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Abstract
We demonstrate that formal Bayesian inference in structural vector autoregressions oﬀers
clear guidance for optimal inference and credibility sets for objects such as impulse-response
functions and historical decompositions even if the model is incompletely identiﬁed. These
credibility sets allow for uncertainty coming not just from the data but also uncertainty
about the model itself. We illustrate these methods with a simple macroeconomic model,
and conclude that monetary policy shocks were not the major driver of output, inﬂation, or
interest rates during the Great Moderation.
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Introduction.

Impulse-response functions are frequently used in empirical analysis as a tool for summarizing
system dynamics.

These are a multidimensional function of a lower dimensional set of

parameters which are not known with certainty.

Describing the optimal inference from

the observed data about that function as well as the uncertainty of the inference raises
some interesting questions which Sims and Zha (1999), Lütkepohl (1990, 2005) and Jordà
(2009) have discussed in the context of just-identiﬁed and over-identiﬁed structural vector
autoregressions.
It has recently become quite common to perform structural analysis using less than a
complete set of identifying assumptions. Canova and De Nicoló (2002), Uhlig (2005), RubioRamírez, Waggoner and Zha (2010) and Arias, Rubio-Ramírez and Waggoner (2013) have
developed algorithms for inference using in part restrictions on only the signs of certain
magnitudes that have now been used in hundreds of empirical studies. Such an incomplete
identiﬁcation scheme means that there is a set of values of certain structural magnitudes
of interest all of which would be equally consistent with a particular observed set of data.
Although it is very common for researchers to want to summarize such inference by reporting
point estimates, Fry and Pagan (2011) noted the problematic nature of such summaries if
one uses a frequentist interpretation of the method.

Inoue and Kilian (2013) suggested

that similar problems could arise with a Bayesian interpretation, and proposed that in order
to make sure that all points on the impulse-response function were consistent with a single
structural model, researchers should report the mode of the posterior density of the impulse2

response function itself.
Baumeister and Hamilton (2015) demonstrated that there is a Bayesian interpretation of
the popular approaches to sign-restricted vector autoregressions in which, contrary to what
many users of the methods assume, there is an implicit informative prior being assigned to
key magnitudes of interest. They suggested that it is a better practice to acknowledge the
role of the prior explicitly and defend the prior on the basis of speciﬁc economic information.
If a researcher is willing to do this, we show in this paper that formal Bayesian analysis
provides an unambiguous guide for optimal inference in this class of models. An informative prior provides a ranking across observationally equivalent structural magnitudes and
therefore a clear basis for choosing one of these as the optimal statistical decision once one
has speciﬁed a loss function. We show that for a broad class of loss functions, the optimal
inference about the impulse-response function can be obtained simply from the posterior
mean or posterior median, calculated pointwise at each value of interest for the function.
The Bayesian approach also provides a clear guide for how to summarize uncertainty about
this inference, where this uncertainty reﬂects both the sampling uncertainty from the data as
well as uncertainty about the model itself, as reﬂected by the researcher’s misgivings about
imposing a complete set of identifying assumptions.
Another common objective in applied research is to calculate the contributions of speciﬁc
structural shocks to a given historical episode of interest. These historical decompositions
are a function of unknown parameters (estimated from the full sample of data) as well as
the observed data during the episode itself.

Statistical inference about such magnitudes
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with appropriate credibility regions attached has to our knowledge never been attempted in
any of the hundreds of applications of set-identiﬁed vector autoregressions. But we show in
this paper that this question also has a very clean Bayesian solution. All Bayesian inference
is conditional on the full set of observed data. Given the data, the uncertainty about the
magnitudes calculated in a historical decomposition can be fully described by the posterior
distribution of the model structural parameters, allowing clean calculation of both point
estimates and credibility sets for historical decompositions.
We illustrate the promise of this method with a simple three-variable macroeconomic
model. We ﬁnd that given uncertainty about the model itself, the data are not informative
about the slope of the Phillips Curve but contain some useful information about the eﬀect
of inﬂation on aggregate demand and Taylor Rule parameters governing the response of the
Federal Reserve to the output gap and inﬂation. Overall, after seeing the data, a researcher
would be more conﬁdent that a monetary contraction lowers output and inﬂation. However,
there is no strong evidence of an eﬀect on output lasting beyond a year, and monetary policy
shocks on average make only a modest contribution to economic ﬂuctuations.

2

Bayesian analysis of structural vector autoregressions.

Consider a dynamic structural model of the form
Ayt = Bxt−1 + ut
4

(1)

for yt an (n × 1) vector of observed variables, A an (n × n) matrix summarizing their
contemporaneous structural relations, xt−1 a (k × 1) vector (with k = mn + 1) containing
′

′
′
a constant and m lags of y (x′t−1 = (yt−1 , yt−2
, ..., yt−m
, 1)′ ), and ut ∼ N (0, D) an (n × 1)

vector of structural disturbances.

We assume that the structural disturbances in ut are

contemporaneously uncorrelated, so that D is diagonal.
We require that before seeing the data, the researcher had some prior information about
plausible values for the parameters as summarized in the form of a probability distribution:
p(A, D, B) = p(A)p(D|A)p(B|A, D).
Here p(A) could be any proper density over the elements of the (n × n) matrix of contemporaneous coeﬃcients. This could impose some elements of A to be zero, others to be of
certain signs or fall within speciﬁed regions, and yet others could be allowed to be anywhere
on the real line. Values for A that are deemed a priori more likely are associated with a
higher value for p(A). Baumeister and Hamilton (2015) showed that if prior beliefs about D
and B can be represented using natural conjugate distributions, a simple algorithm for posterior Bayesian inference is possible. These conjugate priors call for using an independent
Γ(κi , τ i ) distribution for the reciprocal of the variance of the ith structural equation,
n
i=1

p(D|A) =

p(d−1
ii |A)

=









κ

τi i
(d−1 )κi −1
Γ(κi ) ii

p(dii |A)

(2)

−1
exp(−τ i d−1
ii ) for dii ≥ 0

0

,

otherwise

where dii denotes the row i, column i element of D. The parameters κi and τ i characterize the
researcher’s prior beliefs about structural variances, with κi /τ i giving the analyst’s expected
5

2
value of d−1
ii before seeing any data, while κi /τ i is the variance of this prior distribution.

