Linear state-space models

A. State-space representation of a dynamic
system

Consider following model

State equation:

€. = F& +Vvia

rxr
rx1 rx1 rx1

Observation equation:

Y = A'x¢ + HE + wy

nx1 kit ™Tg nxl

Observed variables: v, x:
Unobserved variables: &, v, Wt

Matrices of parameters: F, A, H




Example 1:

2;t+1 -
d1 g2 - Pr1 Or Etsl
1 0 - 0 O 0
01 .- 0 0 [g+| o
o o - 1 0 0

Eipa = Uy forj=23...,r

Eipn = Préa + Pol1Eq + PalZE
+oo+ PpLP g +

¢(|—)§1,t+1 = &t+1

Observation equation:
Yi = /J+[ 1601 02 -+ O }&t
yi—p = 0(L)Ex
put together with state equation:
P(L)S1t = &t
p(L)(yr — 1) = 0(L)e
Conclusion: any ARMA process can
be written as a state-space model.




Example 2:

C: = state of business cycle

xit = idiosyncratic component for

sector |

Ct, xit unobserved

yit = growth in sector i (observed)

& = (Co,x x2t- .-

§t+l - F&t + Vil

6c 0 O
0 ¢ O
F=| 0 0 ¢
0 0 0

,Znt)/

Or

Observation equation:

Yt Ha
Yo Uz

Ynt Hn

&




Purpose of state-space representation:
state vector &; contains all information about
system dynamics and forecasting.

&1 = F& + Vi

Vi = A'x+ HE +wy
EV w8t 80 Yo Y

e Y1 Xt Xtee1, -+ X 1)
= A'xy; + H'FIg,

Linear state-space models

A. State-space representation of a dynamic
system

B. Kalman filter

Purpose of Kalman filter: calculate

distribution of &; conditional on

Qt = YoVt Y1r Xts X1, ..., X1}
&l ~ N(&yy, P)




1 = F& + Vi
Yo = A%+ HE +wy

el ))

Begin with the prior:
o~ N(gop, Pop)
Eop = prior best guess as to value of &,
Pop = uncertainty about this guess

(much uncertainty = large diagonal
elements of Pgp)

€&, =F&+Vva1
&~ N(EMO’ P1p)
Euo = Fgop

Pipo = FPooF' + Q




Useful result: suppose that

R e
YalX H, X X
where p, and Z; may depend on x. Then
Yaoly1,X ~ N(m*,M*)

m* =pu, + T Zt(y, - 1%9)
M* = 2o — 22121%212

Here

yiK1,Qo |

€11, Q0

N 1Y 2 X2
w, || Za Iz

Ko = El|o 222 = Pip

w =A'xi+HE, I =HPypH+R
221 = PyoH

Hence
Ealy1.X1,Q0 = £;1Q1 ~ N(& 13, Pyy)
8y = &1+ ProH(H'P1oH + R)™
(yl - A'xy - H/Euo)
Pip = P1o -
P1oH(H'P1oH + R) "H'Pyp

X




Identical calculations: if & [ ~ N(Etlt, Py,
then & ;[Qu1 ~ N(Et+1|t+l’ Ptiap)
Puay = FPyF +Q

Pt+1|t+1 = Pt-¢—1|t -
PragH(H PragH + R) ™ H Pygg

§t+1|t - F&qt
~ i e
Btap = Yo — A X1 —H &gy

Etapr = Sy +

Pt+1|tH(H/Pt+l|tH + R)_1§t+1|t

Iterating on these calculations for
t=1,2,...,Tto produce the sequences

{Ptn}tT:l and {Em}; is called the

Kalman filter.

A~

e is the expectation of &,

given observation of
Qt = {yt)yt_]_) L )ylyxtyxt—ly e 1X1}'
A~ A /
Po = E(8y—8) (8= &)
where these expectations condition
on the values of F,Q,A,H,R.




