Time-varying second moments

A. Introduction to ARCH models

yt = return on a stock in period t
1 = population mean return
Yo = g+ Ut
Observation: u; is almost impossible
to predict
E(ut|ut-1,Ut2,...) =0
However: u? does seem to be
quite forecastable

Question 1: how should we forecast u??
One answer: autoregression on its
own lagged values:
Uf = ¢ +a1U?, +au?, + -
FomUZ m + W
E(w;) =0
E(w?) = A2
E(ww,) =0 ift+1




Question 2: what kind of data-
generating process would imply
such a forecast?

Ug = 1/h_t8t

e ~ Li.d. (0,1) (e.g. N(O,1))

ht = ¢ + 01U 1 + Q2U2 5 + - + amUfm

Definition: a regression model with
Gaussian ARCHm) error is
characterized by

Yi = X+ U

U = 1/h_tVt

Vi ~ 1Li.d. N(0,1)

ht = ¢ + 01U ) + aaU2, + -+ + amUEm
ARCH = autoregressive conditional
heteroskedasticity

Note: even though u; has a distribution
that is conditionally Gaussian,

Ut|Ut-1, U2 ~ N(O, hy),
its unconditional distribution is
non-Gaussian (fatter tails)




parameters of Gaussian ARCHm)
regression: 6 = (B',a’,¢)’
estimate by maximum likelihood:

Q1 = X, Y1, X1, Yt-2, Xt-2, - -«
yilQe1 ~ N(xB,h)

ht = ¢ + 01U ) + aaU2, + -+ + amUEm
Ut = Yt — XtB

fylQe1:0) = = exp[_m%}fﬂ }

£(0) = 3, logf(yijQi1;6)

choose 6 numerically to maximize
£(0) subjecttoc >0, ¢j =0
(e.g., setaj = A7)

use first m values of y; and x;

for conditioning




Although a Gaussian specification
for v; is natural starting point, stock
returns are better modeled using

a Student t

Vi|Q:1 ~ Student t with

v > 2 degrees of freedom

conditional mean:

E(yi|Qe1) = x:B
conditional variance:

E[(y: - X{B)2|Qt71] = ht

logf(y:|Qt-1;0) =
log{ LD (1 - 222 | — L1og(hy)

(D (yt=x B)
[ ]|0g|:1+ h(v12) :|

h: = ¢+ alut,l + Olzutfz F oo+ amUin




Issues:

(1) covariance-stationary if

1-01z—---—amzZ" =0
implies that [|7]| > 1

(2) E(U?|ut_1,...,Um) > O

Sufficient conditions:
¢>0
>0 j=1,...,m

o1 +or+--+am<1

generalized autoregressive
conditional heteroskedasticity
(GARCH Tim Bollerslev dissertation
Ui = 1/h_t Vi

vi ~ (0,1)




U = Jh_tVt
vi ~ (0,1)
ARCHm):
he = ¢ + a(L)uf
a(l) = a1l + aol? + ---aml™
ARCH(0):
he = ¢+ m(L)u?
n(L) = 2 mL!

parsimony:

ail + a2 + ---aml™

L —
7(L) 1-61L—62L2— - = 5(Lf

(1-61L—62L2 — - = §,L")hy
= (1-81-82— -~ )¢
+(a1L + asl? + ---amL™Uu?
Ui ~ GARCHr,m)




almost all applications
use GARCH1,1)
(1-61L)h = k + a1Luf
he = k + d1he1 + a1u?

ht =K+ 51ht71 + alutz,l

add u? to both sides:

he +Uf = Kk +61uf ;1 —51(U? ;1 — hep)
+auf | + uf

UZ =k + (81 +a)ud; + (U7 —hy)
- 51(Ut2_1 —h-1)

E(Ut2|Ut—1,Ut—2---) = hy

Wi = Uf — hy

UZ = K+ (81 + 01U 4 + Wy — S1Wi_g

Uf = K+ (81 + a1)U? 1 + Wy — S1Wy 1
conclusion:

ur ~ GARCH1,1)

= u? ~ ARMA, 1)

AR coefficient = 61 + a1

MA coefficient = -6
stationarity requires:

ler + 61| < 1




more generally:
ur ~ GARCHr,m)
= uf ~ ARMAmax{r,m},r)