Small conﬁdence in these prior beliefs would be represented by small values for κi and τ i .
Either κi or τ i could be functions of A, though the resulting expressions for the posterior
distribution are a little simpler if κi does not depend on A.
Prior beliefs about the lagged structural coeﬃcients B are represented with conditional
Gaussian distributions, bi |A, D ∼ N (mi , dii Mi ):
n
i=1

p(B|D, A) =
p(bi |D, A) =

1
(2π)k/2 |dii Mi |1/2

p(bi |D, A)

exp[−(1/2)(bi − mi )′ (dii Mi )−1 (bi − mi )].

(3)
(4)

Here mi and Mi are parameters summarizing the researcher’s prior information about the
lagged coeﬃcients in the ith structural equation.

The vector mi denotes our best guess

before seeing the data as to the value of bi , where b′i denotes row i of B. The matrix Mi
characterizes our conﬁdence in these prior beliefs. A large variance would represent much
uncertainty. Again mi and Mi could be functions of A. Baumeister and Hamilton (2015)
proposed some standard values that researchers could consider using for κi , τ i (A), mi (A),
and Mi , and showed how to generate draws {A(ℓ) , D(ℓ) , B(ℓ) }N
ℓ=1 from the posterior distribution p(A, D, B|YT ), which summarizes uncertainty about the parameters that remains after
seeing the full set of data YT = (y1′ , y2′ , ..., yT′ )′ . In the application in Section 6 below we
set N equal to one million.
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Optimal inference and credibility sets for impulseresponse functions.

The structural model (1) has the reduced-form representation

yt = Φxt−1 + εt

(5)

Φ = A−1 B

(6)

εt = A−1 ut .

(7)

From this one can calculate the nonorthogonalized impulse-response function
∂yt+s
∂ε′t

Ψs =

(8)

by iteration on equation (5) (see for example Hamilton, 1994, p. 260).

In particular,

Ψ0 = In and Ψ1 is given by the ﬁrst n rows and n columns of A−1 B.1
Often researchers are interested in structural objects such as the response of the vector
yt+s to a one-oﬀ increase in the jth structural disturbance ujt at time t. For s = 0 the
answer to this question is given by the jth column of A−1 and for higher s can be found
from the jth column of
Hs = Ψs A−1 .
1

Ψs (θ) can equivalently be calculated from the top-left (n × n)

Φ1
n×(nm)


I(m−1)n
0
(m−1)n×(m−1)n

with Φ1 the ﬁrst n rows and k − 1 columns of A−1 B.
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(m−1)n×n

(9)
block of
s



Collect the unknown elements of {A, B} in a vector θ and let hsij (θ) be the value for the
eﬀect of the jth structural shock at time t (ujt ) on the ith observed variable yi,t+s at time
t + s.
Suppose our interest is not just in the value hsij for some particular value s, but we
care instead about the entire function as represented by the (S × 1) vector hij (θ) =
S−1
(h0ij (θ), h1ij (θ), ..., hij
(θ))′ . According to Bayesian statistical decision theory, the estimate

we report for the function should be the value ĥij that minimizes the expected loss associated with our choice of ĥij where this expectation is taken with respect to the posterior
distribution of θ:
ĥij = arg
min

g(hij (θ), ĥij )p(θ|Y T )dθ.

(10)

Here g(hij , ĥij ) is a loss function summarizing how upset we would be if our estimate of the
function is ĥij but the true value is hij . A leading example is the quadratic loss function:
g(hij , ĥij ) = (ĥij − hij )′ W(ĥij − hij ).

(11)

Here W is a positive deﬁnite (S × S) weighting matrix summarizing our loss function.
For example, those elements of hij about which we care most would be associated with
larger values along the diagonal of W, while the (r, s) oﬀ-diagonal term summarizes how
an error in predicting term r changes the marginal beneﬁt of getting term s correct. Note
that this approach explicitly takes into account both statistical and economic dependence
across the diﬀerent s. The loss function allows for interaction terms for how much we care
about getting diﬀerent elements of the impulse-response function correct, and the Bayesian
posterior distribution p(θ|Y T ) incorporates the common economic structure and common
8

basis for statistical inference for all the diﬀerent s.
Let h∗ij denote the posterior mean of hij :
h∗ij =

hij (θ)p(θ|Y T )dθ.

Observe that this can be calculated by ﬁnding the posterior mean for each individual hsij in
isolation and collecting these in a vector. It turns out2 that the vector of posterior means
is also the solution to (10): ĥij = h∗ij . In other words, the point-by-point posterior means of
each individual element of the impulse-response function represent the values we should use
even when our interest is in the entire function hij regardless of the value of the weights W.
Note that this optimal estimate can easily be calculated pointwise from the set of posterior
draws, namely



−1

 N


 N −1

ĥij = 





N −1
2

N
ℓ=1

h0ij (θ(ℓ) )






N

(ℓ)
1
h
(θ
)

ℓ=1 ij
.

..

.