Forecasting:
yi = A+ H'E +wi
E(ye, Q. X, F, Q, A, H,R)
= A'xyj + HFIE,
MSE for | = 1:

EVw1 — Vi) Ve — yt+1|t)/
- H/Pt+lltH + R

Smoothed inference: might also
want to form inference about &; using
all the data Q:

&lQr ~ N(EHT’ Pyr)

To derive formula, consider instead
&t'&tﬂ’gt - N(éﬁt’ Pt*lt)

Same kind of derivation as for Kalman

filter establishes that

& = Et|t +J1(€pg — Et+1|t)
Ji = PtltF/P;+11|t
Pt*lt = Ptlt - JtFPt|t
Generalization: what if Py,q; is singular?




If Py.1p is singular, then some linear
combinations of &, can be forecast
perfectly from Q;, implying inference
about &, given Q; and these linear
combinations of &, is identical to
inference about &, given Q; alone.

Let & be (r x 1) and let the rank of
Pu1r be s < r. Define the (sx 1) vector
= H™E, for an arbitrary (sx r) matrix

H** such that P}, = H**PyyH™ has
rank s. For example, & might be the
first s elements of &, in which case P;
would be first srows and columns of Py, 1.
Then & [,..,, Q¢ has same distribution

as &6, Q.

Generalization of previous results for
singular Py q;:

it = G T I (G — Epag)

Ji* = Py(H™F)' Py

Pii = Py — Ji"H™ FPy




Next suppose that, in addition to &, ,,
we had also observed y,,,,Vi.0,---, Y-
This would contain no more information
about & ;than was provided by &, and
Q¢ alone:

&t'&ﬁl’ Qr ~ N(gﬁt’ Pt*lt)
for the same &, Py;.

And since

okk

EE k1. Q1) = eq +JT7 (65 — S
it follows from law of iterated
expectations that

E(E Q) = Etn +J¢ *(E:+*1|T - E:kln)
which we can calculate by iterating
backwards fort = T—-1,T-2,...

The MSE’s of these smoothed
inferences are given by

EE - Et|T)(§t - Et|T)/ = Pyr
where Pyr can be found by iterating on
Piyr = Py + Jt**H**(Pt+1|T - Pt+l|t)H**/~]t**/
backward starting fromt = T — 1.
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Procedure to calculate smoothed

. =~ T
inferences {gtlT}tzl'

(1) Perform Kalman filter recursion
and save the values of

SO T
{&ﬂt’ §t+1|t1 IDtlt’ Pt+1|t} t=1"

(2) Calculate

It = Py(H™F) (H™PryH™)
fort=1,2,...,T—1, where H*" is an
(sx r) matrix selecting the nonredundant
elements of ..

(3) Calculate
2étrr = E,it|t + Jt**H**(équ - §t+1|t)
fort = T— 1 where ET,HH,EW, and

v, are all known from step ().

11



(4) Evaluate
Eir = Sy + ITHT (Eiapr — Sap)
for t = T — 2 where right-hand variables

are all known from step (3). Iterate
fort=T-3T-4,...

Linear state-space models

A. State-space representation of a dynamic
system

B. Kalman filter
C. Maximum likelihood estimation

Starting value fort = O:

i1 = F& + Vi
If eigenvalues of F are all inside
unit circle, set

Eo|o = E(go) =0
Poo = E(€e&p)
vec(Pop) = [I 2 — (F ® F)] ™ vec(Q)

12



Alternatively, can use any distribution
& ~ N(&O|O1P0|o)

Frequentist perspective:
this is unconditional distribution
of observation 0

Bayesian perspective:
this is prior beliefs about &

If diagonal elements of P are

large (e.9. Pop = 10%I;), has little

influence on any results

How to estimate unknown parameters?

Let 8 be vector containing unknown
elements of F,Q,A,H,R

frequentist principle:

chose 6 so as to max likelihood function

(1) pick an arbitrary initial guess for 6
(2) run through the KF for this fixed 0

calculating
€10
Pt-1(0)
91.1(0) = A®)'xc + H(®)'Ey ; ()
Ci-1(8) = H(®)'Py1(0)H(8) + R(0)

13



(3) since this 8 implies

Yel€2t-1,%t;0 ~ N(V 41 (0), Ci-1(0)),

choose 8 so as to maximize log likelihood:
£(8) = —Flog2r — 53 1ogICyr-1(6)|
~1 YL - Ta @) [Coa @) 'Y, — T2 (0)]
by numerical search

(given guess 6, find a 0.1

associated with bigger value for »£(0))

Asymptotic standard errors from

8 ~N(8o,C)
< d2logp(Y[0) -1
C= [_ 800 e=6:| )

EM algorithm: convenient numerical

algorithm for finding value of 0 that

maximizes £(0).

