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Abstract

Akerlof (1970)’s discovery that competitive markets for lemons generate
inefficient outcomes has important welfare implications, and rises fundamental
questions about the role of time, frictions, and micro-infrastructure in market
performance. We study the equilibria of centralized and decentralized dynamic
markets for Lemons, and show that if markets are short lived and frictions are
small, then decentralized markets perform better. If markets are long lived, the
limiting equilibrium of a decentralized market generates the static competitive
surplus, whereas a centralized market has competitive equilibria where low
quality trades immediately and high quality trades with delay, which generate

a greater surplus.
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Notation Chart

The Market
good quality, 7 € {H, L}.
value to buyers of a unit of 7-quality.
cost to sellers of 7-quality.
fraction of sellers of 7-quality in the market.
a date at which the market is open, t € {1,...,T}.
traders’ discount factor.
= qufl + (1 — q)ul.
= (1 —q")u".

H L
cCT —Uu . H

= L e u(q) = .
Decentralized Market Equilibrium
reservation price of sellers of T-quality at date t.
probability that a seller of 7-quality who is matched at date ¢ trades.
stock of T-quality sellers in the market at date t.
fraction of T-quality sellers in the market at date t.
expected utility of a seller of 7-quality at date t.
expected utility of a buyer at date .
surplus in a decentralized market equilibrium — see equation (2).
probability of a price offer of ] at date ¢.

cH — b

= m, i.e., U(Cj) — CH = (1 — qA)(UL — CL).

Dynamic Competitive Equilibrium
supply of 7-quality good at date t,
expected value to buyers of a unit supplied at date .
demand at date ¢.

surplus in a dynamic competitive equilibrium — see equation (3).



1 Introduction

Akerlof’s finding that competitive markets for lemons generate inefficient outcomes
is a cornerstone of the theory of markets with adverse selection. The prevalence
of adverse selection in modern economies, from real good markets like housing or
cars markets, to insurance markets or to markets for financial assets, warrants large
welfare implications of this result, and calls for research on fundamental questions
that remain open: How do dynamic markets perform? Does adverse selection improve
or deteriorate over time? How illiquid are the different qualities in the market? What
is the role of frictions in alleviating or aggravating adverse selection? Which market
structures (e.g., centralized markets, or markets where trade is bilateral) perform
better? Is there a role for government intervention? Our analysis attempts to provide
an answer to these questions.

A partial solution to the adverse selection problem is the introduction of multiple
markets for the good, differentiated by time. In this setting, if sellers are not too
patient, then there is a dynamic competitive equilibrium in which both low and high
quality units of the good trade: Low quality units trade immediately at a low price
and high quality units trade with delay, but at a high price. Sellers of low quality
prefer to trade immediately at the low price rather than suffer the delay necessary
to obtain the high price. This dynamic competitive equilibrium yields more than
surplus than obtained in the static competitive equilibrium and hence partially solves
the Lemons problem. However, this solution fails (as we show) if players are patient
relative to the horizon of the market: If the market is open for finite time and sellers
are sufficiently patient, then only low quality units of the good trade in the dynamic
competitive equilibrium, just as was the case in the static Akerlofian market.

The present paper studies decentralized trade, in which buyers and sellers match
and then bargain bilaterally over the price, as a solution to the Lemons problem. We
show that when the market is open for finite time, then decentralized trade yields more
than the dynamic (and static) competitive surplus. We characterize the dynamics of
prices and trading patterns over time in the unique decentralized market equilibrium.
We also study the asymptotic properties of equilibrium as trading frictions vanish.

In the market we study there is an equal measure of buyers and seller initially in

the market, and there is no further entry over time. Buyers are homogeneous, but



sellers may have a unit of either high or low quality. A seller knows the quality of
his good, but quality is unknown to buyers prior to purchase. Each period every
agent remaining in the market is matched with positive probability with an agent
of the opposite type. Once matched, a buyer makes a take-it-or-leave-it price offer
to his partner. If the seller accepts, then they trade at the offered price and both
agents exit the market. If the seller rejects the offer, then both agents remain in the
market at the next period to look for a new match. Traders discount future gains.
The possibility of not meeting a partner, the discounting of the future gains, and the
finite duration of the market constitute trading “frictions.”

We show that when traders are sufficiently patient, then there is unique decentral-
ized market equilibrium: In the first period buyers make only “low” price offers (i.e.,
offers which are accepted only by low quality sellers) and non-serious offers which are
rejected by both types of sellers. In the last period, buyers make only low price offers
and “high” price offers (i.e., offers which are accepted by both types of sellers). In
the intervening periods, buyer make all three types of price offers. Thus we provide a
complete characterization of the trading patterns that may arise in equilibrium. Since
low and high quality sellers trade at different rates, the average quality of the units
remaining in the market changes over time: It rises quickly after the first period,
it rises slowly in the intermediate periods, and it makes buyers indifferent between
offering the price accepted only by low quality sellers and the price accepted by both
type of sellers in the last period.

We also relate the decentralized market equilibrium to the competitive outcome.
We show that when frictions are small, then low quality sellers obtain less than their
competitive payoff, high quality sellers obtain their competitive payoff (of zero), and
buyers obtain more than their competitive payoff. Total surplus exceeds the both
the static and dynamic competitive surplus, and thus decentralized trade provides a
partial solution to the Lemons problem when centralized trade does not. As frictions
vanish (but holding the time horizon fixed), the payoff to low quality sellers increases,
while the payoff to buyers decreases, but the total surplus remains asymptotically
above the competitive surplus.

A property of equilibrium is that there is a long interval where most (but not all)

price offers are non-serious, with the market for the good illiquid. As frictions vanish,



in the limit equilibrium has a “bang-wait-bang” structure: There is trade in the first
and last period, but the market is completely illiquid in the intervening periods.
Our final results concern the structure of equilibrium of infinitely-lived markets.
We show that in this setting there are multiple dynamic competitive equilibria, and we
characterize the equilibrium that maximizes the surplus. When players are patient,
there is a decentralized market equilibrium in which in the first period buyers make
both low and non-serious prices offers, and forever afterward they make both high,
low, and non-serious price offers. As frictions vanish, in the limit all traders obtain
their competitive payoff, only low quality units trade, and all of these units trade in

the first period.

RELATED LITERATURE

There is a large literature that examines the mini-micro foundations of competitive
equilibrium. This literature has established that in markets for homogenous goods
decentralized trade tends to yield competitive outcomes when trading frictions are
small — see, e.g., Gale (1987) or Binmore and Herrero (1988) when bargaining is un-
der complete information, and by Serrano and Yosha (1996) or Moreno and Wooders
(1999) when bargaining is under incomplete information. Several papers by Wright
and co-workers have studied decentralized markets with adverse selection motivated
by questions from monetary economics — see, e.g., Velde, Weber and Wright (1999).
More recently Blouin (2003) studies a decentralized market for lemons analogous to
the one in the present paper. He assumes that the expected utility of a random
unit is above the cost of high quality, and obtains results different from ours: he
finds, for example, that each type of trader obtains a positive payoff (and therefore
payoffs are not competitive) even as frictions vanish. (In our setting, for the parame-
ter configurations considered in Blouin (2003) the equilibrium outcome approaches
the competitive equilibrium in which all units trade at a price equal to the cost of
high quality.) This discrepancy arises because in Blouin’s setting only one of three
exogenously given prices may emerge from bargaining.! (In our model, prices are
determined endogenously without prior constraints.) Moreno and Wooders (2006)

study the steady states of decentralized market for lemons with stationary entry, and

!Blouin (2003), however, obtains results for a market that operates over an infinite horizon, a

case that seems intractable with fully endogenous prices.



finds that stationary equilibrium payoffs are competitive as frictions vanish.

The paper is organized as follows. Section 2 describes our market for lemons.
Section 3 introduces a definition of dynamic competitive equilibrium and derives its
properties. Section 4 describes a market where trade is decentralized, and introduces a
notion of dynamic decentralized equilibrium. Section 5 presents results describing the
properties of dynamic decentralized equilibria. Section 6 presents results for infinite
lived markets for Lemons. Section 7 concludes with a discussion of static efficient

mechanisms. Proofs are presented in the Appendix.

2 A Market for Lemons

Consider a market for an indivisible commodity whose quality can be either high or
low. There is an equal measure of buyers and sellers present at the market open,
which we normalize to one, and there is no further entry. A fraction ¢ € (0,1) of
the sellers are endowed with a unit of high-quality, whereas a fraction ¢* = 1 — ¢** of
the sellers are endowed with a unit of low-quality. A seller knows the quality of his
good, but quality is unobservable to buyers. Preferences are characterized by values
and costs: the cost to a seller of a unit of high (low) quality is ¢ (c); the value to
a buyer of a high (low) quality unit of the good is u’ (u*). Thus, if a buyer and a
seller trade at the price p, the buyer obtains a utility of u — p and the seller obtains
a utility of p — ¢, where u = u! and ¢ = ¢ if the unit traded is of high quality, and
uw = u” and ¢ = " if it is of low quality. A buyer or a seller who does not trade
obtains a utility of zero.

