Factor models

Principal components

Principal components with missing data

. Dynamic factor models

. Factor-augmented vector autoregressions
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A. Principal components

Suppose we have a large number of
variables observed at date t

Goal: can we summarize most of the
features of the data using just a few
Indicators?



Yields on U.S. Treasury securities
(3 months to 10 years)
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Y, = (n x 1) vector of
stationary observations
1 = T—lztil Vit (mean of variable I)

(sample correlation matrix)



Goal Is to find a scalar & and
(n x 1) vector h so as to minimize
> 1 —h&)'(§, — h&)
Note: h and &; are not unique
(h&e = h*&f forh* = gh, & = g7'&)
but hét Is unique.
One normalization: h'h = 1.



i = hét

Scalar & explains as much of
variation of y, as possible.
Solution &f Is called the

"first principal component” of y,
(determined up to arbitrary scale factor).

Elements of vector h are called
"factor loadings".



min Y (§,— h&)'(§, — h&o)
{h,&1,...,ET)

Concentrate objective function:
(1) for any h, find best {&1,...,&1}
(2) substitute &¢(h) into objective
and min with respect to h



(1) for fixed h:

min " (¥, — h&)'(§, — h&y)
{€1,.-&T)

rr;in (}N/t - hft)/(yt - hét)
OLS regression of §, on h
&u(h) = (hh)*h'y,
(yt - hft)/(yt - hét)

= §:(In —h(h'h)™*h")9,



(2) minimize over h:
min 3, (%~ heuh)' (9, —héuh)
= >, 91— h(h'h) th)y,

= max Y, §ih(h'h)*h'y,
hy

subjecttoh’'h = 1
T I, o
— Zt 1h YiY th
T & &
- h (Zt 1 t t)

= Th'Qh



max h'Qh
{h}
subjectto h'h = 1



Consider eigenvalues of Q
fZXi = iiXi fori =1,..,n
A =diag(A1,..,An)

X=[ x1 - xn |

X'X =1,
QX = XA
X'QX = A



max h'Qh subjectto h'h = 1
{h}

Let h = Xh*
where X'X = 1,and X'QX = A

max h'Qh subjectto h'h = 1
{h}

= max h*X'QXh" subject to h*h* = 1
{h™}

h*X'QXh" = h*Ah
— hizil hﬁzin
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max h{?A1 + --- + h?A,

{h™}
st.hi*+..-+h?2 =1
Solution: hi =

h = hy = - = h;

3h=X1
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Conclusion: the factor loadings
are given by the eigenvector of
Q associated with largest eigenvalue.
The first principal component Is
given by h'y., the product of this
eigenvector with de-meaned data
vector.
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Example:

Y, = Interest rates for month t

for U.S. Treasury securities with
maturities 3m, 6m, 1y, 2y, 5y, 10y
nNn=06

t =1982:M1 - 2013:M5

é =T+ Z::l(yt - ﬁ)(yt - ﬁ)/
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Eigenvector of Q associated

with largest eigenvalue;

(0.3999, 0.4153, 0.4244,

0.4344, 0.4061, 0.3659)’

1/,/6 = 0.4082

Conclusion: first principal component

IS essentially the average of the 6 yields.
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Fitted value for yield I:
yit = [Ii + hi&
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Could also ask: suppose | could use 2
variables to summarize the 6 yields.
Choose (2x 1) vector &, fort = 1,...,T

and (n x 2) matrix H to minimize

>, —HE' (¥, — HE).
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Again not unique:
Q nonsingular (2 x 2) matrix
H* =HQ
& = Q¢
Hgt — H*ﬁf
Normalize H'H = I,.
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r{nin (yt o H&t),(yt - Hgt)

t

=§'/(In—HMHH)H"Y,

max Y, §HHH)TH'Y,
=" trace[ (H'H)™H

= Ttrace| H 'QH ]

[, o]

YiYt

H |
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Solution: H Is In the linear
space spanned by the eigenvectors

of Q associated with the two
largest eigenvalues.
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Second principal component refers
to h,¥, for h, the eigenvector

of Q associated with the second
largest eigenvalue. Note second
PC Is orthogonal to the first:
> L1 (h19)(Fth2) = ThiQh,

— TAzhtha = 0
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Interest rates: eigenvalues of Q

Eigenvalue Percent
1 56.0309 0.980548
2 1.0423 0.998789
3 0.0519 0.999697
4 0.013 0.999924
5 3.05E-03 0.999978
6 1.28E-03 1
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Factor loadings associated with
first three principal components
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interest rates
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Selecting the number of factors r
for standard principal components:

.
Vi = thl

{H(r)*, 'Er)*
(V) (1)

ag min

y

g’/t —H (r)x fr)*
(nxr) (rx1)

/

g’/t —H (r)x fr)*

(nxr) (rx1) _

(¥, — HE)' (¥, — HE))

{H.8q187)
subjectto H'H = [,
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Bal and Ng, Econometrica (2002).

Choose r to minimize

(n+T) logimin(n,T)]
nT

logV, +r
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Ahn and Horenstein,
Econometrica (2013):

T ~ ~
1Zt1t’£

il = largest eigenvalue of QO

{O>

An = smallest eigenvalue of O
Choose r to be value for which

ArlAri1 iS largest.