Let p(y; 0) denote likelihood

(joint density of y,,Y,,...,Y1)
logp(Y;8) = X, logp(y | 1 6)

Consider p(Y,E;0) = joint density

ofyi,¥o, .., ¥1.81.85, .1 Ep

if & were observed.

14



logp(Y,E;8) = - log(27) — % logIQ|
~Ltrace[ Q1YL ( ~ F& )& ~FE )]
~It log(2r) - 4 loglR|
~Ltrace[RT Y] (y, — A'xi — H'E,)

X (y, = A'xt— H'E)']

The EM algorithm is a sequence of
values {01,02,...} such that given 6,
the value of 8,1 maximizes

jlogp(Y,E; 0,.1)p(Y,E;0,)d=

1) Why does EM algorithm work?
FOC will satisfy

op(Y Ei041) 1 -. -
'[ M1 p(Y,E;0,.1) p(Yn—-,eg)d._. =0

15



If we had a fixed point (0,+1 = 0(),

op(Y,EB.1) 1 = -
J 0041 p(Y,E:0..1) PCY,E;6,1)d=

J' op(Y B 91+1)
0911

- 590+1 Jp(Y":‘;eﬁﬂ)dE

op(Y;0441)
0941

=0
so a fixed point is the MLE

Furthermore, it can be shown
that £(0¢1) > £(0y)

that is, each step of EM algorithm
increases the log likelihood

(2) How do we implement EM algorithm?
Suppose that &, was observed directly
and we want to choose 6 to max
logp(Y,&;68) = —5-log(27) — 5 log|Q|
—trace[ Q! thl(it ~FE )& -FE )]
—4-log(2r) - 7 logR|
—+trace[R™ ZtT:l(yt ~A'%-H'g)

x (Y~ A% —H'g)']
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Consider first parameters of F.
If we observed &, these would be
found from OLS regression of & on &, _;:

(L Ebi)F = 880,

(Zthl gt—1§£—1> F :<ZtT:1 §t§;—1> -

In step ( + 1 of the EM algorithm

we don’'t observe &, so don't
maximize logp(Y,E;0) but instead
max the expectation of logp(Y,E;0).
In other words, we integrate out 2
conditioning on data Y and assuming
the previous iteration’s value for 0.

E, 18 11Y,0,)
= Pt—1|T(eﬁ) + [%t,lﬂ'(eﬁ‘) :| [%FHT(GQ) :| ,

= S-1(00)
where &t_m(eo) and Py_yr(0,) denote
the estimates coming from the Kalman
smoother evaluated at previous
iteration’s value for 6.
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Similarly

E(&41Y.0,)
= Prar(®) + [£700 ][ & i 00 ]
= Stt-1r(00)

for

Priar(00) = J-1(00)Pyr(0¢)

Jt1(80) = Prapa(0)F([Py1(8)]™

FOC if €, observed:

T T /
(Zt=1 E-it—lgi—l) F :<Zt=1 gtgtfl) '
Value of F chosen by step ( + 1
of EM algorithm:

(T3, Suar(8) JFea
= [T 20, Suan(@)]
Fea = [T Sun@0]”
[T, Suar@0) ],

Likewise, if we were estimating
Q with &, observed, we would max

—1 log(27) - % logIQ|
—Ltrace[ QM X7, (& — FE )& —FE. )]
> Q=T1Y (& -FE )& -FE"
Step ( + 1 of EM chooses
Qui = TTY! {Sur(®) — Fr1Si14(80)

- St—l,t(eﬂ)/Féﬂ + Fﬂ+lstfl|T(90)Fé+1}-
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Analogously, with & observed we

would choose A,H to max

—4-log(27) - 5 log|R|

—>trace[R™* Ztil(yt ~A'x —H'E)
x (y; — A'xi — H'g)"]

If & were observed we would do
OLS regression of y, on z:

Xt
Zt =
H:-A/ Hl :I

(X7, 22) =(X, ).