We assume that both buyers and sellers value high quality more than low quality
(i.e., uff > u® and ¢ > ), and that each type of good is more valued by buyers
than by sellers (i.e., uff > ¢l and u? > cl'). Also we restrict attention to markets
in which the Lemons problem arises; that is, we assume that the expected value to a

buyer of a randomly selected unit of the good, given by

u(q™?) == ¢ uf? + glut < 7,

is below the cost of high quality, /. Equivalently, we may state this assumption as

H L
H _‘_C — U

(1)
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In this market, the Lemons problem arises since only low quality trades in the
unique (static) competitive equilibrium, even though there are gains to trade for both
qualities — see Figure 1. For future references, we describe this equilibrium in Remark
1 below.

Figure 1 goes here.

Remark 1. In the unique static competitive equilibrium of the market all low quality
units trade at the price u”, and none of the high quality trade. Thus, the gains to
L _ L

c

trade to low quality sellers is v° = u® — c*, and the gains to trade to high quality

H

sellers and to buyers are v = vP = 0, and thus the surplus, S = ¢*(u* — cF), is

captured by low quality sellers.

3 A Decentralized Market for Lemons

Consider a market for lemons as that described in Section 2 in which trade is bilateral.
The market opens for T consecutive periods. Agents discount utility at a common
rate § € (0, 1], i.e., if a unit of quality 7 trades at date ¢ and price p, then the buyer
obtains a utility of 6 '(u” — p) and the seller obtains a utility of 6" '(p — ¢7). Each
period every buyer (seller) in the market meets a randomly selected seller (buyer)
with probability a € (0,1). A matched buyer proposes a price at which to trade. If
the proposed price is accepted by the seller, then the agents trade at that price and
both leave the market. If the proposed price is rejected by the seller, then the agents
split and both remain in the market at the next period. A trader who is unmatched in
the current period also remains in the market at the next period. An agent observes
only the outcomes of his own matches.

In this market, a pure strategy for a buyer is a sequence of price offers (py, ..., pr) €
RZ. A pure strategy for a seller is a sequence of reservation prices r = (rq,...,r7) €
Ri, where 7; is the smallest price that the seller accepts at time t € {1,...,T}.2

A profile of buyers’ strategies may be described by a sequence A\ = (Ay, ..., A7),
where \; is a c.d.f. with support on R, specifying the probability distribution of

2Ignoring, as we do, that a trader may condition his actions on the history of his prior matches

is inconsequential — see Osborne and Rubinstein (1990), pages 154-162.
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price offers at date t € {1,...,7}. Given A, the maximum expected utility at date ¢
of a seller of quality 7 € {H, L} is Vi, ; = 0, and for ¢ < T' it is defined recursively as

Vi = max {a/ (pe — ) d\i(pr) + (1 - Oé/ d)\t(pt)) t:—l} :
zeRy z x

In this expression, the payoff to a seller of 7-quality who receives a price offer p; is
pe — " if p; is at least his reservation price z, and it is 0V ;, his continuation utility,
otherwise. Since all the seller of 7 quality have the same maximum payoff, then
their equilibrium reservation prices are identical. Therefore we restrict attention to
strategy distributions in which all sellers of the type 7 € {H, L} use the same sequence
of reservation prices r” € R%.

Let (A, v rl) be a strategy distribution and let t € {1,...,T}. The probability
that a seller of quality 7 € {H, L} who is matched at date ¢ trades is

AT :/ d\;,

t

the stock of T-quality sellers in the market is
my, = (1 —aX))my,

with m] = ¢7, and the fraction of 7-quality sellers in the market is

.
% = "H L

my +my
The maximum expected utility to buyer at date ¢ is V2, = 0, and for ¢ < T it is

defined recursively as

B T T T T T B
%4 = maxq o Z Ggl(z, )W —2)+ |1 -« Z G I(z,r]) | 0V, ¢,
Te{H,L} Te{H,L}
where I(z,y) is the indicator function whose value is 1 if z > y, and 0 otherwise. In
this expression, the payoff to a buyer who offers the price x is u” — x when matched
to a T-quality seller who accepts the offer (i.e., I(z,r]) = 1), and it is 6V,Z,, her

continuation utility, otherwise.

A strategy distribution (A, 7 rl) is a decentralized market equilibrium (DE) if

for each t € {1,...,T}:



(DE.T) r] —c™ =06V, for 7 € {H, L}, and

(DE.B) @ S e iy G101 =p0)+ (1= @ ey a7 1o 17) ) 3V, = VP for
every p; in the support of \;.

Condition DFE.7 ensures that each type 7 seller is indifferent between accepting or
rejecting an offer of his reservation price. Condition DFE.B ensures that price offers
that are made with positive probability are optimal.

The surplus realized in a market equilibrium can be calculated as

SPE =VF + "V + "V, (2)

4 Decentralized Market Equilibrium

In this section we study the equilibria of a decentralized market. Proposition 1

establishes basic properties of decentralized market equilibria.

Proposition 1. If (\,r rY) is a DE, then for all t € {1,...,T}:
(1.1) 1l =" > rf and ¢, > qf.

(1.2) Only the high price p; = cfI, or the low price p; = rE, or negligible prices
pe < rF may be offered with positive probability.

The intuition for these results is straightforward: Since buyers make price offers,
they keep sellers at their reservation prices.® Sellers’ reservation prices at 1" are equal

to their costs, i.e., 1, = ¢’

, since agents who do not trade obtain a zero payoff.
Thus, buyers never offer a price above ¢ at T, and therefore the expected utility of

high-quality sellers at T is zero, i.e., VA = 0. Hence ¥ | = ¢, Also, since delay is

H L H

costly (i.e., dax < 1), low-quality sellers accept price offers below ¢, i.e., 7 _; < .
A simple induction argument shows that rff = ¢/ > rl for all t. Obviously, prices
p > 1l accepted by both types of buyers, or prices in the interval (rf, rH), accepted
only by low-quality sellers, are suboptimal, and are therefore made with probability
zero. Moreover, since r > rI the proportion of high-quality sellers in the market

(weakly) increases over time (i.e., /1, > ¢/7) as high-quality sellers (who only accept

3This is a version of the Diamond Paradox in our context.



offers of ') may exit the market at a slower rate than low-quality sellers (who accept
offers of both 1 and rl).

In a decentralized market equilibrium a buyer may offer: (i) a high price, p = rf =
cH, which is accepted by both types of sellers, thus getting a unit of high quality with
probability ¢/7 and of low quality with probability ¢~ = 1 — ¢/; or (ii) a low price
p = rL, which is accepted by low quality sellers and rejected by high quality sellers,
thus trading only if the seller in the match has a unit of low quality (which occurs
with probability ¢); or (iii) a negligible price, p < rE, which is rejected by both types
of sellers. In order to complete the description of a decentralized market equilibrium
we need to determine the probabilities with which each of these three price offers are
made.

Let (A, 7 rl) be a market equilibrium. Recall that A} is the probability that
a matched 7-quality seller trades at date ¢ (i.e., gets an offer greater than or equal
to rf). For 7 € {H, L} denote by p; the probability of a price offer equal to 7.

H

Since the probability of offering a price greater than ¢* is zero by Proposition 1,

then the probability of a high price offer is p/f = A¥. And since prices in the interval
(rl,rH) are offered with probability zero, then the probability of a low price offer is
pF = A/ —\;". Hence the probability of a negligible price offer is 1—(pff + pF) = 1-A;.
Thus, ignoring the inconsequential distribution of negligible price offers, henceforth
we describe a decentralized market equilibrium by a collection (p®, p¥ r# rl).

Our next remark follows immediately from Proposition 1 and the discussion above.
It states that in a decentralized market that opens for a single period, only low
price offers are made and only low quality trades. Thus, the basic properties of a
static Lemons market are the same whether trade is centralized or decentralized — see

Remark 1 above.

Remark 2. If T =1, then the unique DE is (p, p¥ r# rE) = (0,1,c",cF). Hence
all matched low quality sellers trade at the price u”, and none of the high quality
sellers trade. Traders’ expected utilities are V¥ = a(u* —ct) and VI = VP =0, and

L

the surplus, S = q*a(ul — cb), is captured by low quality sellers.

In a market that opens for a single period, the sellers’ reservation prices are their

costs. Thus, a buyer’s payoff is u(q’) — ¢! if he offers ¢ and is (1 — ¢)(u® — cF) if

10



he offers c*. Let ¢ be the fraction of high quality sellers in the market that makes a

buyer indifferent between these two offers; i.e.,

CH—CL

uH_CL'

~

It is easy to see that ¢ < §. Since ¢! < g by assumption, then ¢ < ¢ implies ¢ < g,
and therefore low price offers are optimal.

