Markov-switching processes
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Model of structural change:
Ye—p1=¢(Yr1—p1)+e t<tg
Yi—p2 = ¢(Yra—p2)+er t>to




Questions:
1) How forecast with this model?
2) What caused change at t,?
3) What is probability law for {y,}?

ss=1 t=12..,t

St=2 t=to+Lto+2,...

Vi — ps; = (Y1 — psr,) + &
Need: probability law for s;

Markov chain:
P(st =jlsta =lsia =k...)
=P(sf =jlsy = 1)
= Pij
Transition from 1 to 2 is permanent
= pan=0




In general, if s; is a Markov chain taking
on one of the values st = 1,2,...,N,

let pij = P(st = jls1 = 1). Collectin
matrix P = [p;i]

P11 P21 -0 PN
p_ Plz Pzz PNZ
B PiNn Py o0 PNN ]

Let & = e (the ith column of Iy) when

st =i. Then
P(SH]_ = 1|St = I)
P(St 1= 2|St = I)
E(E,,.6 = &) = o
P(st:1 = Nist = 1)
= Pe
= Pg,

§t+1 = Pgt +Vi1 Vw1 ~ mod.s.

More generally, suppose we had a set
of observations Q: = {y,,Yi1,.--,Y1/
that gave us an imperfect inference
about s; summarized as

[ P(si=100) |

~ P(st = 2
2;t|t = E(&Qy) = & . o

P(s = NIQ)




Then
Et+l|t = E(§,1IQ0) = Pgﬂt
(e.g., row | states that
P(st1 = jIQ)
= PyP(s = 1|Q4) + p2iP(st = 2|Q)
+--- 4+ pnP(s = N[Qy)

Return to original example of interest:
Yi— ps; = ¢(Y-1 — Usy,) + &t
gt ~i.i.d. N(0,0?)
P(st =jlsa =D =pj 1j=12
{s{}{, independent of {&},
Qi = {yt,Yt-1,..., Y11

Implication:
yilQu1, 87,871 ~ N(us + ¢(ye1 — pis;,),02)




Convenient to summarize {s{,s’
with a single Markov chain:

s=1 ifsg=1lands’; =1

s=2 ifsg=2ands’; =1

ss=3 ifsg=1ands; =2

s=4 ifsg=2ands’; =2

& = ej (ith column of I4) when s; = i
§t+1|t - P&ut
pn 0 py O
P, O pp O

P =
0 pun O px
B 0 p» 0 p3x B
p(yils: = 3,Q¢1)

= P(Yilus; = p1, ps;, = p2, Q1)

_ 1 ~[Yi-p1-9(Vr1-p2)]? }
V2o eXp{ 252




Collect the densities that might be
associated with each of the N = 4
states in an (N x 1) vector

p(ytlst = 11Qtf1)
p(yilst = 2,Q4-1)
N = .
| Pilse =N, Qeg) |
Recall that
P(s = 1Q¢1)
= P(s = 2|Q+1)
P& i1 = :
B P(st = N|Qt-1) h
Thus
N, © Pgt—llt—l =

pytlst = 1,Qe1)P(st = 1Q1)
pytlst = 2,Qe1)P(st = 2|Q¢-1)

B pytlst = N,Qe1)P(st = N|Qt1) |




Summing the elements of this vector gives
1M, © P&y 1)

= Z,lil P(Yt, St = jIQt1)

= pytlQt1),

the conditional likelihood of tth observation.

The result of dividing the jth element
of (n, ® P&,_;;,) by the conditional
likelihood is

p(yt, St = J|Qr1) o
o) & = b Qi)

M © Pgt—lh—l) _ E
= = St
', © P&, 441)

(n, © Pgt—ln—l) B E
~ - tit
1'(m,© P& 1)

Iterative algorithm similar to Kalman filter:
Input for step t:
Et—lk—l
(an N x 1 vector whose jth element is
P(st1 = jlyt-1,Ye-2,-...Y1)).
Output for step t:

8y




Options for initial value &

(1) If Markov chain is ergodic,
use ergodic probabilities

Ego = A'A)A'en,

A _ IN —/ P
(N+1)xN 1

(2) Set &y, = p, a vector of free

parameters to be estimated by
maximum likelihood or Bayesian
methods along with the other
parameters.