Step ( + 1 of EM algorithm thus uses
|: Aé+1 H£+l :|
:[ DINIS D NN }

y Z:—:]_ XiXt Z:—:]_ Xt§t|T(90),
YL En@0xi T Sm@)

T
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Linear state-space models

A. State-space representation of a dynamic
system

B. Kalman filter
Maximum likelihood estimation
D. Applications

1. Time-varying parameter models and
missing observations

o

Suppose that F, Q, A, H, R are known
functions of t (or more generally,
known functions of x;):

&1 = Fi& + Ve E(ViiVi) = Qi

Y, = Aixe + Hig +wy  E(wwy) = R
Then Kalman filter recursion immediately
generalizes to:

/
Py = FiPyFt + Qq
Pt+1|t+l = Pt+l|t -
! =1/
PuitHu1(Hy 1 PggHer + Re) THyg 1 Prag

§t+1|t - I:t§t|t
~ ! e
€t = Y1 — AtaXt1 — Ht+1§t+1|t

§t+1|t+l = §t+l|t +

/ 1A
Pt+1|tHt+1(Ht+1Pt+l|th+l + R1) Et+lft

20



One simple trick for handling missing
observations: if observation yi;; is
missing for date t, set ith rows of

A, and H, to zero, take y;; = 0,

set row i, coli of R; to 1 and all
other elements of row i or col i

of R; to zero.

Why it works: suppose for illustration

the first r elements of y,,, are missing.

| o | 0
At+1 = ~ Ht+l = ~
A H

Ih O

Rt+l = ~

0 R

Then

Hoa=| 0 A |

PuagHut = | 0 Puyfl |
00

Hé+1Pt+l|th+l = o~/ ~
0 HPyyH

21



PragHua(Hyyg PragHe + R)™
= |: 0 Pt+1|t|:| :|X
Il O
0 (H,Pt+l|t|:| + §)71

= |: 0 Pt+1|t|:|(|:|/Pt+l|t|:| + F})_l :|

Pt+1|tHt+1(H{+1Pt+1|th+1 + ﬁ)il
B |: 0 Pt+1|t|:|(|:|/Pt+l|t|:| + F~3)_l :|

Et+1|t+l = Et+l|t +
Pt+1|tHt+1(H{+1Pt+1|th+1 + Rt+1)7l§t+l|t
acts as if first r elements of y,
weren't there

Linear state-space models

D. Applications
1. Time-varying parameter models and
missing observations

2. Using mixed-frequency data as they
arrive in real time

22



Practical problem for economic forecasters:

Different data are of different, asynchronous
frequencies and are subsequently revised

Example: “Introducing the Euro-Sting: Short
Term Indicator of Euro Area Growth”,
Maximo Camacho and Gabriel Perez-

Quiros

Assumption: there is an unobserved

scalar f; representing the monthly
growth rate of real economic activity.
z!' = (4 x 1) vector of “hard”

indicators of f;

1. = industrial production growth

75, = retail sales growth
z8 = new industrial orders growth

. = Euro area export growth

h h h h
zy = ki' + Bi'fe + Ui

23



" = kM + gy + Ul

ft = alft_l + azft_z + -+ aeft_e + 8{

ef ~ N(0,1)

uff = chul g+ clhulip + - + clgul e + &f
eff ~N(O,0%)

zP = k" + B+ uf

uf = Clul, +Clul, + - + Clul s + &f
& = (fo.fe,... fus,uf,uf g, ... ulls)’

Also have some “soft” survey measures

intended to reflect year-over-year growth

23 = Belgium overall business indicator

25, = Euro-zone economic sentiment

75, = German IFO business climate

23 = Euro manufacturing purchasing
managers index

22, = services PMI

S _ LS s\l ¢ s
zy = K7+ Bi ijoftﬂ + Uit

S __ S S S S S S S
Uit = CiUit—1 + CoUie o + --- + CigUitg t Ejf




g: = true monthly growth rate
of real GDP in deviation
from mean (not observed)

Gt = 3%+ uf

uf = cfud; +caud, + - + ciuf g + €f

Every three months we do
observe a second revision of
quarterly GDP growth

yf = K+ 30t + 5 Gr1+ Q2

2 1
+ 5303+ 3(t4

40 days earlier a more preliminary
first revision was available

yi = Y +ex

20 days before that the initial “flash”
estimate of GDP was released

y? = yt1+elt

25



Model also uses quarterly employment
growth (;.
Potential observation vector:

y, = (v&,zl, 28, 0, v, yD) .