Proposition 2 below establishes that if frictions are small, then a market that
opens for two or more periods has a unique decentralized market equilibrium, and it
identifies which prices are offered at each date. (Precise expressions for the equilib-
rium reservation prices and mixtures over price offers are provided in the Appendix.)
The following definition makes it precise what we mean by frictions being small.

We say that frictions are small when § and « are sufficiently close to one that:
(SE.1) dafc? —cl) > ul — cF, and

(SF.2) 6 [a (1 - qH)cj—Q—i—qH] (c? —cb) > ¢ (1 —g) (u* — ).

Since ¢! — ¢t > ul — ¢, then (SF.1) holds for § and « sufficiently close to one.
Also note that if a = 1, then (SF.2) reduces to §(c! —cl) > u* — &, which holds for

d close to one. Hence (SF.2) also holds for o and ¢ close to one.

Proposition 2. If T > 1 and frictions are small, then the following properties

uniquely determine a DE:

(2.1) Only low and negligible prices are offered at date 1, i.e., pif =0, pl > 0, and
1—pp —pi' > 0.
(2.2) High, low and negligible prices are offered at intermediate dates, i.e., p > 0,
pl >0, and 1 —pf —pF >0 for t € {2,...,T —1}.
(2.3) Only high and low prices are offered at the last date, i.c., p > 0, pk > 0, and
1—pif —pp =0.
Moreover, if 67 ta(c — c*) > u* — ¢, this is the unique DE.

Proposition 2 describes the trading patterns that arise in equilibrium: At the first
date some matched low quality sellers trade and no high quality sellers trade. At

the intermediate dates, some matched sellers of both types trade. At the last date
all matched low quality sellers and some matched high quality sellers trade. This

11



requires that some buyers make negligible price offers, i.e., offers which they know
will be rejected, at every date except the last. And at every date but the first, there
are transactions at different prices, since buyers offer with positive probability both
ril =t and rf < M.

Realizing that several different price offers must be made at each date is key to
understanding the structure of equilibrium when frictions are small:

Suppose, for example, that all buyers made negligible offers at date ¢, i.e., 1—pf —
pl = 1. Let t’ be the first date following ¢ where a buyer makes a non-negligible price
offer. Since there is no trade between ¢’ and ¢, then the distribution of qualities is the
same at ¢’ and ¢, i.e., ¢ff = ¢l. Thus, an impatient buyer is better off by offering at
date t the price she offers at t', which implies that negligible prices are suboptimal at
t. Hence 1 — pff — pl < 1.

Suppose instead that all buyers offer the high price 77 = ¢I at some date t, i.e.,

Hand above

pH = 1. Then the reservation price of low-quality sellers will be near c
u®, prior to t. Hence a low price offer (which if accepted buys a unit of low quality,
whose value is u”) is suboptimal prior to ¢. But if only high and negligible offers are
made prior to ¢, then ¢ = ¢, and a high price offer is suboptimal at ¢ since ¢ < q.
Hence pff < 1.

Finally, suppose that all buyers offer the low price rl at some date t < T, i.e.,
pE = 1. Then all matched low quality sellers trade, and hence o near one implies
¢ty > ¢*, and therefore ¢f > ¢*. But ¢/ > ¢* implies that r# = ¢ is the only
optimal price offer at date 7', which contradicts that p < 1. Hence pf < 1.

Since the expected utility of a random unit supplied at date 1 is less than ¢ by
assumption, then high price offers are suboptimal at date 1; i.e., pif = 0. At date
T the sellers’ reservation prices are equal to their costs. Hence a buyer obtains a
positive payoff by offering the low price. Since a buyer who does not trade obtains
zero, then negligible price offers are suboptimal at date T, i.e., pZ + pk = 1.

More involved arguments establish that all three types of price offers — high,
low, and negligible — are made in every date except the first and last (i.e., p > 0,
pl>0,and 1 — pff — pF > 0fort € {2,...,T —1}). Identifying the probabilities of
the different price offers is delicate: Their past values determine the current market

composition, and their future values determine the sellers’ reservation prices. In

12



equilibrium, the market composition and the sellers’ reservation prices make buyers
indifferent between all three price offers at each intermediate date. In the proof of
Lemma 3 in the Appendix we derive closed form expressions for these probabilities.
Proposition 3 below shows that the surplus generated by a decentralized market
equilibrium is greater than the (static) competitive equilibrium surplus. Of course,
an implication of adverse selection in our setting is that the competitive equilibrium
is inefficient since only low quality units trade. Units of both qualities trade in the
DE, although with delay. The loss that results from delay in trading low quality units
is more than offset by the gains realized from trade of high quality units. (In the next

section we study the outcomes of dynamic competitive equilibria.)

Proposition 3. In the equilibrium described in Proposition 2 the traders’ payoffs
are VH =0,

VE=(1-6"a(l-9) (u*—c"),
and

‘/'1B — (STilOZ(]_ _q) (U,L—CL),

and the surplus s

SPE = [¢" + 6" ag” (1 —q)] (u* = ") > 8.

Thus, the payoff to buyers (low quality sellers) is above (below) their competitive
payoff, and decreases (increases) with T and increases (decreases) with § and o.
Also, the surplus is above the competitive surplus, and decreases with T and increases

with 0 and «.

The comparative statics for buyer payoff are intuitive: In equilibrium negligible
price offers are optimal for buyers at every date except the last. In other words,
only at the last date does a buyer capture any gains to trade. Hence buyer payoft is
increasing in a.. Also decreasing T or increasing in ¢ reduces delay costs and therefore
increases buyer payoff. Low quality sellers capture surplus whenever high price offers
are made, i.e., at every date except the first. The probability of a high price offer
decreases with both o and ¢, and thus their surplus also decreases.

Surplus is increasing in ¢ and «, and it is decreasing in 7. Thus shortening the
horizon over which the market operates is advantageous. Indeed, surplus is maximized

when T = 2.

13



Proposition 4 below identifies the probabilities of high, low, and negligible price
offers as frictions vanish. A remarkable feature of equilibrium is that at every in-
termediate date all price offers are negligible; that is, all trade concentrates at the
first and last date. Thus, the market freezes, and both qualities become completely
illiquid. And since the market is active for only two dates (the first and the last),
not surprisingly the equilibrium is independent of 7" (so long as it is at least two and

finite).

Proposition 4. If T'> 1, as « and d approach one the probabilities of price offers
approach (p™,p") given by

(4.1)bf’=0<i)52%<1-
q—qq
(4.2) p =pk=pf =0for 1 <t <T.

Ao, L L
~ qguu— — ¢ ~ ~

Hence trade concentrates in the first and last dates. Moreover, the payoff to buyers

remains above their competitive payoff and approaches
VB:(l—Q) (uL—cL),
the payoff to low quality sellers remains below their competitive payoff and approaches
VL:qA(uL_CL)7
and the surplus remains above the competitive surplus and approaches
57 = [g* + " (1 ] (o~ ),
independently of T.

We consider now decentralized markets that open for infinitely many periods, i.e.,
such that T = oo. In these markets, given a strategy distribution (\, 7%, rL) one cal-
culates the sequence of traders’ expected utilities by solving a dynamic optimization
problem. The definition of decentralized market equilibrium, however, remains the

same.

14



Proposition 5 identifies a DE when frictions are small. This equilibrium is the
limit, as T" approaches infinity, of the equilibrium described in Proposition 2. Al-
though there are multiple equilibria when T' = oo,! this limiting equilibrium is a
natural selection since for every finite 7' the DE identified in Proposition 2 is the

unique equilibrium for sufficiently large o and ¢.

Proposition 5. If T = oo and frictions are small, then the limit of the sequence of

the DE identified in Proposition 2, which is given by

(5.1) rit =t rl =l for all t,

= H
q—dq
5.2) p =0, pt = ———— d
( )pl >p1 a<1_qH)q_7 an
1_5 L __ L

da cf —ul
is a DE. In this equilibrium the traders’ payoffs are V.2 =V =0 and Vit = ul —ct,

and the surplus s

SODOE — qL(uL . CL) — S,

independently of the values of o and 6.

In equilibrium all units trade eventually. At the first date only some matched low
quality seller trade. At subsequent dates, matched sellers of both types trade with
the same constant probability. The traders’ payoffs are competitive independently of
a and ¢ and hence so is the surplus. This holds even if frictions are non-negligible,
provided they are sufficiently small.?

