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Answers to practice midterm questions

1a.)
xt = µ+ (1 + θL)εt

(1− ρL)xt = (1− ρL)µ+ (1− ρL)(1 + θL)εt

yt = (1− ρ)µ+ [1 + (θ − ρ)L− θρL
2]εt

P̂ (yt|1, εt−1, εt−2) = (1− ρ)µ+ (θ − ρ)εt−1 − θρεt−2

1b.) yt ∼ MA(2) which is stationary for all ρ

E(yt) = (1− ρ)µ

sY (ω) =
σ2(1 + θe−iω)(1− ρe−iω)(1 + θeiω)(1− ρeiω)

2π

1c.) This is proportional to the spectrum at frequency 0, which from part (b) is zero.
1d.) Can equivalently think of starting with (1 − ρL)εt and then filtering by (1 + θL).

The representation (1− ρL)εt is noninvertible, but its autocovariances γ0 = (1 + ρ
2)σ2 and

γ1 = ρσ
2 are identical to those of (1 − ρ−1L)vt with E(v

2
t
) = τ 2. Solving the equation for

γ1 we have 2σ
2 = 0.5τ 2 or τ 2 = 4σ2. The invertible representation is thus

yt = (1− ρ)µ+ (1− ρ−1L)(1 + θL)vt

= c+ vt + (θ − 0.5)vt−1 − 0.5θvt−2.

2a.) Need eigenvalues of F inside unit circle for

F =

�
Φ1 Φ2
In 0

�

or equivalently that solutions z to |In −Φ1z −Φ2z
2| = 0 are outside unit circle.

2b.) Let
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


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yt−1
yt−2


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or equivalently row i of Π̂ is obtained by OLS regression of yit on xt. Also

Ω̂ = T−1



T

t=1

	
yt − Π̂xt

�	
yt − Π̂xt

�
′

.

2c.) Stated assumptions along with stationarity condition are sufficient.
2d.)

∂yt+2

∂ε′t
= Φ21 +Φ2

2e.)
(In −ΛL)B0yt = (In −ΛL)λ+ (In −ΛL)B1yt−1 + vt

B0yt = k+C1yt−1 +C2yt−1 + vt

for k = (In −Λ)λ, C1 = ΛB0 +B1, C2 = −ΛB1. Thus

B̂−10 (B̂
−1

0 )
′ = Ω̂

B̂−10 (Λ̂B̂0 + B̂1) = Φ̂1

−B̂−10 Λ̂B̂1 = Φ̂2

B̂−10 (In − Λ̂)λ̂ = ĉ

2e.)
∂yt+s

∂v′t
= Ψ̂sB̂

−1

0

where Ψ̂s denotes the first n rows and n columns of F̂s and

F̂ =

�
Φ̂1 Φ̂2
In 0

�


