91n Z, )

Substituting for the partial log-derivatives of ®* and rearranging gives

l—«o A
=— dln A 1-— 1-—
0 n+a nA” + ( a)(

1l—«
—(1 dln Z,.
<+1/77+a> e

(24) gives the total log-derivative of the A = 0 curve. Using this expression, the partial

log-derivatives of the curve are calculated as

omA* 1 o} 1+l
OmK; 1 " OlnZ 11—« ’

10



This implies that the curve is upward-sloping in the K;-A; plane, and the curve shifts down
when Z; rises.

Finally, totally log-differentiate (16) using (23):

0= Y}dant <|>O(1/tdtht

Oln ®L -y Oln®r Oln ®L
+(1 —OZ)YE <8ln)\t dln \ + 8antdant +8Tthant>
9 1ln ®¢

—$KdInK; — C din X — GydIn Gy,

8111 )\t

where Y; is defined by
Y, = ZuK{ Ly,

and L, = ®L, C;, = ®C. Substituting for the partial log-derivatives of ®* and ®° and

rearranging gives

(1-a)Y; <A 11—«
0= (L= 4 o) dmX v, (1 _ 6K, ) dIn K 25
(1/77+a th nA-+{ah +1/77+a ¢ A (25)
v (1 222 Vamz - Gdna
t 1/77+a t t t-

(25) gives the total log-derivative of the K = 0 curve, and it can be used to calculate the

partial log-derivatives of the curve.

6 Summary
a Converting to continuous time

Discrete-time intertemporal Euler equations take the general form

BE A1 (1 + fre1) = Ae

11



Under perfect foresight, we can eliminate the expectation operator and write
AXNpp1 = Mg — A (26)

= Ag1 — Bhg1 (1 + fig1)

= At+15 (% — ft+1) .

To convert to continuous time, define r by

Then the continuous-time analog to (26) is
)‘\t = )\t (T’ — ft) . (27)

In other words, after forming (26), replace 5 and (1 — 8)/f with 1 and r, respectively.

b Total log-differentiation

Consider the function f(Xy,Y:), and suppose Xy, Y; > 0. At points (X/,Y/) sufficiently

close to (X3, Y}:), we can write
F(X,Y)) = f(Xpetm X ypedin ), (28)

where

dln X; = lnX,g —InX;, dlnY; = lnYZ —InY;.

The total log-derivative of f at the point (X3, Y;) is obtained by taking a first-order approx-
imation of (28) around dIn X; = dInY; = 0:

f(Xy,Y)dIn f = fx (X, Yie?) X;e® (dIn X; — 0) (29)

+ fr(Xe®, V") Yie® (dInY; — 0)

12



= fx(Xe, V) Xe dIn Xy + fy (X, Y)Y dIn Y;.

Notice that (29) is not well-defined unless f(X¢,Y;) > 0.

Alternatively, the usual total derivative of f at (X, Y}) is given by
df = fx (X, Yy)dX; + fy (Xs,Y:)dYs.

If f(X4,Y:), Xy and Y} are strictly positive, then we can write

df dX; dY;
din f=—4
I = X, Y,

Substituting these expressions into (30) gives (29).

13

dinX; = —t  dlnY; = —L.

(30)