The examples in Table 1 illustrate our results for a market with v = 1, ¢ = .6,
ul = 4, ¢ = 2, and ¢¥ = 2. It is easy to verify that frictions are small (i.e.,
both SF.1 and SF.2 hold) for these examples, although the sufficient condition in

Proposition 2 for uniqueness does not hold when § = o = .9. When the market is of

finite duration (e.g., T' = 10) buyers make low and negligible offers at the market open,

4For example, there are DE similar to the one identified in Proposition 5, except that there in

no trade in a single period.
°In a market with stationary entry, Moreno and Wooders (2010)’s show that the surplus are com-

petitive as frictions vanish, but are above the competitive surplus when frictions are non-negligible.
In a continuous time version of the same model, Kim (2011) finds the surplus to be competitive even

if frictions are non-negligible.
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they make high and low price offers at the market close, and they primarily make
negligible price offers at intermediate dates. As frictions vanish, the market freezes
at intermediate dates as all price offers are negligible. The surplus realized with
decentralized trading exceeds the static competitive surplus (of ¢%(ul — cl) = .16),
and it is does so even in the limit as frictions vanish. Even as frictions vanish, not all
units trade.

In contrast, when the market is open indefinitely, then decentralized trading yields
exactly the competitive surplus independently of the magnitude of frictions, so long
as they are small. At the market open, only low and negligible price offers are made;
at every subsequent date only high and negligible price offers are made, although
most offers are negligible. As § approaches one, the probability of a high price offer
approaches zero (the market freezes). However, so long as § is less then one, the
probability of trading at each date is positive and constant, and thus all units trade

eventually.’

When T = oo and § approaches one, then the expected delay for a high quality seller before he
trades approaches infinity. Nonetheless, the gains to trade realized by trading high quality units is

asymptotically positive since the players are becoming perfectly patient.
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© o0 N O Ot k= W NN =+

3T e

SDE

T =10 T =00
d=a=.9 d=a=1 d=a=.9 =a=.99
pil pr Pt pr pi! pr pil pr

0.0000 0.6908 | 0.0000 0.7500 | 0.0000 0.5556 | 0.0000 0.5051

0.1034 0.0296 0.0000 | 0.1235 0.0000 | 0.0102 0.0000

0.1016 0.0327 ] 0.1235 0.0000 | 0.0102 0.0000

0.0996 0.0362

0.0975  0.0400

0.0953  0.0442

0.0930 0.0488

0.0905 0.0540

0.0879 0.1219 | 0.0000 0.0000

0.3673 0.6327 | 0.2500 0.7500
0.1651 0.1000 0.2000 0.2000
0.0349 0.1000 0.0000 0.0000
0.1670 0.1800 0.1600 0.1600

Figure 2 below shows the evolution of the market composition for several different

specifications of market frictions when T = 10.

It illustrates several features of

equilibrium: (i) high quality trades more slowly as frictions are smaller, (ii) low

quality initially trades more slowly as frictions are smaller, but the total measure of

high quality that trades by the market close are larger as frictions are smaller, (iii) the

fraction of sellers in the market of high quality increases more quickly when frictions

are smaller but equals .5 at the market close, regardless of the level of frictions.

Figure 2 goes here.

5 A Dynamic Competitive Market for Lemons

In this section we consider a competitive market that opens for T" consecutive periods,

and as in Section 3 we assume that agents discount utility at a common rate 6 € (0, 1].
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The supply and demand schedules are defined as follows. Let p = (p1,...,pr) € RJTF
be a sequence of prices. The gains to trade to sellers of quality 7 € {H, L} is

v (p) = teg{éfT}{O, 6" (pr — )},

where 5t_1(pt — ¢7) is the gain to trade to a 7-quality seller who supplies at ¢, and
zero is the utility of not trading. The supply of 7-quality good, S7(p), is the set of

sequences s = (7, ..., s) € RY satisfying:

T
(S.1) Zt_l st <4q,

(S.2) s7 > 0 implies 6" ' (p; — ¢”) = v7(p), and
T

(5.3) <Zt:1 sy — qT> v (p) = 0.

Condition S.1 requires that no more of good 7 than is available, ¢7, is supplied.
Condition 5.2 requires that supply is positive only in periods where it is optimal to
supply. Condition S.3 requires that supply be equal to the total amount available,
q7, if the gain to trade for a T-quality seller is positive (i.e., when v (p) > 0).

Denote by u; € [u”, uf] the expected value to buyers of a unit drawn at random
from those supplied at date t. If u = (uq,...,ur) is a sequence of buyers’ expected
values, then the gains to trade to a buyer is

B t—1
— 0.6 -
v” (p, u) te%,?.’}}{ L0 (u —po)

where 6! (u, — p;) is the gain to trade to a buyer who demands a unit of the good
at ¢, and zero is the utility to not trading. The market demand, D(p,u), is the set of
sequences d = (dy, ...,dr) € RY satisfying:

T
(D.1) thl dy <1,

(D.2) dy > 0 implies 6" *(u, — p;) = vP(p, u), and

(D.3) (Zil 4, —1) 05 (p,u) =0,

Condition D.1 requires that the total demand of good does not exceed the measure
of buyers, which we normalized to one. Condition D.2 requires that demand be
positive only at dates where buying is optimal. Condition D.3 requires that demand
be equal to the measure of buyers when buyers have positive gains to trade (i.e., when

vB(p,u) > 0).
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With this notation in hand we introduce a notion of dynamic competitive equi-
librium along the lines in the literature — see e.g., Wooders (1998), Janssen and Roy

(2004), and Moreno and Wooders (2001).

A dynamic competitive equilibrium (CE) is a profile (p, u, s?, s¥, d) such that s €
SH(p), st € SE(p), and d € D(p,u), and for each t € {1,...,T}:

(CEQ) s + sf = d;, and

uHsf{ + uLstL

(CE.2) sl + sk =d; > 0 implies u; = ST st

Condition C'E.1 requires that the market clear at each date, and condition C'E.2
requires that the expectations described by the vector u are correct whenever there is
trade. For a market that opens for a single date (i.e., if 7" = 1), our definition reduces

to Akerlof’s.

The surplus generated in a CE, (p,u, s™, s, d), may be calculated as

SF =" > s - ). (3)

Te{H,L} t=1

As our next proposition shows, there a CE where all low quality units trade at
date 1 at the price u”, and none of the high quality units trade. Every CE has these

properties if traders are sufficiently patient.

Proposition 6. There is a CE in which all low quality units trade immediately at
the price u* and none of the high quality units trade, e.g., (p,u,s?,s* d) given by
pe=us = ul forall t, st =dy =q", and st =s! =sk =d;, =0 fort>11isa
CE. In these equilibria the traders’ gains to trade to low quality sellers is u” — c, the

gains to trade to high quality sellers and buyers is zero, and the surplus is

SCE _ qL(uL . CL) =39,
Moreover, if 67 (¢! — ) > ul — ¢, then every CE has these properties.

The intuition for why high quality does not trade when traders are patient is clear:
If high quality were to trade at ¢+ < T', then p, must be at least ¢Z. Hence the gains
to trade to low quality sellers is at least 0”7 (¢! — &) > u* — ¢* > 0, and therefore

L

all low quality sellers trade at prices greater than u’. But at a price p € (ul, c?)
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only low quality sellers supply, and therefore the demand is zero. Hence all trade
is at prices of at least c. Since u(¢”) < ¢¥ by assumption, and all low quality is
supplied, there must be a date at which there is trade and the expected utility of a
random unit supplied is below c¢. This contradicts that there is demand at such a
date. Given that there is not trade of high quality, the low quality sellers are the
short side of the market and therefore capture the entire surplus, i.e., the price is u”.

Proposition 7 below establishes that if traders are sufficiently impatient, then
there are dynamic competitive equilibria where high quality trades. Thus, the market

eventually recovers from adverse selection, e.g., in long-lived competitive markets the

adverse selection problem is less severe.

Proposition 7. If 67 (uH — CL) < ut — c, then there are CE in which all units

trade.

The inequality of Proposition 7 holds for any discount factor when the market
remains open for infinitely many periods. In this case, there are dynamic competitive
equilibria where all qualities trade. Our constructions in the proof of Proposition
7 suggest the high quality may have to trade with an increasingly long delay as the
discount factor approaches one. Thus, the question arises whether the surplus realized
from trading high quality units is positive, and how large it is, as ¢ approaches one.

Proposition 8 provides an answer to these questions.