N
S−1 (ℓ)
h
(θ
)
ℓ=1 ij

Notice that
[ĥ − h(θ)]′ W[ĥ − h(θ)]p(θ|Y)dθ
[ĥ − h∗ + h∗ − h(θ)]W[ĥ − h∗ + h∗ − h(θ)]p(θ|Y)dθ

=

= [ĥ − h∗ ]′ W[ĥ − h∗ ] + 2[ĥ − h∗ ]′ W
+

[h∗ − h(θ)]p(θ|Y)dθ

[h∗ − h(θ)]′ W[h∗ − h(θ)]p(θ|Y)dθ

= [ĥ − h∗ ]′ W[ĥ − h∗ ] +

[h∗ − h(θ)]′ W[h∗ − h(θ)]p(θ|Y)dθ

which is minimized with respect to ĥ by setting ĥ = h∗ .
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Ninety-ﬁve percent posterior credibility regions can be calculated from the upper and lower
2.5% quantiles of hsij (θ (ℓ) ).
Alternatively, if our loss function is instead
S−1
g(hij , ĥij ) = ω 0 h0ij − ĥ0ij + ω 1 h1ij − ĥ1ij + · · · + ω S−1 hij
− ĥS−1
ij
3
for any set of positive weights {ω s }S−1
s=0 , it is not hard to show that element s of the optimal

estimate ĥij is the posterior median of hsij (θ(ℓ) ).4
In contrast to the optimal answer delivered by the Bayesian approach, it is much less clear
what one would mean by the best estimate of the vector hij using a frequentist approach;
see for example the discussions in Jordá (2009) and Inoue and Kilian (2013).
Further insight into the nature of these claims is provided by considering the special case
of a univariate AR(1), yt = θyt−1 + εt . Suppose that our object of interest is the impulse
response at horizons 1 and 2:








 ∂yt+1 /∂εt   θ 
=
.
h(θ) = 
 


∂yt+2 /∂εt
θ2
3

For this case we have
∂
∂ ĥsij

g(hij , ĥij )p(θ|YT ) = ω s − Pr hsij (θ) > ĥsij |YT + Pr hsij (θ) ≤ ĥsij |YT

which equals zero when ĥsij satisﬁes Pr hsij (θ) ≤ ĥsij |YT = 0.5.
∗

∗

That is, for each individual i, j, and s, we order the draws such that hsij (θ(ℓi,j,s +1) ) > hsij (θ(ℓi,j,s ) ) and
∗
take ĥsij = hsij (θ (ℓi,j,s ) ) for ℓ∗i,j,s = N/2.
4
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Suppose for illustration that the posterior distribution is Gaussian: θ|YT ∼ N(µ, σ 2 ). Then

 

µ
 E(θ|YT )  

=
.
h∗ = 

 

E(θ2 |YT )
µ2 + σ 2

(12)

It might seem odd at ﬁrst that the optimal estimate of the second element, µ2 +σ 2 , is not the
square of the estimate of the ﬁrst element, µ, given that the second element of h for any ﬁxed
value of θ is always the square of the ﬁrst. But this diﬀerence between the optimal estimates
of ∂yt+1 /∂εt and that for ∂yt+2 /∂εt is a necessary implication of Jensen’s inequality given
that the elements of the impulse-response function are nonlinear functions of the underlying
parameter θ. Reporting the estimate of the impulse-response function to be the magnitudes
in (12) is the unique optimal solution to (10) given (11), and any estimate of h other than
(12), such as the estimate h̃ = (µ, µ2 )′ , would result in a higher value for the expected loss
than does the vector given in (12).
Alternatively, the econometrician might wish to report an estimate of the parameter
vector θ itself. Again to talk about optimality of such an estimate we would need a loss
function. For example, with a quadratic loss function,
′

g(θ, θ̂) = (θ − θ̂) W(θ − θ̂),
the optimal estimate is again the element-by-element posterior mean which we obtain from
N −1

N
ℓ=1

θ (ℓ) . Alternatively, some researchers have proceeded as if their loss function for

choosing θ̂ is
′

g(θ, θ̂) = [h(θ) − h(θ̂)] W[h(θ) − h(θ̂)]
11

(13)

for h(θ) the (n2 S×1) vector obtained by stacking the impulse-response vectors hij (θ) implied
by a given value of θ on top of each other for i, j = 1, ..., n. Unlike (11), the solution θ̂
to this problem will depend on the weights W and will have the property for the AR(1)
example that





 θ̂ 

h(θ̂) = 
 2 .
θ̂

(14)

Christiano, Eichenbaum, and Evans (2005) proposed constructing estimates of θ directly
from this loss function, and Fry and Pagan (2011) and Inoue and Kilian (2013) argued for
the importance of the apparent internal consistency provided by (14). From the perspective
of statistical decision theory, which approach is better depends on whether the loss function
is taken to be (11) or (13). In most applied studies, the emphasis is usually on estimates of
the impulse-response functions h. Indeed, estimates of the parameters θ are typically never
even reported, suggesting that the appropriate loss function is (11) rather than (13). This
means that in most cases researchers would likely want to report the pointwise posterior
means or pointwise posterior medians of h rather than some other estimates of impulseresponse coeﬃcients h.

4

Optimal inference and credibility sets for historical
decompositions.

Another feature in which applied researchers are often interested is the contribution of different structural shocks to particular historical episodes of interest. If we knew the value
of the vector of unknown parameters θ in A and B, we could write the value of yt+s as

12

a known function of initial conditions at time t plus the reduced-form innovations between
t + 1 and t + s (e.g., Hamilton, 1994, equation [10.1.14])
yt+s = εt+s + Ψ1 (θ)εt+s−1 + Ψ2 (θ)εt+s−1 + · · · + Ψs−1 (θ)εt+1 + Gs (θ)xt
for Ψs (θ) the nonorthogonalized impulse-response matrix in (8).