Potential observation vector:

y, = 082,28, 0,y yD)

In every month, some of these
(e.g., y2,l;, and y?) are treated
as missing observations

On any given day before the end
of the month, a smaller subset is
observed.

&t = (ft,ftfl, e ,ftfll, U?, U?,l, . U?,5, ce

ul . ouleuf, L uls ul L uls)
Model allows forecast of any variable
using all information available as of
any day

!
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Real-time forecasts of 2007:Q4 real GDP growth from release of
second revision on 2007/07/12 until 2008/02/13

Linear state-space models

D. Applications

1. Time-varying parameter models and
missing observations

2. Using mixed-frequency data as they
arrive in real time

3. Estimation of dynamic stochastic
general equilibrium models

Basic approach:

(1) Find a state-space model that
approximates solution to DSGE

(2) Estimate parameters of DSGE by
maximizing implied likelihood

27



Example:

0

max Ep Y Blogct

{ctke1} o t=0
St.Cct+kur=e2kf+(1-0)ke t=12,...
Zt = pZi1+oer t=12,...
ko,zo given
et ~ N(O,1)

If B,a,p € (0,1), solution takes the form
Ct = C(kt,z;0)
Kiva = K(kt, zt;0)
Problem: The functions c(.) and k(.)
cannot be found analytically.

(1) Take a fixed numerical value
for 0 = (B,a,5,p,0)".

(2) Find values c,ck, Cz, k, kg, k
as functions of 0 for which
c(ki,zt;0) ~ ¢+ ck(ki — K) + czzt
k(kt,Zt;O') ~ k+ kk(kt — k) + kzZt.

28



(3) If we think of observed variables
(©t, Rt) as differing from model analogs (ct, ki)
by measurement or specification error,
Ct = Ct + &ct
Rt = Kt + &kt
then resulting system has state-space
representation with state vector
& = (ki,z)' for ki = ki — k
(deviations from mean).

state equation:

iA(t+1 = kkkt + Kzt

Zty1 = pZt + 0&t41
observation equation:
& = C+ Ckki + Czt + £t
ki = K+ K¢ + et

How do we achieve step (2)?

One approach: perturbation methods.
Consider a continuum of economies
indexed by ¢ and use Taylor's Theorem
to find approximation in neighborhood of
o = 0 (that is, as economy becomes
deterministic).

29



First-order conditions:

1 1-5+akff exp(zis1)
Tt - ﬂ Etl: Ct+1

Ct + ki1 = e* &+ (1— 5)kt
2t = pZi-1 + O&t

(2a) Find steady-state (solutions for

the case o = 0) :

Ct =Ci1 =C
ki = ki1 = K
Zt = 0
c=0

% _ ﬁ[ 1—5+gk“*1 ]

ctk=k*+(1-06)k

In this case ¢ and k can be found

analytically:
1= B[1-6+ak* 1]
c = k* - o6k.

30



More generally, could be found numerically.
(a) Make arbitrary initial guess (0 = 0)

for (co, ko).

(b) Calculate

~5+akit 2
{#-p[ 22 ]
{ci+ ko= [KE + (1= 8)ki]}2.
(c) Find better guess (C1, ki)

until objective function acceptably small.

What if data are nonstationary?
One approach: let ¢; denote some measure
of detrended consumption, and assume

Ct = Ct + &t
for ¢t the magnitude described by model.
Alternative approach: explicitly model trend
in z, find transformation in model that
induces a stationary magnitude ct, and apply
same transformation to data.

(2b) Use Taylor’'s Theorem to

find approx linear coefficients.