Why does the conditional variance
matter?
1) knowing variance of returns is
important for

a) assessing risk

b) portfolio choice

C) options pricing

2) even if you're interested in mean
only, correctly modeling the variance
could matter for

a) more accurate hypothesis tests

b) more efficient estimates
Hamilton, “Macroeconomics and ARCH”




Yt = o+ P1Yi-1 + Ut
Ui ~ GARCH(1,1)

U = 1/h_tVt
ht =K+ autz,l + 5ht71
Vi ~ii.d. N(O,1)

Yt = @Y1 + Ut
Usual asymptotics:

™ Zthl Y
T ZtT: Y
E(yt-aun)? = E(yZ1)E(Uf)
T2 T yisuy > N(O,E(y? ) E(UR)
T Zthl Vol 5 E(yZ1)
JT (G- ¢) 5 NO,EUD/EWYZ,))

JT($-¢) =

JT (@ - ¢) > NO,E(UD/EYE )
c (2,5 = s%/ Zthl e

T62 5 E(UR)/E(Y2,)

t stat > N(O, 1)




However, suppose true ¢ = 0
(soyt = uy) and uy ~ GARCH(1,1)
E(yr-1u)? = E(UZ1Uf)

= p{EW) - [EW))]*} + [EUd)]®

_ [1—(a+d)d)a
P = 1+862-2(a+8)5

Ifa = 6 = 0(no GARCH), thenp =0
E(ufuf) = E(ug)E(Uf)

But with GARCH,
E(uf,uf) > E(ugq)E(uf)
t stat > N(O, V1)

Vip >1

Vi1 L as

302 +2a5+82 5 1

True size of usual t test > 0.05

As fourth moments become infinite,
true size » 1

All t tests reject the true null
hypothesis asymptotically with prob 1
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Asymptotic rejection probability for OLS t-test that autoregressive coefficient is
zero as a function of GARCH(1,1) parameters a and &. Note: null hypothesis is
actually true and test has nominal size of 5%.

Taylor rule:
Ary = yo+yame + 72yt + 73y
+ 9l + ¥YsAreg + Vi
r. = fed funds rate for quarter t
7 = inflation
y: = deviation of real GDP from potential

Claim: y1 and y» are higher now
than in 1970s, which contributes
to greater economic stability
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Taylor Rule with separate pre- and post-Volcker parameters as estimated
by OLS regression (d, = 1 for t > 1979:Q2).

Regressor Coefficient Std error Std error

(OLS) (White)
constant 0.37 0.19 0.19
T, 0.17 0.07 0.04
Y 0.18 0.08 0.07
™ -0.07 0.08 0.07
= 021 0.07 0.06
Aryy 0.42 o1 013
d, -0.50 0.24 0.30
da, 0.26 0.09 0.16
dy, 0.64 0.14 0.24
Ay, -0.55 0.14 0.21
[ 0.05 0.08 0.08
dAr, -053 0.13 0.24

Taylor Rule with separate pre- and post-Volcker parameters as estimated
by GARCH-t maximum likelihood (d, = 1 for t > 1979:Q2).

Regressor Coefficient | Asymptotic
std error
constant 013 0.08
7, 0.06 0.03
Y 0.14 0.03
™ -0.12 0.03
Fet -0.07 0.03
Al 0.47 0.09
d, -0.03 012
dir, 0.09 0.04
dy, 0.05 0.07
Ay, 0.02 0.07
dr, -0.01 0.03
dAr,, -0.01 0.11

Change in fed funds rate, 1956:Q2-2007:Q1
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Time-varying second moments

A. Introduction to ARCH models
B. Extensions

exponential GARCH
(EGARCH, Dan Nelson)

U = Jhew

loghy = ¢+ 327 mi[Vej| — Vg + vy
Vi ~iid. (0,1)

m; > 0 =if v 1, then he 1

x = 0 = positive vi; and

negative v._j has identical

effects on variance

loght = ¢ + Z,ﬁl Ti[ V| — BV + 2vi ]
x < 0 = a decrease in stock price
increases variance more than

an increase in stock prices

(called “leverage effect”)
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parsimony:
a(l)

L= 1750

EGARCH(1,1):
loght = x + 61logh¢1
+ a1{|vt,1| - E|Vt71| + )(thl}

Nelson proposed generalized error
distribution (GED) for v;

f(viim) = Cy exp{—(U2)Vi/A,|"}
where c, and 1, are constants

to make the density integrate

to 1 and have unit variance

14



f(vi;n) = Cy exp{—(U2)|vi/A,]|"}

n=2=

f(vi;n = 2) = Coexp{—(U2)vZ/1,}
~ N(0,1)

n = 1 = double exponential

n < 2 = fatter tails than Normal

n > 2 = thinner tails than Normal

GARCH-M (GARCH in mean)

Does uncertainty have effect on level
of variable?