Proposition 8. If T = oo, then as § approaches one the mazximum surplus that can
be realized in a CE, SCE, is at least the surplus that can be realized in a DE, and is

greater that the competitive surplus, i.e.,

SCE > GPE ~. G,

Even though high quality units trade with an increasingly long delay as ¢ ap-
proaches one, there are competitive equilibria that realize a surplus above the static
competitive surplus S. Interestingly, as frictions vanish a market that opens for an
infinite number of periods has dynamic competitive equilibria that generate the same
surplus as that of a decentralized market that opens for finitely many periods. In
contrast, the CE of a market that opens for finitely many periods generates the static

competitive surplus for discount factors sufficiently close to one.
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6 Discussion

As propositions 1 to 7 show, the performance of dynamic market for lemons differs
depending on the horizon over which they remain open and on the market infrastruc-
ture. When friction are small, a decentralized market that operates over a finite
horizon is able to recover partially from adverse selection: some high quality units
and most low quality units trade, and the surplus is above the static competitive sur-
plus. As friction vanish some high quality units continue to trade, and all low quality
units trade, although some of these units trade with delay. Interestingly, trade tends
to concentrate in the first and last date, and the traders payoffs and surplus does not
depend on the market duration; i.e., the surplus and payoffs are the same whether
the market opens for just two periods, or a large but finite number of periods, as
in the intermediate periods buyers make negligible price offers; the waiting time is
necessary for low quality sellers to have a reservation price sufficiently low.
Dynamic competitive (centralized) markets that open for a finite number of peri-
ods do not perform well when frictions are small as in equilibrium only low quality
trades — the equilibrium outcomes of these markets are the same as those of a static
competitive market. Dynamic competitive markets that open for an infinite num-
ber of periods, however, have more efficient equilibria where all low quality units and
some high quality units trade, and the surplus is above the static competitive surplus.
It is remarkable that the surplus realized in the most efficient dynamic compet-
itive equilibrium of a market that open for infinitely many periods is the same as
that generated in a decentralized market that open for finitely many periods. Thus,
as friction vanish (i.e., as o and § approach one) an infinitely (finitely) lived central-
ized markets generates the same surplus as a finitely (infinitely) lived decentralized

markets. Table 2 below summarizes these results.

g SfDE SCE
T <oo| [¢"+¢"(1—-q)] (@" - q"(u" — ")
T = o0 q"(u” — ") [¢" +¢" (1= )] (u* —c")

Table 2: Surplus as friction vanish.

It is worth noting that neither a decentralized market, nor a dynamic competi-

tive market is able to yield the surplus that may be realized by a (static) efficient
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mechanism (i.e., a mechanism that maximizes the surplus over all incentive compat-
ible and individually rational mechanisms). In our context, a mechanism is defined
by a collection [(pf, z1), (p%, 2*)], specifying for each quality report 7 € {H, L} a
money transfer from the buyer to the seller, p” € R, and a probability that the
seller transfers the good to the buyer, 2z € [0,1].7

An efficient mechanism is a solution to the problem

max  ¢"2H(ut — )+ ¢t (uh - h)
(p,2)€R3 x[0,1]2

subject to
pr—27c¢ >p? — 27 for each 7,0 € {H, L}, (I1C.T1)
qHZHUH + quLuL o (quH 4 quL) > O, (IRB)
p" —z"c¢” >0 for each T € {H, L}. (IR.T)

The constraint /C.7 guarantees that the mechanism is incentive compatible, i.e., it
is optimal for a type 7 seller to report his type truthfully. The constraints IR.B
and [ R.7 guarantee that participating in the mechanism is individually rational for
buyers and sellers; i.e., that no trader obtains a negative expected payoff.

It is straightforward to show that the efficient mechanism satisfies 2z’ = 1 > 27 =
g (ut — b)) (= b — ¢ (u” — b)), and generates a surplus of

u” —c
G — gL(yl — oL q

T L q"(u* — cb).

Obviously, S* > ¢%(ul — c), since ¢?u'” + (1 — ¢)c? < u(q”) < ¢ by assumption.
By Proposition 2 the surplus in a decentralized market increases with a and 9.

Hence using the limiting surplus provided in Proposition 3 we have

g* _ GPE - gx _ GDE
qH(uH . CH)Z(UL . CL)
(' = ") (e = (1= g")e" — g"u™)
> 0.

"By the Revelation Principle, we can restrict attention to “direct” mechanisms. Also note that

there is no need for buyers to report to the mechanism since they have no private information.
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Hence, a decentralized market is not able to generate the surplus of a static efficient
mechanism.®
As for the relation between the surplus generated in a long lived competitive

market and that a the static efficient mechanism, we have
S*— S9F > gr - §OF = gr _ GPE

Figure 2 below provides graphs of the mappings S*, S and S?77?
Discuss: For markets for lemons with stationary entry, Janssen and Roy (2002

and 20007) ...have shown that the only stationary dynamic competitive equilibrium

9

is the repetition of the static competitive equilibrium.” Thus, time alone does not

explain the difference in surplus realized under centralized and decentralized trade.

Discuss: Camargo and Lester

7 Appendix: Proofs
We begin by establishing a number of lemmas.

Lemma 1. Assume that T > 1, and let (\, v rl) be a DE. Then for each t €
{1,...,T}:
L1.1) M(max{rf rI}) =

L1.2) ¢f >0 forTe€ {H,L}.

(
(
(L13) rf = > VE>0=VH, and VI < a(c? — ).
(L14) gfty > qf".

(L15) M(cf) = 1.

(L1.6) M\i(p) = \e(rL) for all p € [rL, ).

(L1.7) Mo = 1.

8Gale (1996) studies the properties of the competitive equilibria of markets with adverse selection
where agents exchange contracts specifying a price and a probability of trade, and shows that even

with a complete contract structure, equilibria are not typically incentive-efficient.
9They also find non-stationary equilibria, however, where all qualities trade although with delay.

The authors do not evaluate the surplus realized at these equilibria — they focus on the issue of price

volatility.
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(L1.8) If A\l =\, then q,, = q],, for 7 € {H,L}.
Proof: Lett € {1,...,T}.

We prove L1.1. Write p = max{r’,rF}, and suppose that X\;(p) < 1. Then there
is p > p in the support of \;. Since I(p,r]) = I(p,r]) =1 for 7 € {H, L}, we have

VP = a > qIm)w —p)+ [L—a > qImr])| oV

Te{H,L} Te{H,L}
— a0 Y G -p)+(1—a)ovE

Te{H,L}
> a Y g —p)+(1-a)iVF

T7e{H,L}

= a Y Gl —p)+ |1—a Y qlpr])| 6V

Te{H,L} Te{H,L}
which contradicts DE.B.
We prove L1.2 by induction: Let 7 € {H, L}. We have ¢] = ¢” > 0. Assume that
qi > 0 for some k > 1; qf,, > 0. Since o € (0,1), we have (1 — aA})gj > 0. Hence

Qg = > 0.
k+1 q£+q£

We prove L1.3 by induction. Because Vi, , = 0 for 7 € {B, H, L}, then DE.H
and DFE.L imply

i =M+ oV = > =k =+ 5V
Hence A\r(cf) =1 by L1.1, and therefore V¥ = 0 and V} < a(cf? — ). Moreover,
0<qgk (uL — cL) < V2. Assume that L1.3 holds for k¥ < T'; we show that it holds for
k —1. Since V¥ =0, DE.H implies r{l | = ¢ + VT = . Since V}F' = a(c? — cF),
then DE.L implies rF | = ¢ + 6Vl < (1 — da)cl + dact! < cH. Hence A (cf?) = 1
by L1.1, and therefore V2, = 0 and V2| < a(cf —cb). Also VB, > 0V,Z > 0.

In order to prove L1.4, note that L1.2 implies )\f < )\tL . Hence

H (1_0‘/\5)‘15 S H
e = T g+ (1—anf) f — %

As for L1.5, it is a direct implication of L1.1 and L1.2.
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We prove L1.6. Suppose that \;(p) > A\ (rl) for some p € (rf,rf1). Then there is
p in the support of \; such that 7 < p < rZ. Since I(p,rf) =1 and I(p,rf) = 0, we

have

VP 2 a Y qtal)w = b+ [1—a Y qIrho) | ovE,
re{H,L} Te{H,L}

= ath (uL — rf) + (1 — ath) 5V£1

> ozth (uL —]3) + (1 - ozth) 5thl

= a Y gl —p+ |1—a > ql(pr)| Vi,
Te{H,L} Te{H,L}
which contradicts DE.B.
We prove /\é = 1. Suppose by way of contradiction that /\é < 1. Then there is
p < c* in the support of Ar. Since I(p,r) = 0, and VZ, = 0, we have Vp(p) = 0.
However, Vr(c) = ¢k (u* — ¢*) > 0 by L1.3, which contradicts DE.B.
We prove L1.8. We have Hence \! = /\f] implies

i = (1—aX)qf __ % _.o0
t+1 = = =q.
-+ (A -aN) gk o +af

Proof of Proposition 1. Follows from lemmas L1.3, L1.5 and L1.6 above. [J

As argued above, L1.5 and L1.6 imply that in a market equilibrium the only

price offers that may be made with positive probability each date t are ¢, rL, and

prices below 7. Therefore the distribution of transaction prices is determined by the
probabilities of offering these prices, given by pff = X\, pf = AL — A\ and 1—pf —pF,
respectively. Lemma 2 establishes some properties that these probabilities have in a
DE.
Lemma 2. Assume that T > 1, and let (p™, p* r¥ rL) be a DE. Then:

(L2.1) plt + pk =1.

(L2.2) pif + pF >0 for each t € {1,...,T}.