(Take 6 = 1 case for illustration)
Write F.O.C. as Eta(kt, zt;0,6141) = 0
ar(kt, zt;0,6t1) =

cki,zt;0)

B ak(ki,zt;0)* ! exp(pzi+oeti)
c(k(kt,zt;0),pzt+0Et41;0)

az(kt,zt;0,6t01) = C(ki,zt; 0) + k(kt, zt; 0)
— e?k{ — (1 - 0)kt

31



First-order approximation:
Since Eta(kt, z; 0,61:1) = O for all
ki, zt; o, it follows that

Eiak(kt,zt;0,6t1) = 0
5a(kt,Zt;U,€t+1)

for ak(kt,zt;0,6141) = oke

likewise
Eiaz(ki, zt;0,6141) = Etas(ki,zt;0,6t11) = 0

Oaa(ki,zt;0,611) _
= . =
okt ki=k,zt=0,06=0

a-2 ka1
PO e+ P2 ek

c2 Ck B
Since c and k are known from
previous step, setting this to zero
gives us an equation in the unknowns
ck and kx where for example

Ck = oc(kt,zt;o0)

akt ktzk,zt:O,G:O

oaz(kt,zt,0)
akt kt:k,Zt:O,G:O

Ck + kx — ak* 1 — (1-9)

This is a second equation in
Ck, Kk, which together with the
first can now be solved for
Ck, Kk as a function of c and k
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oai(Kt,zt;0,6t41) —
Et -~ -
oz ki=k,z:=0,6=0

Ba(a-1)k*2 K Pak?1p
_ E , —

-1
@ ¢ c
ﬁak"‘l
c2
oaz(ki,zt;0) |
0zt

(Ckkz + pCz)

+

ki=k,z:=0,0=0 -
Cz+ kz — k?

setting these to zero allows us

to solve for ¢z, k;

oaz(ki,z;0,6t11)

kt:k,ZtZO,GZO B

oo

1 Ba(a—1)k*2 Bak* et

2l Koo
ake 1

+ L = (ckks + €t+1Cz + C5)

oaz(ki,zt;0) _
do ki=k,zt=0,0=0
Co + Ks

Taking expectations and setting

to zero yields

_ a-2
__100 _ Poa(a Cl)k k

c? o

ﬁak"“l
C2

Co+ks =0
which has solutionc; = ks = 0
= volatility, risk aversion play
no role in first-order approximation
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In this example, values for cy, Cz, Kk, Kz
could be found analytically.

More generally, we will have a quadratic
system of equations in unknowns like

Ck, Cz, Kk, Kz.

Common approach to solving: recognize
as linear rational-expectations model
and use numerical methods to find
stable solution (assuming exists and is
unique).

In general, better solutions obtained
(particularly for trending data) if
linearize in logs rather than levels.
€ = logcy, ke = logk

1 _ 1-6+aexp[(a—1) Rt+1] exp(Zt+1)
e ~ P E‘[ ep(Cur) J

exp(C) + exp(RHl) =en exp(afq)
+ (1- &) exp(ke)

Ci = ﬁ(lzt,zt;o)

Rt+1 = lA((lzt,Zt;G)

(3) Once we have state-space
representation for observed data
y, = (&, k)" associated with this
fixed 8, we can choose 0 to
maximize likelihood.
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(3) since this 8 implies

Yel€2t-1,%t;0 ~ N(V 41 (0), Ci-1(0)),

choose 8 so as to maximize log likelihood:
£(0) = ~Jlog2r — 5 3, logiCe-1(6)]

) ::1 [yt - yqt_l(e)]l[ctlt—l(e)] - [yt - yt|t_1(e):

by numerical search
(given guess 6, find a 0j:1
associated with bigger value for »£(0))

Caution: the DSGE is often
simultaneously (1) overidentified,
(2) underidentified, and (3) weakly
identified.

(1) Overidentification: The DSGE
implies a state-space model

w1 = F(O)E; + Vi
y, = a(@) + H(0)'g, +w;
where F,a,H satisfy complicated
nonlinear restrictions.
A specification with less restrictive
F,a,H may fit data much better.
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Empirical applications typically
have much richer dynamics than
simple theoretical models.
Example: Smets and Wouters,
Journal of European Economic
Association, 2003.

instantaneous utility function:
U = a{’[—l_llc (Ct — th_l)l_’lc -

%(Qt)lﬁtg]
h > 0 = habit persistence
aP = ppal, +n? P ~iid. N(O,o2)
= shock to intertemporal subs
at = pragy +nr
= shock to intratemporal subs

Let Gt denote deviation of log(Ci)
from its steady-state value

(1) et = (?hh>et—1 + (ﬁ)EteHl
s (R~ Eiffe)