(15)

Conditional on the ob-

served data YT and on knowing θ we would also know the value of each structural shock at
each date in the sample with certainty:
ut (θ, Y T ) = Ayt − Bxt−1 .
Using (7) we could then write the contribution of structural shocks between t + 1 and t + s
to the value of yt+s as
H0 (θ)ut+s (θ, YT ) + H1 (θ)ut+s−1 (θ, YT ) + · · · + Hs−1 (θ)ut+1 (θ, YT )
for Hs (θ) the matrix in (9). The contribution to the value of yt of structural shock j over
the most recent s periods is thus given by the (n × 1) vector
ζ jts (θ, Y T ) = H0 (θ) [ej ⊙ ut (θ, Y T )] + H1 (θ) [ej ⊙ ut−1 (θ, Y T )] +
· · · + Hs−1 (θ) [ej ⊙ ut−s+1 (θ, YT )]

(16)

where ej denotes the jth column of In and ⊙ denotes element-by-element multiplication.
From a Bayesian perspective, the uncertainty about ζ jts (θ, YT ) conditional on having
observed the full sample of data YT is entirely summarized by the posterior distribution
p(θ|YT ). Thus for example given a quadratic loss function the optimal estimate of the
13

contribution of the jth structural shock to the evolution of y between dates t − s + 1 and t
is given by
ζ̂ jts = N −1

N
ℓ=1

ζ jts (θ (ℓ) , YT ).

(17)

A ninety-ﬁve percent credibility set for the eﬀect on variable i can be obtained by sorting
∗

ζ ijts (θ(ℓ) , YT ) in increasing order for each i, j and reporting the values ζ ijts (θ(ℓijs ) , YT ) for
ℓ∗ijs = 0.025N and 0.975N.
One advantage of the quadratic over the absolute-value loss function in this case is that
both population and sample means have the property that the mean of the sum is the sum of
the means. Since the sum over j of the components (16) exactly equals the realized value of
yt+s − Gs (θ)xt for every θ, the sum of the estimated components (17) also exactly matches
the observed data.

5

Optimal inference and credibility sets for variance
decompositions.

It follows from the above analysis of equation (15) that conditional on θ the s-period-ahead
error in forecasting the observable variables can be written
yt+s − ŷt+s|t = H0 (θ)ut+s + H1 (θ)ut+s−1 + H2 (θ)ut+s−2 + · · · + Hs−1 (θ)ut+1
whose mean squared error is
E[(yt+s − ŷt+s|t )(yt+s − ŷt+s|t )′ |θ] =
Qjs (θ) = djj (θ)

s−1
k=0

14

n
j=1

Qjs (θ)

hj (s; θ)hj (s; θ)′

where hj (s; θ) the jth column of Hs (θ) and djj (θ) the (j, j) element of D. The contribution
of structural shock j to the s-period-ahead MSE of the ith element of yt+s is given by the
(i, i) element of Qjs (θ). An estimate of this magnitude could be obtained from the posterior
mean or median across draws of θ(ℓ) , ℓ = 1, ..., N. Again an advantage of the posterior mean
is that the estimate of the sum across j of the contributions of individual shocks will equal
by construction the estimate of the total s-period-ahead MSE for every s.

6

Bayesian inference in a 3-variable macro model.

Here we illustrate these methods using a commonly studied three-variable macroeconomic
model.5

The three quarterly variables are summarized by the vector yt = (yt , π t , rt )′ , where

yt denotes the output gap (100 times the log diﬀerence between observed and potential real
GDP as estimated by the Congressional Budget Oﬃce), πt the inﬂation rate (measured by
100 times the year-over-year log change in the personal consumption expenditures deﬂator),
and rt the nominal interest rate (measured by the average value for the fed funds rate over
the quarter).

6.1

Model description.

The system consists of a Phillips Curve,
yt = k s + αs π t + [bs ]′ xt−1 + ust ,
5

(18)

Equations (18)-(20) can be motivated from the 3-variable macro models studied by Rotemberg and
Woodford (1997), Lubik and Schorfheide (2004), Del Negro and Schorfheide (2004), Giordani (2004), Benati
and Surico (2009), and Rubio-Ramirez, Waggoner, and Zha (2010).
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an aggregate demand equation,
′

yt = k d + β d πt + γ d rt + bd xt−1 + udt ,

(19)

and a Taylor Rule for monetary policy,
rt = k m + ζ y yt + ζ π π t + [bm ]′ xt−1 + um
t ,

(20)

′
′
′
where xt−1 = (yt−1
, yt−2
, ..., yt−m
, 1)′ and ust denotes a shock to supply, udt the demand shock,

and um
t the monetary policy shock. We take the number of lags m to be four quarters.
This system will be recognized as a special case of the general framework (1) with





A=




s

1

−α

1

−β d

−ζ y −ζ π

0






−γ d 
.


1

(21)

In the absence of additional information about the elements of A, the model would be
unidentiﬁed and there would be no basis for drawing conclusions from the data about the
eﬀects of monetary policy.

The conventional approach is to impose hard restrictions on

the elements of A, which can be interpreted as a dogmatic prior. For example, Cholesky
identiﬁcation can be represented as a special case of a Bayesian prior in which we know
with certainty that αs and γ d are zero but have no information at all about β d , ζ y , or ζ π .6
Here we propose instead to use prior beliefs about the underlying economic structure in a
6

In Baumeister and Hamilton (2016) we showed in an analysis of the economic eﬀects of oil price shocks
that applying our Bayesian algorithm for such a speciﬁcation of the prior reproduces exactly the OLS
Cholesky results that would be calculated using the standard frequentist algorithm.
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less dogmatic fashion, claiming that we do know something about plausible values for these
parameters, but do not know any of the values with certainty.

6.2

Priors for contemporaneous coeﬃcients.

It is common in theoretical macroeconomic models to work with a special case of (20) such
as
rt − r̄ = (1 − ρ)ψ y yt + (1 − ρ)ψ π (π t − π ∗ ) + ρ(rt−1 − r̄) + um
t ,

(22)

where ψ y and ψ π describe the Fed’s long-run response to output and inﬂation, π ∗ is the
Fed’s long-run inﬂation target, r̄ is the sum of π ∗ and the long-run real interest rate, and ρ
reﬂects the Fed’s desire to implement changes gradually over time. Taylor (1993) proposed
values of ψ y = 0.5 and ψ π = 1.5. We will represent this structural belief about monetary
policy by using a Student t prior for ψ y with mode at 0.5, scale parameter 0.4, and 3 degrees
of freedom, truncated to be positive. This density is plotted as a red curve in the lower-left
panel of Figure 1. This assigns an 82% prior probability that ψ y is between 0 and 1 and
a 98% prior probability that it is between 0 and 2.