(L2.3) pif =0 < ph.
Proof: Since pi 4 pk = A}, then L2.1 follows from L1.7.
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We proof L2.2. Since p + pk =1 > 0 by L2.1, let k¥ < T be the largest date
such that pff + pr = 0 and pf’, + pfy > 0. Then ¢, = ¢j, for 7 € {H,L}. If

pil; > 0, then offering /| is optimal, i.e.,
V/fu = O‘(Q/iWH + QI€+1UL - CH) +(1-a) 5V£2~

Moreover, we have

H H, L .L _H B
Qo1 W+ Qru” — >0V,

for otherwise the payoff to offering a price less than 7}, ; dominates offering of ¢".
Hence

B H H L L H
Vi < @u” + glqu” — .

But then

H_H L L H H _H L L H B B
QG u” Fqiut — ¢t = qu Fqaut —ct > Vi >0V,

and therefore making a negligible price offer at k£ is not optimal, contrary to the
assumption that pff + pF = 0 (i.e., that all buyers’ price offers are rejected). Hence
pil; =0, and thus pf; > 0. Since V;% > 0, then r,; > 7. The payoff to offering
ri at period k is

gr OViy + g (u” — ) < 0V
where the inequality follows since negligible price offers are optimal at date k. Since

1~ gff = g}, then

L L B

Now since pf,; > 0, i.e., price offers of rf,, are optimal at date k + 1, we have
L (L L H s1/B B
T (W = 1i41) + Ga0Viie = 0Vids.

Hence

B L L
5Vk+2 < Ut =T,

Also
B L L L L B L L
Vi = aqurl(u - Tk+1) + (1 - aqk+1) OVjio Su” =1
Summing up

L L B B L L .
u’ =1y S0Vii, < Vg Sut -1y
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ie., rf, < rg, which is a contradiction.

We prove L2.3. Since ¢ff = ¢ < ¢ by assumption, we have

H

g +glut - < 0

(by L1.3) < 6&V;5.
Hence offering ¢ is not optimal; i.e., pif = 0. Therefore p* > 0 by L1.2.00

Lemma 3. If T > 1 and frictions are small, then the properties (2.1), (2.2) and
(2.3) of Proposition 2 uniquely determine a DE. In this equilibrium the payoffs and

surplus are those given in Proposition 3.

Proof. Properties (2.1), (2.2) and (2.3) together with the equilibrium conditions
provide a system of equations that DE must satisfy. We show that this system has
a unique solution, which we calculate. This solution provides the strategy distri-
bution, (pf, pl, 7, rk), as well as the sequences of traders’ expected utilities, and
the sequences of stocks and fractions of sellers of each type. We then calculate the

surplus.

Since p2 > 0 and p% > 0, then
(1 - gk — cF) = gifu® + (1 — gffyuk - o*,
Hence ¢! = ¢, and the buyers’ expected utility at T is
VE =a(l —q§)(u —c").

Since 1 — pff — pf > 0 for all t < T by (2.2), then V;? = 6V,Z, for t < T, and
therefore
VP =6""al-q) (u" =) (4)

for all ¢.
Since pf > 0 and pL > 0 for 1 <t < T by (2.2), then

g (u =) + (1= g¢") (u" = ) = 0V;3,.

Hence




for 1 <t <T, and ¢ff = ¢ by L4.3.
Since pF > 0 and 1 — pff — pF' > 0 for t < T by (2.2), then

agf (u* —rf) + (1= agf)oVi, =6V,
i.e.,
VB, =ut -k
Hence for ¢ < T we have
b=t = (- gt~ ), (6)

L _ L
and rp = c”.

Since rf — ¢ = V4, for all t by DE.L, then
ul —cF ="l - §)(ut — ) =6V,
Reindexing we get

I ul — c* T—t N[, L L
V= S =6 a1 - g = o), (7)

for ¢ > 1. And since pif =0 by (2.1), then

VE =6V =(1-6""a(1-4) (u"—c"). (8)
Again since 17 — ¢ = §V;%, for all ¢, then the expected utility of a low-quality
seller is
VE = apl (e — )+ (1 apl )WL,
ie.,

VE— 0VE, = apft (e — b~ V),
Using equation (7), then for 1 < ¢ < T we have

1—9
V;L — 5‘/;5_1 = (T) (UL — CL) .

Hence
1-9¢
(T) (u* = ") = ap (" =+ = 6V5).

Solving for pi’ yields

1—-9 ul — b

H
== 9
P da cff —yl + 5" a1 — §)(ul — ck) ©)
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for 1 < ¢ < T. Recall that pff = 0. Clearly pf’ > 0. Further, since do (c? — ut) >

ul — ¢, then L
<(1-¢)————<1.
pt ( >5O{(CH—UL)

Since low pk | > 0and 1 — p& | — pH | > 0 by (2.2), then u* —rk | = §VF.
Hence
VE = (e - o)
implies

Sa(l — @) (u* — ") = uf — b — Sapl (c? — ).

Solving for pif yields

L_ L N L_ L
g u"—c"—=oa(l —q)(u”—c") o (ut =)
— —(1-ba(l—q) L~ (0
Pr 5a(cH—cL) ( Oé( q>>50!(CH—CL) ( )
Since 0 <1 —da (1 —¢) < 1, and da (¢ — cF) > (ul — cF), then 0 < p# < 1.
Finally, we compute pF. For each t € {1,...,T — 1}, we have
gl = (1 —ap/ g/ _
T (- apfNat' + (1 alpf + pff))at
Solving for p* we obtain
H _ _H
ol = (1 ap/) (11)

for t < T. Since 1 > ¢/t > ¢/ and p{’ < 1, then pf > 0. And since § (¢ — u*) >

dov (¢ —uF) > ul — ¢, then

ul —
m<5<1,
and -
u® —c
Using (5), for ¢t > 1 we have
dh—d -0 - Yt - ) ( ull = ut )
agfy (1 —¢f!) cH —ul + 57 a1 — §)(ul — L) \uf — c — 57 a(1 — §)(ul — ck)
(1—§)(ul -t ufl —ul
< (1-9) 12( L ) H _ H N(ul — oL
cH—u ufl —cl — (1 — §)(ul — cF)
ul — b
- (1_5)CH_UL
< 1.
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Hence pF < 1. Since

L_ L H H
N U —=C q q
a(l—-¢)>1-(1-1—-§) ———— >1-—
@)1 (100 5 ) i
by SF.2, using (5) again and noticing that pf7 = 0, and ¢¥f < ¢ as shown above we
have
L4 —q" % —q" % —q"

< = < 1.
Gla(l—q") g (1 _ %) gl _QH%

P1 =

Finally, p% + p# = 1 implies

UL—CL

L H .
=1- =1—-——(1—-Ya(1l - . 12
Pt Pr Sav (CH _ UL) ( Oé( Q)) ( )
Since 0 < p < 1 as shown above, we have 0 < pk < 1.
Using equations (4) and (8), noticing that ¢ + ¢* = 1, we can calculate the
surplus as

S=[¢"+0""ag" (1-q)] (u*—c"). O (13)

Recall ¢" < q by assumption, and note that our assumptions § < § < 1. Lemmas
4 and 5 establish properties that DE has when frictions are small and traders are

patient.

Lemma 4. Assume that T > 1 and frictions are small, and let (p, p*, v rL) be a

market equilibrium. If 57 ‘o (CH — cL) > ul —cl) then for all t € {1,...,T}:

Proof: We prove L4.1. Assume that pff = 1 for some ¢t. Then V;F = a(cff — cF) +
(1 — ) 6V;k,. Since

0 ey (CH — CL) > 5T 1y (CH - CL) >yt — el
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we have

rk=cl 1 oVE >4 87E S Euk — =t

and therefore offering r at date 1 is suboptimal, contradicting that p¥ > 0 (L2.3).
Hence pff < 1.

We prove L4.2. We first show that pf < 1 for t < T. Assume that pF = 1 for some
t<T. By SF.1,6 (" —c") > da(cf — ) > ub — ¢¥; hence ¢ < 1 implies

UL—CL

0<1—-(1—-§) ———~<1
Since
Sla(1=q¢")g—q+q"] (" =c") > ¢" (1—-q) (u" —c")
by SF.2, then
"+ (1-a)1—-¢") = 1-a(l-4¢")
ul — ok "
< 1—-(1—4q
(-0 5y)
H
< qA.
q
Therefore
H H
H q; q .
ar 2 Qi1 = > >
=i gl (1—a)gk — ¢+ (1—a)(1 —gH)
Hence

> guft + (1 —¢)ul -
> (1-q)(u"—c")
> qp(ut —cb),
i.e., offering rk = ¢l at date T is not optimal. Hence p% = 0, and therefore pZ = 1
by L2.1, which contradicts L4.1. Hence pf < 1 for all t < T.