(1-h) A A
+ (1+h)lc (aP - Eta'[[)+1)
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capital evolution:

Kt = Kt_l(l - 5) + [1 - S(a“t/h_l)]h
S.) = adjustment costs

at = piagy +m

2) Ki= (1-8)Kea + 6811
(3) 1t = (ﬁ)im + (%)Et’[tﬂ

QA _ ﬁEtéLl_é{
T Qt 1+B

o = 1S
Q: = value of capital stock

(4) Q= _(Rt - 7%t+1> + 1_]5:_(2,'( EtQt1
tsir Edf ke + 0

r«e = rate of return to capital

mQ = tacked on
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output from producer of
intermediate good of type |
yi = afKea () L) - @
® = fixed cost

af = productivity shock

af = padty +nf

Lt(j) = aggregate of labor
hired from each household

Li(j) = {jé[@t(f)]1/(1+AW,t) dT}l

AW,I = lw + n¥v
n{’ = shock to workers’ market
power

+A w,t

wage stickiness:

a fraction &, of workers are
not allowed to change their wage
but instead have their wage increase
from the previous value by
(Pe-1/Pr2)™
yw = degree of indexing
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o - B
(5) W = 37

+% Etti —

ERes + =W
t+1 l+ﬁ -1

1+Byw A Yw
g Tt g

A /\ /\
—hw[vAvt—xLLt— le (C — hCiq)

-1

1-h
—ar - ']

A | (I-BEw)(1-Ew)
w 148 [1+@A+Aw) AL/ Aw]Ew

labor demand
WiLi())  1-g

re.zeKea () o

z: = capital utilization

(6) L =M+ (1+y)fke + Kes
v = parameter based on cost
of utilizing capital

intermediate goods sold to
final goods producer with market
power of firm j governed by

Apt = Ap+ 1t

&p = fraction allowed to adjust
prices

yp = indexing parameter
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(7) 71 = —L—Ewftps + —2—71a

+Byp H+Byp
+hp[aﬁ<,t +(1-a) — a2+ n?]
h = 1 (g
p 1+Byp Ep

goods market equilibrium

8) Y = [1-8(KIY) - (GIY)]Ce
+6(KMWIt + (GIY)aP

production function then

determines rg;

9) Vi = ¢af + (/)aRH + payfi

+¢(1 - )Ly
_ ()
¢ B 1 + S.S. costs

monetary policy (Taylor Rule)

(10) R = pRe1+ (1— p) {71 +
A - AN /\P

Fe(me1— 1) +ry(Ye—Ye) )

+rA7r(7%t - ﬁt—l)
+ rAY[\A(t - - Mea - \A(f—l)] + 18

7+ = inflation target
Tt = pPrie1+0{
\A(f = output level if prices perfectly

flexible
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Yi = (Ct,Cr1, R, Re1, Ki, Kot T, Tt
Qu, W, Wea, L, 11, 11, Yo, i)’

X = (&P, &t,nc, af,nt', &8, nf, 88, 7w, nf)

equations (1)-(10) (along with

lag definitions) can be written as

AEwy,,,; = By, + Cx;

while shocks satisfy

X1 = DXt + €11

(note also EiXi1 = ®X1)

(2) At the same time that DSGE implies
refutable overidentifying restrictions,

0 itself may be unidentified (Komunjer
and Ng, Econometrica, 2011).

With Gaussian errors, the observable
implications of the state-space representation
are entirely summarized by y ~ N(u, Q)
fory = (yy,....yp)’

p=al) ® 1;

Q a known function of 0
e.g., diagonal blocks of Q given by
H(0)'Z(0)H(8) + R(0)
vec(Z(0) =

[12 = (F(8) ® F())] " vec(Q(8))
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Model is unidentified at 0 if there
exists a 01 # 0o such that

a0, = a0,

Q(8,) = Q(6,)
Can check this locally by numerically
calculating derivatives with respect to 0

(3) Finally, other parameters of 6 may
only be weakly identified

Q0,) + Q0,)
but £(00) — £(01) small for |00 — 01 ||
large.
Common approach: fix some
parameters such as f using a priori
information.

Bayesian estimation with informative
priors can help with some of these
numerical problems.
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