The low degrees of freedom give the

density a very fat tail, so that even quite large values of ψ y are not ruled out. For our prior
for ψ π we used a Student t distribution with mode at 1.5, scale parameter 0.4, and 3 degrees
of freedom, again truncated to be positive.

This density is plotted in red in the bottom

middle panel of Figure 1. For the smoothing parameter ρ we use a beta(13,5) distribution
(right bottom panel). This has a mode of 0.75, standard deviation around 0.1, and forces
ρ to be between 0 and 1. The joint distribution for the elements in the last row of (21) is
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thus that of a two-dimensional random variable characterized by

 

y
y
 ζ   (1 − ρ)ψ 

=


 

ζπ
(1 − ρ)ψ π

(23)

where ρ, ψ y , and ψ π have the distributions described above.
The parameter ρ will also give us prior information about the lagged structural coeﬃcients
bm in (20). We will describe how we use this information and how the observed dynamics
of the variables can help identify ρ separately from ψ y and ψ π in Section 6.4. But ﬁrst we
discuss priors for the contemporaneous coeﬃcients in the other structural equations.
The aggregate demand equation (19) is sometimes viewed as the implication of a consumption Euler equation or dynamic IS curve of the form
yt = cd + yt+1|t − τ (rt − π t+1|t ) + udt

(24)

where τ is the intertemporal elasticity of substitution and yt+1|t and π t+1|t are one-stepahead forecasts of output and inﬂation.7

One option would be to take a completely

speciﬁed dynamic stochastic general equilibrium model, ﬁnd the rational-expectations solutions yt+1|t = φy′ xt and π t+1|t = φπ′ xt , substitute these expressions into (24), and get values
for β d and γ d from the contemporaneous coeﬃcients in the resulting equation. These would
then characterize the values anticipated for β d and γ d as a function of all the parameters of
a complete model in a generalization of the technique used to arrive at (23). However, it is
much simpler (and more in keeping with the less restrictive and more data-based approach
favored in this paper) to draw instead on prior beliefs about the reduced-form coeﬃcients φy
7

See for example equation (1) in Lubik and Schorfheide (2004).

18

and φπ themselves. Our priors for the reduced-form coeﬃcients are similar to those in Doan,
Litterman and Sims (1984) in expecting that a simple AR(1) process probably gives a decent
forecast of most economic time series; speciﬁcally, yt+1|t = cy + φy yt and π t+1|t = cπ + φπ π t ,
where our prior expectation is φy = φπ = φ = 0.75. Substituting these expressions into (24)
gives
yt = µd + φyt − τ (rt − φπ t ) + udt
= µ̃d − τ̃ rt + τ̃ φπ t + ũdt
where µd = cd + cy + τ cπ and z̃ = z/(1 − φ). Many macro models assume an intertemporal
elasticity of substitution of τ = 0.5, which together with a value of φ = 0.75 would imply
τ̃ = 2. This leads us to use a Student t prior for γ d in (19) with mode −2, scale parameter
0.4, and 3 degrees of freedom, for which we further impose the sign restriction that γ d
cannot be positive since we are certain that higher interest rates do not stimulate aggregate
demand. We likewise use a Student t prior for β d with mode 1.5. We do not impose a hard
sign restriction on β d since its sign will depend on the correct speciﬁcation for forecasts of
inﬂation, about which we do not have dogmatic prior beliefs.
Finally, for the Phillips Curve (18) we follow Lubik and Schorfheide (2004) in using
a mode for αs of 2, implemented again with a Student t distribution now assumed to be
positive. In summary, for





A=




1

−αs

1

−β d

−(1 − ρ)ψ y −(1 − ρ)ψ π
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0






−γ d 



1

(25)

our prior is given by
p(A) = p(αs )p(β d )p(γ d )p(ψ y )p(ψ π )p(ρ).
The individual priors are summarized in Table 1 and plotted as red curves in Figure 1.

6.3

Priors for structural variances.

Our priors for the variances of the structural shocks are based on the scales of individual innovations as summarized by univariate autoregressions ﬁt to each individual series.
Speciﬁcally, let êit denote the residual of a fourth-order autoregression for series i and S the
sample variance matrix of these univariate residuals (sij = T −1

T
t=1 êit êjt ).

We set κi /τ i in

equation (2) (the prior mean for d−1
ii ) equal to the reciprocal of the ith diagonal element of
ASA′ . Setting κi = 2 gives our prior about the same inﬂuence as 4 observations of yt and
xt−1 .

6.4

Priors for lagged structural coeﬃcients.

Our prior information about bi , the vector of coeﬃcients on the constant term and lags of the
ith structural equation, comes from two diﬀerent sources, the ﬁrst being expectations about
what the reduced form of the system should look like, and the second speciﬁc information
about the lagged coeﬃcients in the monetary policy equation.
Our prior beliefs about reduced-form coeﬃcients are similar to the Minnesota prior of
Doan, Litterman, and Sims (1984) and Sims and Zha (1999). They argued that the single
most useful variable for predicting yi,t+1 is typically going to be the value of yit . Insofar
as some other variable yjt also helps, its most recent value is likely to be more useful than
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its earlier values. Doan, Litterman and Sims suggested using random walks for the prior
means, that is, a prior expectation that the reduced-form coeﬃcient relating yi,t+1 to yit is
likely to be unity. However, for our variables (the output gap, inﬂation, and interest rates)
there is more of a tendency for mean reversion and so we instead use AR(1) processes with
autoregressive coeﬃcients φ = 0.75. Speciﬁcally, our prior expectation is that elements of
bi after the ﬁrst lag are likely to be 0 while the ﬁrst 3 elements of bi should be close to
φai .8