(1) higher risk = higher expected return
(2) higher uncertainty = macro effects

Yt = XtB + She + uy

Uy = \/h—tVt

ht =K+ 51ht_1 + alutz_l
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Time-varying second moments

A. Introduction to ARCH models
B. Extensions
C. Stochastic volatility

GARCH family:

Y = X¢B + Ut

u = Jheve

Vi ~ iid. (0,1) (e.g. N(0,1))
ht h(ut_l, Ut-2, .. )

Implication:

the difference between
the realized value y; and its
conditional expectation x;p
is the only information useful for
forecasting the variance ht
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Stochastic volatility:
Some latent variables in
addition to utj contribute to h;

Example:
yi = exp(h/2)vi
he = p+ ¢(hea — p) + one

R ()

argument in favor of stochastic vol:

more natural and flexible
argument in favor of GARCH:
ultimately our forecast
E(U#[Xt, Y1, Xt-1,Yt-2, - .)
will be some function of
(Xt,Yt—l, Xt-1,Yt=2,...)
so why not take this function
as a primitive of the model?
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Note sv model above implies
yf = exp(hove

logy? = ht + logv?2

logy? = p+ (ht — p) + logv¢

For &t = hy — u this is a state-space
model of the form

St = @Sr-1+ 0Nt

logy? = p+ &t + logve

problem: logv? is not Normally
distributed

One solution: approximate with mixture
of Normal state-space models, estimate
by Monte Carlo Markov Chain

(Kim, Shephard, and Chib REStud,
1998; Primiceri, REStud, 2005).
Alternative solution: auxiliary particle
filter (Chib, Nardaro, Shephard,

J. Econometrics, 2002)
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v = (1.4,0)

Qt = {Yt,Yt-1,..,Y1)
goal: approximate
P(St[Qt, w)
P(Yt|Qt-1,y)

Input for step t + 1:
particles A" = (&, el ey
fori = 1,...,D with weights /D

(1) calculate measure of how

useful §t(i) is for predicting yi.1

A = p+o(h? — 1w

. 2
i = L___exp i
2r e[ My/2 ] 2exp[ Ah/2 ]

19



)

iD=l 7y(i)

2) Set o =

and resample At“) with prob c?)t(j):

ALY with probability &

AP =

AP with probability &>

(3) Generate ht(j+)1 from

N(u + (b — 1), 62)
forj=1,...,D

(4) Calculate weights
) 1 1 ¥
0] = — ex =
LD o ep[nd)/2] p( 2exp[ hh/2 ] )
PYu1lQiy) = DY o)

é)(i)l _ oy
+1 — D N
b Z =1 oy

E(hualQuay) = 2121 oPihd,

20



(5) Resample

ALY with probability &

0)
At+l =

AL with probability &%)

Liy) = X o log Pyl v)

Note structure is no more difficult
for generalizations, e.g.,

yi = XiB +exp(hi/2)vy

vt ~ Student t (0,1,n)

Just replace N(O, exp(ht/2))
densities above with

Student t (xiB, exp(hi/2),n)
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Time-varying second moments

A. Introduction to ARCH models
B. Extensions

C. Stochastic volatility

D. Realized volatility

Consider continuous-time process:

p(t) = ut+oW(t)

W(t) ~ standard Brownian motion
e.g., p(t) = log of asset price at t
p(t) — p(t —h) ~ N(uh,o?h)

Divide interval [t — h,t] into n
segments each of length A = h/n
segmenti startsatt—h+ (i— 1)A
and ends att—h+iA

1 [t—-ht-h+A]

n: [t—A,t]

segment i
segmenti

22



ri =return over Segment i
_ p(t=h+iA) = p(t—h+ (i — 1)A)
~ N(uA, 62A)