(3) Set &,y = N1
(4) Set EO|0 based on prior beliefs.




Above assumed we knew parameters
6 appearing in n, = [p(yilst = J, Q1 1;0]]Y;
(in this case 0 = (§, 11, 2,06%)") and p

appearing in P (in this case p = (p11,P22)).

However, as byproduct of step t of
iteration we ended up calculating
p(yi|Q+-1;0,p) and so we’ve calculated
log likelihood

£(8,p) = X2, logp(yiiQe-1;6,p)
which can be maximized numerically
with respect to 8 and p by numerical
methods.

Note— during numerical search
we’d want to be choosing 111 and 12,
rather than p;; and p; where

2%
1423,
2%

l+/l§2

P11 =

P22 =
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(means vertical change of 10 is approximately a 10% increase)
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cumulative drop, 2007:Q3 to 2009:Q1 = 2.4%
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ohvhonr

Probability of recession

GDP growth in quarter t

Prob(NBER expansion in t + 1| NBER expansion in t)
=164/174 = 0.94
Prob(NBER contraction in t +1 | NBER contraction in t)
=35/44 = 0.80

Pr(Sa =2 Y Yo

)= Pr(Ss =2, Yin %)
(Yo [ Y0
Pr(S =2 Yl %)

Pr(Sa =1 Yo V) + Pr(Saa = 2, Vi | V1)
2
Pr(S=2 Yo | Y0) = sglF’f(Su =28 =S Yl¥)

Pr(S§:a=28 =S YY) =
Pr(§ =sly) Pr(S,=2|S =s,¥) I (Y |Su=2S =sy)

known from 0.80fors=2 known from

previousside 0.06for s=1

density of recessons

12



Probability of recession in t given y(t) =
y
081 |
i
15 12 9 6 3 0 3 6 9 12 15
y=GDP growth in quarter t
Probability of recession in t+1 given
Y+ D)=y(=y
of
06
04
02

15 12 9 6 3 0 3 6 9 12 15
y=GDP growthint+1and t

Probability of recession in t given y(t) =
y

cooo
ST

y=GDP growth in quarter t

Probability of recession in t+1 given
Yt D=Y=y

cooo
[N

15 12 9 6 -3 0 3 6 9 12 15
y=GDP growthint+land t

Prob =0.6
aty=-2.2

Prob =0.6
Aty =-0.8

Can also calculate “smoothed probability”

Pr(S =2] ¥, Yia)
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Nonparametric summary of NBER labels:
f(y, 1S =0 estimated nonparametrically
Pr(S.,=11§=0=094
Pr(S., =2]§ =2) =0.80
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Could also approach parametrically:
(%18 =D ~N(4,07)
f(%18 =2~ Nt o)
Pr(Su =11§ =1 =py
Pr(§a=218=2)=pp




Pr(Se=28 =S Y l¥) =
Pr(§ =sl|y)Pr(S.=21S =s,¥) T (Y1 1S =25 =s, %)

known from p22 fors=2 2
previous step p12fors=1 N(t.07)
f(Yeaaly) =

Pr(S+=18 =Lyl +
Pr(§+ =18 =2yl V) +
Pr(§+=2S =Lyl v) +
Pr(§+1=2. =2 a1 %)

Parameter Estimated from NBER | Estimated from GDP
dates and GDP done
p, 473 462
o 119 057
o 347 335
Pu 094 092
' 080 074

|
I8

a
i
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i

Another challenge:

(1) Use only unrevised data as it was
actually available at the time.