We place increasing conﬁdence in these prior beliefs for coeﬃcients on higher-order

lags, weighting our prior expectations for the ﬁrst lag coeﬃcients roughly equivalent to 5
observations and for the fourth lag coeﬃcients equivalent to about 20 observations. We put
practically no weight on prior information about the constant term (the last element of bi );
for details see Appendix A.
We will also make use of direct prior knowledge about the lagged coeﬃcients in the
Taylor Rule (20), reﬂecting a belief that this equation should be similar to the popular
speciﬁcation (22). This would mean that the third element of bm should equal ρ and all
other elements of bm (other than the last element associated with the constant term) are
zero. That coeﬃcients on yt−2 , yt−3 , yt−4 are zero is already implied by the Minnesota prior.
That prior also had implications for the coeﬃcients on yt−1 based on the expectation that
each reduced-form equation might look like an AR(1) with autoregressive coeﬃcient φ.9
8

As in Sims and Zha (1998), note that if the ith structural equation took the form a′i yt = φa′i yt−1 + uit ,
then stacking the structural equations gives Ayt = φAyt−1 + ut . Recalling (6), we obtain the reduced form
by premultiplying by A−1 : yt = φyt−1 + εt .
Speciﬁcally, these implied a prior expected value for the coeﬃcient on yt−1 of −φ(1 − ρ)ψy , on πt−1 of
−φ(1 − ρ)ψπ , and on rt−1 of φ.
9
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But equation (22) further implies that the coeﬃcient on rt−1 should equal ρ. The weight
of this prior is determined by the variance Vi in equations (26) and (27). We set Vi = 0.1,
which gives this prior information a weight roughly equivalent to 3 observations; again see
Appendix A for details. Using ρ in this way to inform estimation of the dynamic coeﬃcients
also helps identify the long-run Taylor parameters ψ y and ψ π .

6.5

Empirical results.

We used quarterly data on yt with the fourth-order VAR estimated over the period of the
Great Moderation (t = 1986:Q1 to 2008:Q3). Posterior distributions for the 6 contemporaneous coeﬃcients are plotted as solid histograms in Figure 1. The data turn out to be
quite informative about the values of ψ y , ψ π and β d but cause more modest revisions in our
beliefs about other parameters.
Figure 2 highlights the features of the data that lead to these results. Consider simple
maximum likelihood estimation with the contemporaneous coeﬃcients parameterized as in
(21) with no prior information. Given a particular numerical value for ζ y and ζ π , the model
would be just-identiﬁed and we could calculate maximum likelihood estimates of the other
three contemporaneous coeﬃcients αs , β d , and γ d . The ﬁgure summarizes the sign of the
maximum likelihood estimates α̂(ζ y , ζ π ) and β̂(ζ y , ζ π ) implied by diﬀerent choices of ζ y and
ζ π ; see Appendix B for the details behind these calculations. The MLE α̂(ζ y , ζ π ) would be
positive at any point within the shaded regions, and varies from 0 to +∞ as we move from
the dashed line to the dotted line within a shaded region.

Thus if we had only the sign

restrictions on ζ y , ζ π , and αs , the data would rule out combinations for which one of the ζ’s
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is small and the other large but put no restrictions on αs .
The MLE β̂(ζ y , ζ π ) is positive in the light-shaded regions of the ﬁgure and negative in
the dark-shaded regions. It turns out that there are very few values of ζ y and ζ π below 0.6
for which both αs > 0 (as required) and β d > 0 (as expected by our prior beliefs). If we had
imposed a dogmatic prior that required β d > 0, the set of maximum likelihood estimates for
ζ y and ζ π would consist of the light shaded areas in Figure 2. These deﬁne a disjoint region
with a very odd topography most of whose values are deemed by our prior to be relatively
unlikely. This ﬁgure highlights a problem with insisting that a parameter like β d has to be
positive.

By contrast, our approach nudges the posterior in the direction of favoring the

light shaded regions, but also weighs this against the prior plausibility of the values for αs ,
ζ y , and ζ π that these parameter values would imply. Since the values for these parameters
that would result from a positive value of β d are regarded as relatively unlikely a priori, our
posterior inference ends up putting considerable posterior probability on the dark shaded
regions in Figure 2 for which β d < 0. In other words, contrary to our prior expectation,
there is some evidence in the data that higher inﬂation lowers aggregate demand even with
the nominal interest rate held constant.
Impulse-response functions are plotted in Figure 3. The solid lines plot the mean of the
posterior distribution for any given horizon. Note that with informative priors, there is no
ambiguity about reporting these solid lines as optimal point estimates despite the fact that
the model is only set-identiﬁed.

The shaded regions in Figure 3 represent 95% posterior

credibility regions.
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The ﬁrst column of Figure 3 summarizes the eﬀects of a supply shock, which raises output
and lowers inﬂation, with the Fed’s choice of interest rate in response to this combination
unclear.

The second column gives the eﬀect of a demand shock, which raises output,

inﬂation, and the interest rate.

Eﬀects on output and inﬂation of supply and demand

shocks are quite persistent, with conﬁdence about the signs of eﬀects lasting well beyond
one year.

The third column in Figure 3 summarizes the eﬀect of a one-unit increase in

the monetary policy shock um
t on each of the three variables. Note that if there were no
immediate eﬀects of the policy on output or inﬂation, the fed funds rate would rise by 1%
as a result of a monetary policy shock of one unit. However, our speciﬁcation assumes that
higher interest rates cause output and inﬂation to fall on impact, and these feed back into
the interest rate. The Taylor Rule equation shifts up by 100 basis points, but within the
quarter the economy moves along the new Taylor Rule equation with output falling 0.57%
and inﬂation falling 0.24%, as a result of which in equilibrium the fed funds rate is only 31
basis points higher in the immediate response to the shock. The output eﬀect declines in
the quarters following the shock, with the posterior mean actually switching signs after 6
quarters.
Figure 4 displays the historical decomposition of the output gap in terms of the contributions of the separate structural shocks.