We show that pk < 1. Assume that pk = 1. Then ¢¥ < ¢ (since otherwise an offer
of vk is suboptimal), V¥ = 0 and V? = agk (uL — CL) . Hence r%_, = ¢l by DE.L,

and the payoff to offering at date 7' — 1 a price below c* is

SVE = dagh(u® — c*).
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Hence
q%fl(uL — cL) + q¥,1(5VTB — 5‘/75 = q%fl(uL — cL) (1 — 504(]%) > 0,

i.e., the payoff to offering ¢’ at date T'— 1 is greater than that of offering less than
cl. Therefore p% |, + pif | = 1. Since ¢ff | < ¢ff by L1.4 and ¢ < g, then the payoff

to offering ¢ at T — 1 is

gru +gr_ut = < gfu® 4 grut —
< gp(ut —ch)
< Q%—1<UL - CL)
< g (ut =)+ qfl 0V,

where the last term is the payoff to offering c* at T'— 1. Hence pf | = 0, and therefore
p%_, =1, which contradicts that p%_, < 1 as shown above. Hence p% < 1.

We prove L4.3. We have pff < 1 by L4.1, and therefore L2.1 implies p% > 0. Since
pk < 1 by L4.2, then p2 > 0 by L2.1. Now, since both high price offers and low price

offers are optimal at date T, and reservation prices are 7 = ¢ and r = ¢, we have
gru' + grut — = gp(u® = cb),
ie.,
gru’ + (1 =g )ut = = (1 —qf)(u" — ).

Hence

H L

i
We prove L4.4 by induction. By L4.3, VF = apif (¢ —cF) > 0. Assume that
VL, > 0 for some k < T. Since rf — ¢c* = 6ViE | by DE.L, then we have
Vi = a(p (" =) +pp (=) + (L= a (o + 1)) 0Vl
= apf! (cH - CL) +(1- apkH) SVik,
> 0.
We prove L4.5. Suppose by way of contradiction that p = 0 for some ¢. Since

p% > 0 by L4.3, then t < T. Also pL = 0 implies pf > 0 by L2.2. Since pf < 1 by

L4.1, then buyers are indifferent at date ¢ between offering ¢ or less than rZ i.e.,
!+ ghut — o = VB, < VB,

32



We show that pff, = 0. Suppose that pf; > 0; then
Vii=a (¢ + ¢t — )+ (1—a)oVh,.

Hence

g/l u + gfut — M < a(gffju + gl ut — M) + (1 - a)dVh,

But p; = 0 implies ¢/1, = ¢/, and therefore
gipau’ + ghut =t < oVE,,

L.e., offering ¢ yields a payoff smaller than offering less than rf, ;, which contradicts
that p/f, > 0.
Since pft; = 0, then DE.L implies

Vi = api (i — ") + (1 —apiy) 0V,
- 5%&27

and since V%, > 0 by L4.4, hence V%, > 0, and therefore DE.L implies
ry =c w0V =+ VL <P oV, =i

We show that these facts: pfl, = 0 < pf; < 1 and r{ < rf, are incompatible,

thereby proving that pl > 0.
The payoff to offering " at period ¢ is

0" 0Viii +a (u” —ry) < 0V,

where the inequality follows since negligible price offers are optimal (because pf =

0 < pf < 1). Noticing that ¢ff =1 — ¢l, this inequality becomes
ut —rp <SVE.
Since 0 < ,otLJrl < 1, i.e., price offers of rf; and of less than rtLH are optimal, we have
‘451 = O‘%:L+1(UL - 73{11) + (1 - ath—i-l) 5%52 = 5‘/1552-

Hence

B _,L_ L
Vi =u" =7
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Summing up

L L B B L L .
u” —ry <OV < VI =ut—rdg;

Le., rf > rf,, which contradicts rF < rf,,.

We prove L4.6. Since VX > 0, and r — ¢* = §V}4, by DE.L, we have

Vil = a(pl (¢ =) o (e =)+ (L=a (o + 1)) OV

> ozpf (CH — cL).

Since pf > 0 by L4.5 (i.e., price offers of vl are optimal), and V,® > 0 by L1.2, then

ul > rk. Hence
ut —ct >l - =6Vh > dap/ (cH — cL) ,

i.e.,
ul — ct

H
———. 0O
Pt = 5a (cH —ul)

Lemma 5. Assume that T > 1 and frictions are small, and let (pf, pX, v rL) be a
market equilibrium. If 6" ‘o (¢t —cF) > ul — ¢, then pfl, > 0 and pF + pff < 1

forall t € {1,....,T —1}.

Proof: Let t € {1,...,T — 1}. We proceed by showing that (i) pf > 0 implies
pt + pff < 1, and that (ii) pf + p/' < 1 implies p;L; > 0. Then Lemma 5 follows
by induction: Since p = 0 by L2.3 and p¥ < 1 by L4.2, then p + pF < 1, and
therefore pi > 0 by (ii). Assume that the claim holds for k € {1,...,T — 1}; we show
that pi’; + pr.q < 1 and pfl, > 0. Since pfl; > 0, then pfl, | + pk,; < 1 by (i), and
therefore pfl,, > 0 by (ii).

We establish (i), i.e., pff > 0 implies p* + pF < 1. Suppose not; let ¢ < T be the
first date such that pf > 0 and pF + pf = 1. Since pF + pff =1 (i.e., all low quality
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seller who are matched trade) and ¢f7 > ¢ = ¢¥ by L1.4, then L4.6 implies

(1 —apf’) ¢ff
(I—apf) g+ (1 —a)qf

ul — oL
L= 5=y ) 4
d(cH —ul)
~ ul — ck - .
<1—m>% + (1= a)g
L_ L
1_L q?
d(cH —ul)

’ (1—%&%(1—@@—@

H
411

9

where the first and second inequality hold since qﬁrl is decreasing in pf’ and increasing

in ¢/ (and ¢” > ¢/'). Since
0la(1=q")q=q+q"] (" = ") > ¢" (1= 4) (u" =)

by SF.2, then we have

<1—5<0H—__UL>)(]H+(1—04)(1—QH) = —5(CH—__UL)QH+1—C¥(1—QH)

L L
< —“—C)qH+1—(1—<1—(1—

d(cH —ub
g X ul — ok
g CE OV
L_ L
1_u g
d (cH —ul)

H ~

> = = s

Qi1 | uk — ok (]H q=4qr
0 (c? —ul)

Hence

A

q
which contradicts L1.4.

Next we prove (ii), i.e., pf + pf! < 1 implies p;’; > 0. Suppose not; let ¢ < T be
such that pf 4+ pf! <1 and pfl, = 0. Since pf > 0 by L4.5, then offers of 7 and of

less than r’ are optimal at date ¢, and we have
ut —rp =6 V;fil'

Since pf . = 0 we have
i1

Vtil = 5‘4{?2'
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Therefore L4.4 implies

rhy =+ 0V, =+ VE >+ ovE =0k

Since 0 < pfy, < 1 by L4.2 and L4.5, then offers of 7, and of less than /[, are
optimal at ¢ + 1, i.e.,

uk
7’t+1 = 5Vt+2=

and

Vi =0V,

Summing up

L B _ si/B _ L L
u _Tt 5Vt+1<vt+1—5vt+2—u — T

i.e.,

L L
Ty > T

which is a contradiction. J

Proof of propositions 2 and 3. (2.1) follows from L2.3 and L4.2. (2.2) follows
from L4.5 and Lemma 5. (2.3) follows from L2.1 and L4.3.777

Proof of Proposition 4. We have pi = lim, s .1 pif =0, and for 1 < t < T, using

(9) above we have

1—9§ L _ L
p = lim p = lim Tu_t ‘ - =0.
a,6—1 a5—>1 oo cH —yl 1§ a(l — q)(uL — cL)
Also (10) yields
L_ L
~H 7 H U —C
pro= lm pr ="
Since H L sT—t L_ L
_ STta(1 — 6 _

lim ¢ = lim ¢ uet (1 — g)(u ) =g,
a,0—1 a,0—1 ufH — yl

for ¢t > 1, then (11) yields

~L . L Qﬁl_Qf
for 1 <t <T. Also
»f = lim = (j_QH-
O i T

36



And (12) yields

ul — b

i = al,%rglpé =1- o — 't
Note that the limiting values (p, p*) form a sequence probability distributions, i.e.,
pi pE < 0and pf + pF < 1 forall t € {1,...,T}. (However, one can show that for
« = § = 1 there are multiple decentralized market equilibria.)
As for traders’ expected utilities, (4) implies

VE = lim 6" 'a (1 —q) (u" = ") = (1—4q) (u* = "),

a,0—1
(7) implies

VE = lim (1 — 6" (1 - Q)) (uL — cL) =q (uL — CL) ,

a,0—1

and ‘ZH = limg 51 V;H =0.
Finally, using (13) we get
S = l%m1 [¢" (" — ")+ "6 a1 = §)(u" — M) = [¢" +d" (1 - )] (" = ). O
Proof of Proposition 5. Assume that T' = oo, and frictions are small. We show
that the strategy distribution (pf, pf r# rl) given by rfl = c# rl = ul for all t,
i =0, .
pL _ q—q
al-gM)q
and pF = 0,

g 1—0ut—c"
P = oa cH — b

for t > 1 forms a decentralized market equilibrium.