Question 1: Can we get better
inference about u by dividing fixed
interval [t — h,t] into smaller

segments, that is, by making n bigger?
Answer: no

fin=ntY " At

Recall ri ~ N(uA,02A) and A = h/n

fin=h1Y" [pt—h+iA) -
pt—h+ (i —1)A)]

= h™*[p(t) - p(t - )]
same estimate regardless of n

23



fin ~ N(@,5%/h)

unbiased but not consistent as

n— oo

To get better estimate, need longer
time period (bigger h) not more
observations for fixed period (bigger n)

Question 2: Can we get better
inference about o2 by dividing fixed
interval [t — h,t] into smaller

segments, that is, by making n bigger?
Answer: yes

Recall ri ~ N(uA,c2A) and A = h/n
62=ntY " rAAt=hty " r?
63 =h13" [p(t—h+iA) -
p(t—h+ (i —1)A)]?
= h LY (A + 0 /A X)?
xi ~i.i.d. N(0,1)
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63 = hflzinzl(uzA2 + 2uc A¥%X; + 62AX?)
AS n - oo,
h-1 ZLM‘ZAZ = h"1nAZy2
= (h/m)u? - 0
h‘lzin:l 2ucA3?x; = 2,uo(h/n)1’2n‘12in:l Xi
5o
h iy o2Ax? = o2t A 5 o2

Conclusion:
Ao P
62 > c%asn - o foranyh

More generally, if
dp(t) = p(®dt+ o (t)dWH)
vé>03h>0:

SUPheesto®(7) —o?(Dk & (a.s.)
then plimn..ne0 625 = o2(t)
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For liquid security, realized vol shoots up as A (measured in
minutes k) gets small due to bid-ask bounce
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For illiquid security, realized vol shoots up as A (measured
in minutes k) gets big due to nontrading
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Time-varying second moments

Introduction to ARCH models
Extensions

. Stochastic volatility

. Realized volatility

Dynamic conditional correlation

Question: how does GARCH generalize to
multivariate setting?

moowpy
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Consider a collection of zero-mean
GARCH(1,1) processes:

ric = 4hit €it

git ~i.i.d. (0,1)

hit = @i +Kirﬁt_1 +7Lihi,t_1
I=1,...,n

Qi = Sij + a(iragjt-1— Sij) + P(dijt-1 — Sij)

a+p <1

If  + B = 1, amounts to forecast gi¢jt

by exponential smoothing.

sij = E(eirejr) (unconditional correlation)
Q.= (1-a—P)S+aecagls + fQ,,

If Q, is positive definite then so is {Q.} L,

; L Qijt
Define pj = T [
piit - Pint
R; = : :
Pnit *°°  Pnnt

positive definite with ones along
diagonal (a correlation matrix)

27



More generally, could consider

Q,=S-(11'-A-B)
+Acgr1g 1 +BoQ,

so each correlation gets its own

aij,,Bij instead Ofaij = (Z,ﬂij = B.

Need A, B, (11' - A - B) p.d.

Likelihood function for & ~ N(O,1,,)

Qi ={r,re,...,r}

riQe1 ~ N(O,D{RDv)

D¢ = diag{/hit }

hit = Wj + Kirﬁt_l + )«ihi,t—l

& = Di'ry
Q,=So(11'-A-B)+Acg1g 1 +BoQ,,
Q; = diag{ /T }

Ri=Q;"QQ;™

£ =—(U2)Y |, {nlog(2r)
+Iog|DthDt|+r{D{lRlet’lrt}
= ~(12) >} {nlog(2r) + 2log|D4|
+logRtH+e{Rter

T y-1n-1
= —(1/2) 3., {nlog(27) + 2log|D}+r{Di*Ditry

— gigr + logR &R e
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First component:

~(12) 3] {nlog(2r) + 2log|D+r{D:*Ditr i
= -2 X}, ¥ {log(2n) + log(hi) + rifhic}
hit = @i + kirZ; + Aihies

can estimate wi, i, Ai by fitting univariate

GARCH(1,1) models to series one at a time.

Second component:

~(12) Y[ {logRkeiRi e — et
Can maximize with respect to
correlation parameters (e.g. a, )
with & = D 'ry for Dy from first step
S=T13 ] &&

. T A 1A
min > {logR &R 8
a,

(&, B) consistent and asymptotically
Normal, standard errors in Engle (2002)
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