The dashed line is the observed value for the

output gap (in deviations from the sample mean). The solid line in the top panel is the contribution of supply shocks over the 10 years prior to the indicated date,10 while the second
10

That is, the panel plots the ﬁrst element of (16) for j = 1 and s = 40.
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and third panels give the contributions of demand and monetary policy shocks, respectively.
The shaded regions denote 95% posterior credibility regions; to our knowledge, this is the
ﬁrst time such conﬁdence bands have ever been reported in the very large literature using
VARs that are only set-identiﬁed.

The high level of economic activity in the late 1980s is

attributed primarily to strong demand, whereas the boom at the end of the 1990s is judged
to be primarily driven by supply. Monetary policy seems to have typically played a minor
role in output ﬂuctuations.
Figures 5 and 6 report the decompositions for inﬂation and interest rates.

Again the

rising inﬂation of the late 1980s seems to have been driven by demand, while the low inﬂation
of the late 1990s was primarily a supply-side development. The response of monetary policy
to output and inﬂation as a result of exogenous shocks to demand, as opposed to deviations
of the Fed from its traditional monetary policy rule, appear to be the primary cause of
interest rate ﬂuctuations.
We can summarize the average contribution of diﬀerent shocks using variance decompositions.

Table 2 reports the contribution of each of the three structural shocks to the

mean-squared error of a one-year-ahead forecast of each of the three variables.

Demand

shocks account for 91% of the variance of interest rates and supply shocks account for about
2/3 of the variance of inﬂation. Demand shocks account for half of the variability of output
and supply shocks another third. Monetary policy shocks are signiﬁcantly less important
for determining the paths of any of the three variables.
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7

Conclusion.

Structural inference is only possible if we have prior information about the underlying economic model and mechanisms. Even if we have substantial uncertainty about that structure,
so that the model is only set-identiﬁed, we can still form an inference based on what we do
know and incorporate uncertainty about the model itself into any statistical conclusions. In
this paper we described the optimal statistical inference about impulse-response functions,
historical decompositions, and variance decompositions in such a setting using Bayesian statistical decision theory, and showed that for reasonable loss functions these can be estimated
pointwise from the Bayesian posterior mean or median of the relevant magnitudes. We illustrated these methods using a simple macroeconomic model, and concluded that monetary
policy shocks played a relatively minor role in inﬂuencing output and inﬂation during the
period of the Great Moderation.
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Appendix A. Details of implementing priors on lagged structural coeﬃcients.
Baumeister and Hamilton (2015) showed that the mean m∗i and variance dii M∗i of the
posterior distribution p(bi |A, D, YT ) for the lagged coeﬃcients of the ith structural equation
can be found from an OLS regression of Ỹi in their equation (47) on X̃i in equation (48).
For the current application these take the form
Ỹi
[(T +13+1)×1]

=

X̃i
[(T +13+1)×13]

a′i y1
=

···

a′i yT

m′i Pi

√
ei / Vi

x0 · · · xT −1 Pi

′

√
ri / Vi

(26)
′

(27)

where a′i denotes the ith row of A in (25). Prior information about lagged structural coeﬃcients comes from two sources. Information about the reduced form gives us an expectation
that bi could be similar to mi = 0.75η ′ ai where
η
(3×13)

=

I3
(3×3)

0

(3×10)

.

Our conﬁdence in this prior information about the reduced form is captured by Pi , which
we speciﬁed as a diagonal matrix whose value associated with the coeﬃcient on the ℓth
lag of variable j is ℓλ1 sjj /λ0 where sjj is the estimated innovation standard deviation of a
univariate fourth-order autoregression ﬁt to variable j. We set λ0 , the parameter controlling
the overall tightness of the prior, equal to 0.2, and set λ1 , which governs how quickly the
prior for lagged coeﬃcients tightens to zero as the lag ℓ increases, equal to unity. The last
diagonal element of Pi , which is the reciprocal of the standard deviation of the prior for the
intercept in the ith structural equation, is taken to be 1/(λ0 λ3 ), where we set λ3 = 100.
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In addition we have direct beliefs about the lagged structural coeﬃcients as captured
by the terms ri and Vi in equations (26) and (27).

This added information is used only

for i = 3, the monetary policy rule, where the expectation is that the third element of b3
should be close to ρ. This is implemented by taking ei in equation (27) to be column 3 of
I13 and ri in equation (26) equal to ρ. Our conﬁdence in this prior information is captured
by the value of Vi , with a smaller value for Vi representing greater conﬁdence in the prior
information.
Appendix B. Derivation of Figure 2.
The maximum likelihood estimate of the reduced-form innovation variance matrix is


 0.1835 −0.0137 0.0524 




.
Ω̂ = 
−0.0137
0.1228
0.0280






0.0524
0.0280 0.0972

Notice that for any given values of ζ y and ζ π , the maximum likelihood estimate of αs could
be found from an IV regression of ε̂yt on ε̂πt using (ε̂rt − ζ y ε̂yt − ζ π ε̂πt ) as instrument,
y

π

α̂(ζ , ζ ) =

T
r
t=1 (ε̂t
T
r
t=1 (ε̂t

− ζ y ε̂yt − ζ π ε̂πt )ε̂yt

ω̂ 13 − ζ y ω̂ 11 − ζ π ω̂ 12
=
,
ω̂ 23 − ζ y ω̂ 21 − ζ π ω̂ 22
− ζ y ε̂yt − ζ π ε̂πt )ε̂πt

(28)

for ω̂ ij the (i, j) element of Ω̂.
Figure 2 plots possible values for ζ y on the horizontal axis and ζ π on the vertical axis.
The steeply sloping dashed line identiﬁes combinations of ζ y and ζ π for which the numerator
of (28) would be zero, that is, the dashes plot the line ω̂ 13 −ζ y ω̂ 11 −ζ π ω̂ 12 = 0. This line could
alternatively be described as combinations of ζ y and ζ π for which the structural monetary
y y
π π
r
policy shock (um
t = εt − ζ εt − ζ εt ) would be uncorrelated with the reduced-form residual
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for output (εyt ) and therefore for which the MLE of αs (the value that would make εyt − αs επt
y
uncorrelated with um
t ) is in fact zero. The ﬂatter dotted line plots combinations of ζ and

ζ π for which the denominator of (28) is zero, namely ω̂ 23 − ζ y ω̂ 21 − ζ π ω̂ 22 = 0. These are
values that would make the structural monetary shock uncorrelated with the reduced-form
residual for inﬂation and would imply an inﬁnite value for the MLE of αs .
In order for αs to be positive, the numerator and denominator of (28) would have to be
of the same sign. Since ω̂ 12 < 0, the numerator is positive for any pair (ζ y , ζ π ) above the
dashed line and negative for any point below the dashed line. The denominator of (28) is
positive for any point below the dotted line. Thus in order to satisfy αs > 0, the values of
ζ y and ζ π would have to be in a shaded region of Figure 2, either both above the dashed line
and below the dotted (the lower left quadrant of Figure 2) or below the dashed and above
the dotted (the upper right quadrant). As one moves from the dashed line to the dotted
line within a shaded region, the MLE of αs would vary from 0 to +∞.
Given the maximum likelihood estimate α̂(ζ y , ζ π ) associated with any speciﬁed (ζ y , ζ π ),
we can ﬁnd the MLE for β d and γ d associated with that (ζ y , ζ π ) by an IV regression of ε̂yt
on ε̂πt and ε̂rt using (ε̂yt − α̂(ζ y , ζ π )) and (ε̂rt − ζ y ε̂yt − ζ π ε̂πt ) as instruments:


y

π





y

π

y

π

−1

[ω̂ 13 − α̂(ζ , ζ )ω̂ 23 ] 
 β̂(ζ , ζ ) 
 [ω̂ 12 − α̂(ζ , ζ )ω̂ 22 ]

 = 





γ̂(ζ y , ζ π )
[ω̂ 32 − ζ y ω̂ 12 − ζ π ω̂ 22 ] [ω̂ 33 − ζ y ω̂ 13 − ζ π ω̂ 23 ]


y π
 [ω̂ 11 − α̂(ζ , ζ )ω̂ 12 ] 
.

×

[ω̂ 31 − ζ y ω̂ 11 − ζ π ω̂ 21 ]
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(29)

One can use these expressions to calculate combinations of ζ y and ζ π that would imply a
negative value for β d . This corresponds to the region below the beaded curve and above the
solid curve in Figure 2, and appears as dark shaded regions provided that the conditions for
αs > 0 are satisﬁed. There are a number of points at which the matrix in (29) becomes
singular and no values for β d and γ d could achieve the same ﬁt as the reduced-form VAR.
As one crosses these points, signs of key relations ﬂip and the markers denoting a given curve
changes status from solid (the lower bound on the region) to beaded (the upper bound).
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Table 1. Priors for contemporaneous coefficients.
Parameter

Meaning

Prior mode

Prior scale

Sign restriction

Student t distribution with 3 degrees of freedom
Effect of π on supply

2

0.4

Effect of π on demand

1.5

0.4

Effect of r on demand

-2

0.4

≤0

Fed response to y

0.5

0.4

≥0

Fed response to π

1.5

0.4

≥0

Beta distribution with
Interest rate smoothing

0.75

≥0
none

= 13 and
0.1

=5
0≤

≤1

Table 2. Decomposition of variance of 4-quarter-ahead forecast errors.

Output gap
Inflation
Fed funds rate

Supply

Demand

Monetary policy

0.42 [33%]
(0.06, 1.02)
0.48 [67%]
(0.22, 0.88)
0.06 [3%]
(0.00, 0.27)

0.63 [50%]
(0.28, 1.17)
0.15 [21%]
(0.02, 0.37)
1.56 [91%]
(0.90, 2.53)

0.22 [17%]
(0.05, 0.53)
0.09 [13%]
(0.01, 0.23)
0.10 [6%]
(0.01, 0.38)

Notes. Estimated contribution of each structural shock to the 4-quarter-ahead mean squared forecast error
of each variable in bold, and expressed as a percent of total MSE in brackets. Parentheses indicate 95%
credibility intervals.
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Figure 1. Prior distributions (red lines) and posterior distributions (blue histogram) for
contemporaneous coefficients.
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Figure 2. Implications of different values for ζy and ζπ. Dashed line: values for which MLE of αs
is zero. Dotted line: values for which MLE of αs is infinity. Dark shaded region: αs > 0 and βd < 0.
Light shaded region: αs > 0 and βd > 0.
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Percent
Percent
Percent

Figure 3. Impulse-response functions for 3-variable VAR with informative priors for lagged
coefficients. Solid lines: posterior mean. Shaded regions: 95% posterior credibility set.
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Figure 4. Portion of historical variation in output gap attributed to each of the structural shocks.
Dotted red: actual value for the deviation of output gap from its mean. Solid blue: portion attributed
to indicated structural shock. Shaded regions: 95% posterior credibility sets.
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Figure 5. Portion of historical variation in inflation attributed to each of the structural shocks.
Dotted red: actual value for the deviation of inflation from its mean. Solid blue: portion attributed
to indicated structural shock. Shaded regions: 95% posterior credibility sets.
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Figure 6. Portion of historical variation in fed funds rate attributed to each of the structural shocks.
Dotted red: actual value for the deviation of fed funds rate from its mean. Solid blue: portion
attributed to indicated structural shock. Shaded regions: 95% posterior credibility sets.
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