Since ¢ > ¢, SF.2 implies

g
H
> 1-Z
q
H
> 1-9L
q

Then 0 < p} < 1. As da (¢ —ul) > ul — & by SF.1, we have 0 < p/f < 1 for all

t > 1 —recall that § < 1 by assumption. Since 7/ = ¢, rl' = u¥, then the expected
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utilities buyers and high quality sellers are V,? = V,l = 0. For ¢t > 1 low quality
sellers expected utility is V' = (uf — c¥)/§ . Then rfl = ¢# and rl' = u” satisfy
DE.H and DE.L, respectively. Using p and pl we have

qH

T+ (1= aph)(1 -7

@ =q.

And since p' = 0 for t > 1, then ¢/f = ¢! = . Hence

q’ (uH — CH) + (1 — ¢ (uL — CH) = 0.
Since rl’ = u*, then the payoff to a low price offer is also zero. Then high, low and
negligible price offers are optimal at date ¢t > 1. Moreover, since V;® = 0, then low
and negligible price offers are optimal and date 1. Hence any distribution of price
offers A such that pf and p’ have the values defined above satisfies DE.B. Therefore

the strategy distribution defined is a decentralized market equilibrium. [J

In lemmas 5 and 6 we establish some basic properties of dynamic competitive

equilibria.

Lemma 6. In every CE, (p,u, s, st d), we have

> ost<dh

{t|sH >0}

Proof. Let (p,u,s, sl d) be a CE. For all t such that s > 0 we have
3 pe — ) =" (p) > 0
by (S.2). Hence p; > c¢I. Also d; > 0 by CE.1, and therefore
vP(p) =0 (ur —pi) 2 0
implies
0<wu —p <up—

i.e., uy > ¢ = u(q). Thus .
s
7 20
S+ 5
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Hence

(1—q >, s'>q >, st

{t|sH >0} {t|sH >0}
Since
Y si<d'<q
{t|sH >0}
then
Q- =0-q > sf'=q > st=¢" > s
{t\sfl>0} {t\stH>0} {t\sf>0}
ie.,

Z sfSl—q‘<1—qH:qL.D

{t|s{'>0}

Lemma 7. Let (p,u,m™,m"* m?) be a CE. If s¥ >0 for some t, then there is t <1

such that st > 0= s, and

6t—1<uL . CL) > 55—1(CH - CL).

Proof. Let (p,u, s, s", d) be a CE, and assume that s > 0. Then 5 pr—ct) =
v (p) > 0 by S.2, and therefore p; > ¢ Hence vE(p) > 6" L (pi—cF) > 6 H(cH—cb) >

0, and therefore
T
St
t=1
by (5.3). Since >4 im0y sk < ¢" by Lemma 6, there there is £ such that sf>0=s{".

Hence d; > 0 by CE.1 implies u; = u* by CE.2, and p; < u” by D.2. Also s} > 0
implies v%(p) = 5"t_1(p£ — ) > 67 (p; — ¢) by S.2. Thus

5f—1(uL —CL) > 5f—1(p£_ CL) > 5{_1(]7[— CL) > 55—1(CH —CL).

Since u* < ¢ this inequality implies £ < £. O

Proof of Proposition 6. Let (p, u, s”, s*, d) be a CE, and assume that 67 (u —

chy > ul — .
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We show that s = 0 for all t € {1,...,T}. Suppose that s > 0 for some t.
Then Lemma 7 implies that there is t < t such that

uL o CL > 5t’—1(uL . CL) > 6t—1(cH _ CL) > 5T_1(CH _ CL>,

which is a contradiction.

We show that p, > u” for all t. If p, < u” for some ¢, then

which contradicts ¢ = 1 — ¢/ < 1. Hence p, > u” for all t.
We now show that p; = u* and s = d; = ¢*. Suppose s¥ > 0. Then sZ =0

implies u; = u”. By CE.1 we have d; > 0 and thus
N —pe) = (" —p) >0

by D.2. This inequality, and p, > u” for all ¢, imply that p, = u”. If t > 1, then
p1 > v implies py — c* > 6" (p; — %), which contracts S.2. Hence sk=0fort>1.
Since p; — ¢ > 0, then v*(p) > 0 and thus Zthl sk — ¢l = 0 by 5.3, which implies
that s = ¢*. CE.1 and s = 0 then implies d; = ¢~. O

Proof of Proposition 7. Assume that 6" ' (u” — c%) < (u* — &) . We show that
the profile (p,u,s”, st d) given by p; = u; = u* for t < T, and pr = ur = u”,
sH=0sl=¢gl=d,sl=sl =di=0for 1l <t <T, s =dr=¢q¢", sk =0isa
CE.

For high quality sellers we have v (p) = 6 *(pr — c¥) = 67 (uf — ) >
0 > 0" Yp, — cf) for t < T, and hence S (p) = {(0,...,0,¢")}. For low quality
sellers we have v”(p) = p; — c& = u* — ¢ > 6" Y(p, — ) for t > 1. (In particular,
ul—ct > 6T pp—c) = 67 (u —cM).) Hence ST (p) = {(¢%,0, ...,0)}. For buyers,
vB(p,u) = 0= 6" (uy — py) for all . Hence D(p,u) = {d € RT | 3., d; < 1}, and
(¢%,0,...,0,¢") € D(p,u). Finally, note that buyers’ value expectations at dates 1

and T, u; and up, are correct. Thus, the profile defined is a CE.
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Assume that 6" " (uff — ¢t) > (ul — c*) . We show that the profile (p, u, s, s*, d)
given by py = u; = ub for t < Tand pr = ur = 67 (ub —cb) + &, sff =0,
sk=¢t—qg=d, st =sf =d,=0for 1 <t < T, and sif = ¢”, sk = ¢, and
dr = q + qy, where

(" — cb) — 6Tl — b)) M

((5T_1 (ul —cl) — (ul — CL)) ’

q:

is a CE. Note that since ¢ < ¢ (ie. u(¢?) = ¢?u? + ( Myl < cf), and

ub — b — 7! (CH - cL) > 0 by assumption, then

b ()~ T ) g

L (6T T =~ =)

(uf — ) = 6" (gut! + (1 — ¢ )ul — )
(5T 1) (e - uL)

(b — by — 6771 (e — o)

(6771 —=1) (¢ —ub)

Vv

0,

and therefore ¢ < ¢*.

For high quality sellers we have
(p) = 5y — o
— 5T 1(61 T(UL CL)—<CH—CL))
_ (uL _ CL) _ 71 (CH _ CL))
> 0

> 5t71(pt — CH)

for all ¢ < T. Hence S (p) = {(0, ...,0,¢")}. For low quality sellers we have

UL(Z)) = p—c"
Y A
= SO (uh — F) + ¢ — b)
= 0" Hpr =)

> 5t71(pt — CH)

> 0.
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for all 1 < t < T. Hence S%(p) = {(s},0,...,s%) | s¥ + sk = ¢"}. For buyers,
vB(p,u) = 0 = 6" (u, — p;) for all t. Hence D(p,u) = {d € RT | 31, d;, < 1},
and (¢*,0,...,0,¢") € D(p,u). Finally, we show that buyers value expectations are
correct at dates 1 and 7. Clearly u; = u” is the correct expectation as only low
sellers supply at date 1. As for ur we have

H L

St H ST L
U = ———F1U —
! s¥+s% s¥+s%
H
_ I;] i Hq uk
q" +4q q" +q

— 617T (UL o CL) + CL_l. ]

Proof of Proposition 8. Assume that T = co. Consider the profile (p, u, s*, s*, d)
given by p; = u; = u* for t < T, and p; = u; = u® fort > T, s =0, s& = d, = ¢*,
st =dp =q", sk =0,and s =sf =d, =0 for ¢t ¢ {1,T}, where T is the unique
date satisfying

5:?72 (uH _ CL) > ul — ok > 5T71 (uH _ CL)

By following the steps of the fist part of the proof of Proposition 7, it is easy to
see that this profile is a CE. The surplus is readily calculated as

T
SCE _ Z ZS:5t71(uT _ CT) _ qL('LLL - CL) _i_quTfl(uH _ CH).

Te{H,L} t=1

We show that the surplus in this equilibrium approaches the surplus generated in a

decentralized market equilibrium with finite 7" as friction vanish, SPZ, we establishes

the proposition. In order to calculate the surplus as § approaches, note that

L L
T—2 u-—c T-1
0 > m >0
i.e.,
1 ul — b _ 1 ul — b
Eln(ﬂ/H CL>+1<T<EIH<UH CL>—|—2
Since




then

Substituting, we have

lim S¢F
0—1

0—1

qL(uL o CL) +qH(uH - CH)

[q" +¢"(1—9)] (u" — ")
SPE.
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Figure 2(a): High Quality Stocks
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