(2) Use only data up through quarter t to
estimate parameters and form inference
for quarter t — 1.
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Date of nnnuuncemﬂltl Announcement
d (through June 2005)
May 1970 recession began 1969:Q2
|Ang 1971 frecession ended 1970:Q4
May 1974 recession began 1973:Q4
[Feb 1976 recession ended 1975:Q1
[Nov 1979 recession began 1979:Q2
[May 1981 frecession ended 1980:Q2
|Feb 1982 recession began 1981:Q2
|Aug 1983 recession ended 1982:Q4
[Feb 1991 jrecession began 1989:Q4
[Feb 1993 recession ended 1991:Q4
[Feb 2002 irecession began 2001:Q1
Aug 2002 recession ended 2001:Q3
Actual real time (since July 2005)

Jan 30. 2009 |xes:ess|on began 2007:Q4
|Apr 30, 2010 [recession ended 2009:Q2

General case:

plYlst = 1,Qt1)

P(Ylst = 2,Qt-1)
Ny = .

L p(ytlst = N,Qt,l) a

Py Q1) = 1, © PE_y 1)
LYy, y18) = 20 logp(y Q1)

Example: Dueker (JBES, 1997). AR(1)
with Student t innovations whose degrees
of freedom change with regime:

I'[(vi + 1)/2]
(7rvj)1/2r(vj/2)6
[1 i (Yyt—cC— ¢Yt71)2 }(v,ﬂ)/z

ovj

plyilst = },Qt-1,0) =

0 = (C,¢,G,V1,V2)/
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Example: Krolzig (Markov-Switching
Vector Autoregressions, Springer 1997):
Gaussian VAR(1) with lag coefficients
changing:

(st = ,Q1,0) = (2m) QY2
expl-(U2)(y, - ¢ - @jy )'Q"
(Ve = Cj = @jyy1)]
0 = (C1,Cy, (vecdy)', (Vec®,)', (vechQ)'))’

Can also allow transition probabilities
to be parametric function of exogenous

or lagged dependent variables z::
P =[P(st = jlsc1 = i,z; p] s

Example:
exply'zt) 1
p L+exp(y'zt) 1+exp(d'zy)
N 1 exp(8'zt)
Lrexp(y'ze)  l+exp(d'zt)
p=(38)

Testing the null hypothesis of no
change in regime and choosing
number of states N.

Example: Markov-switching regression

yr = X{ﬁst + 05t

st € {1,...,N}

P(st = jlst1 = 1) = pjj

Ho:B; =B, oj=ocforj=1...,N
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Problem: p;; unidentified under Ho.

Usual regularity conditions not

satisfied, distribution of likelihood

ratio test nonstandard.

(1) Smith, Naik, and Tsai (J. Econometrics
2006): generalization of Akaike
Information Criteria.

0=y By0L- 0N,
Piji=1,...N:;j=1,.N-1)

£0) =Y., logp(yi|Qi-1;6)

Qr1 = {Xt,Yt-1,Xt-1,...,Yo, X0}

éMLE = arg max £(0)

Ti = X0, PGs = ilr;fue)

Smith, Naik, and Tsai propose
choosing model that minimizes

MSC = —ZI(éMLE) +ZiN:1 %

20



MSC is estimate of information loss
(Kullback-Leibler divergence) between
p(yt|Qt-1;0*) and true density g(yt|Qt-1
for 0* the KL-minimizing value of 6.

(2) Carrasco, Hu, and Ploberger (2013):
test of null hypothesis of no switching

for more general models.

Let (: = logf(y:|]Q1;A) be the log likelihood
under null hypothesis of no switching

(e.g., A = (B',0)’ for previous example)

h, = 2
t A | a=Ame

Ha: first element of A switches from
latent Markov chain (CHP also propose
tests for vector switches).

Qt(l) = first element of h;

0(2) 0y
t - A2 o
1 T A=AMLE
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7o) = 1@+ 1] + 2 prstPis®
p = unknown parameter characterizing
persistence of Markov chain

(1) Regress (1/2)y+(p) on hy and
calculate residuals :(p).

(2) Calculate

2
ZT_ 7t(p)
C(p) = &| max< 0, —=tL _——
i 23 L lexton?
(3) Find p* over some range (e.g.,

p € [0.2,0.8]) to maximize C(p)
by numerical search.

(4) Bootstrap to see if C(p*) is
statistically sig (i.e., generate data
with no switching and A = AmLE,
calculate C(p*) on each sample).
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