30



B. Principal components with
missing data

May not observe all n variables at date t

Want to summarize using &,
(rx1)

sit = 1 1f variable 1 observed at t, O If not
hi =rowiof H
(1xr) (nxr)

. T n . / ,
mln B . (yt . h_’. ) S't
{hy,,..hn &y, 810 Zt—l Z|_1 I I E-’t |
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Stock-Watson iterative algorithm
(1) Given an estimate of H, estimate
€,,....& by T separate cross-section

OLS regressions of yi; on h; .
Regression t minimizes Zi”:l(yit — h{,_z;,t)Zsit

S 8= (0005 (T hvis)
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(2) Given an estimate of {§,,...,&;, estimate
h.; by n separate time-series OLS regressions
of yit on &,
Regression I minimizes
> @i —hi &)

= hi, = <ZtT=1 gt&ésio_l <ZtT=1 gty“sio
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(3) Iterate on (1) and (2) starting iteration
from H based on eigenvectors of
correlation matrix for subset of data for

which all observations available.
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(4) Normalize final estimates by finding

. . AT $ 3
( ka) matrix of eigenvectors of T1> " &&,

& = Q%
= TIELEE = QT XL EE0Q
- Q'QA = A (diagonal)
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O

Factor models

Principal components

. Principal components with missing data

. Dynamic factor models
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y, = observed variables
& = unobserved factors

Yi = H gt + Ut
(nx1) (nxr)(rxl) (nx1)

§t+1:q) gt T Vi
(rx1) (rxr)(rxl) (rx1)

U= D Ut + &t
(nx1) (MxN)(nx1)  (nx1)

D = diag(dl,dz, - ,dn)
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Yi = H &t + Ut
(nx1) (nxr)(rxl) (nx1)

Assumption 1:
ntH'H - Q

R ()
with rank(Q) = r.
Means factors matter for more
than just finite subset of y,
and are different from each other
(columns of H not too similar). =



Assumption 2:

maximum eigenvalue of E(uu;)
IS < c for all n.

Means u; does not have Its own
factor structure.

(e.q., for E(uwu;) = 0211’

then 1 Is eigenvector with
eigenvalue 621’1 = o2n)
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Suppose these assumptions held
and there was an (n x r) matrix W
such that:

(i) N"TW'W - |,

(i) n'W'H - A

(rxr)

(i) rank(A) =1

For yields example and r = 1,

W' =(1,1,...,1) «



Yi = H gt + Ui
(nx1) (nxr)(rxl) (nx1)
1 / o1 /
n~W y =n-W H &
(rxn)(nxl) (rxn)(nxr)(rxl)
+ n‘l W/ U+
(rxn)(nx1)

n‘1W’ut B) 0
(e.g., ntY"" it £ 0)
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ntW'y, = n7"W'HE, + n™'W'uq
n—W'y, 5 AE,

Conclusion: can uncover space
spanned by & from n"tW'y,.
Don’t need to use any knowledge

of dynamics to uncover the variable
that drives all the dynamics.
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Stock and Watson (JASA, 2002)
showed that under related
assumptions, the first r principal
components of y, provide a

consistent estimate of A&, for
some nonsingular (r x r) matrix A.
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D. Factor-augmented vector
autoregressions (FAVAR-- Bernanke, Boivin
and Eliasz, QJE, 2005)
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Y, = (nx 1) vector of observed
variables (n = 120)

Xt = (Mmx 1) subset of y, of special
Interest or iImportance.

BBE take x; = r¢ (the fed funds rate)
or Xy = fed funds rate, industrial
production, and Inflation, In
deviations from their means.
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Factor-Augmented VAR:

Oij(L) = O L+ ©;7L2 + - + DPLP

€1t
(rx1)

€2t
(mx1)

®11(L) Di2(L)

(rxr) (rxm)
Do (L) Do(L)
(mxr) (mxm)
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Could estimate space spanned by &,

by that spanned by &, the first r
principal components of y,.

Question: how to identify monetary
policy shock?
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Note: since r¢ IS Included Iin y,,
each element of & = Hy, is linear

function of ry.

Claim: a monetary policy shock
does not affect "slow-moving
variables" (wages, prices) In the
current month.
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y; = subset of y, that IS
"slow-moving”
g =firstr PC of y,

g =firstr PCof y*



(1) regress iy = P&, + airt + €
for1 =1,...,r

(2) Calculate &t = it — @it

(3) Estimate VAR for % = (€,,rv)’
Xi = ®(L)Xt + &



(4) Calculate nonorthogonalized
Impulse-response function
(L) = [Ina—@(L)] ™

\P’ . a)N(t+S
g =
Ot

and Cholesky factorization




(5) Effect of monetary policy
shock (uM) on X is

OXt+s _ r A
auil:\/l o ‘PSpr—Fl

for P, the last column of P
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(6) Since y, = He Et + hr 1y

(nx1) (nxr)(rx1)  (x1)
effect of monetary policy on any
variable Is

Niss 2 A
ouy’ :I: He ]‘PSle

t
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Effects of monetary policy shock
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Effects of monetary policy shock
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Effects of monetary policy shock

HOUSING STARTS NEW ORDERS DIVIDENDS CONSUMER EXPECTATIONS
0.06 0.04,

0.02
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