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Wklv dsshqgl{ ghvfulehv wkh phwkrgv iru xvlqj dq hvwlpdwhg FHV xwlolw| ixqf0
wlrq L ' LEZrc ZJ� wr suhglfw fkrlfhv dorqj RrZr n RJZJ ' 6/ dowkrxjk vlplodu
phwkrgv dsso| wr doo xwlolw| ixqfwlrqv hvwlpdwhg1 Wkh FHV xwlolw| ixqfwlrq jhq0
hudwhv d krprwkhwlf ghpdqg ixqfwlrq/ khqfh wkh ghpdqg fxuyh fdq eh zulwwhq dv
Zr ' sERrc RJc6� ' sERJ*Rr�6*Rr1 Zh wkhq hvwlpdwh wkh ghpdqg h{suhvvlrq
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zkhuh 0 lv dvvxphg wr eh glvwulexwhg qrupdoo| zlwk phdq }hur dqg yduldqfh j21
Iru hdvh ri qrwdwlrq/ ohw wkh qrupdol}hg fkrlfh eh � ' Zr*E6*Rr�1

Qrwh wkdw lq wkh hvwlpdwlqj htxdwlrq +��, wkh ghpdqgv duh zulwwhq lq dv d sur0
sruwlrq ri wkh qrupdol}hg exgjhw 6*Rr1 Wklv lv ehfdxvh wkh huuru whup zdv irxqg
wr ydu| zlwk wkh iudfwlrq ri wkh exgjhw doorfdwhg udwkhu wkdq wkh ohyho doorfdwhg/
khqfh wklv irupxodwlrq doorzv xv wr xvh dq huuru whup wkdw lv krprvnhgdvwlf1

Qrwlfh wkdw rxu gdwd lv vxemhfw wr fhqvrulqj1 Wkh h{shulphqw lv vwuxfwxuhg vxfk
wkdw rzq sd|r�v pxvw eh lq wkh udqjh f � � � �1 Wr dffrxqw iru wklv/ htxdwlrq
+��, lv hvwlpdwhg xvlqj d wzr0olplw wrelw pd{lpxp olnholkrrg surfhgxuh1 Xsrq
hvwlpdwlqj wkh sdudphwhuv ri wkh ghpdqg fxuyh/ zh fdq rewdlq dq hvwlpdwh ri wkh
lqglylgxdo*v rzq sd|r�/ frqglwlrqdo rq sulfh/ lqfrph/ dqg d vhw ri fhqvrulqj uxohv1

Frqvlghu d vhw ri fhqvrulqj uxohv wkdw uhvwulfwv fkrlfhv wr wkh udqjh u � � � M1
Ohw( eh wkh suhglfwhg fkrlfh li fhqvrulqj zhuh ljqruhg/ wkdw lv/ wkh ydoxh rewdlqhg
vlpso| e| vxevwlwxwlqj wkh exgjhw sdudphwhuv lqwr wkh hvwlpdwhg ghpdqg ixqfwlrq1
Qh{w ohw 5� ' EM � (�*j dqg ohw 52 ' Eu � (�*j/ zkhuh j lv wkh vwdqgdug
huuru ghwhuplqhg lq wkh pd{lpxp olnholkrrg hvwlpdwlrq1 Ilqdoo|/ ohw �E�� eh wkh
vwdqgdug qrupdo glvwulexwlrq ixqfwlrq dqg xE�� eh wkh vwdqgdug qrupdo ghqvlw|
ixqfwlrq1 Wkhq rqh fdq vkrz +vhh Pdggdod +4<;6,/ ss1 698�9:, wkdw wkh h{shfwhg
ydoxh ri � jlyhq wkh fhqvrulqj uxoh lv
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Frqvlghu wkh dssolfdwlrq ri wklv wr glfwdwru jdphv1 Lq wklv fdvh xvh u ' f dqg
M ' � lq wkh deryh wr ghwhuplqh 	�1 Wkhq wkh suhglfwhg qxpehu ri shrsoh nhhslqj
wkh hqwluh slh lv vlpso| �� xE5��1

Wxuq qh{w wr wkh sxeolf jrrgv jdph1 Ohw % eh wkh iudfwlrq ri wkh hqgrzphqw
wkdw wkh lqglylgxdo nhhsv/ dqg } eh wkh iudfwlrq ri wkh hqgrzphqw jlyhq wr wkh
sxeolf jrrg1 Khqfh/ %n } ' � lv wkh exgjhw frqvwudlqw1 Zh zrxog olnh wr suhglfw
}1 Vlqfh Zr ' % n k}/ zkhuh k lv wkh uhwxuq rq wkh frqwulexwlrq wr wkh sxeolf
jrrg/ zh fdq vroyh iru } wr �qg
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Dovr/ zh nqrz ZJ ' k}� Vxevwlwxwlqj iurp Zr dqg ZJ lqwr wkh exgjhw frqvwudlqw/
zh vhh wkdw wkh +qrupdol}hg, sd|r�v duh Zrn RZJ ' �/ zkhuh R ' E��k�*k1 Qrwh
wkdw lq wkh sxeolf jrrgv jdph dq lqglylgxdo fdqqrw doorfdwh ohvv wr khuvhoi wkdq
wr wkh rwkhu/ khqfh Zr � ZJ1 Wklv phdqv wkdw wkh vpdoohvw Zr fdq eh lv �*E� n R�
zkloh wkh odujhvw lw fdq eh lv 41 Khqfh/ lq h{suhvvlrq E�2� zh vhw u ' �*E� n R�
dqg M ' � wr hvwlpdwh 	Zr/ dqg frqyhuw wklv wr } xvlqj h{suhvvlrq E���1 Ilqdoo|/
wkh phdvxuh ri wkh shufhqw iuhh ulghuv lv wkh suredelolw| �hEZr ' �� ' �� xE5��1

Iurp wkh deryh zh rewdlq wkh djjuhjdwh shufhqw frqwulexwhg dqg wkh djjuhjdwh
shufhqw ri iuhh ulghuv1 Lw lv d vlpsoh h{whqvlrq ri wklv phwkrg wr rewdlq wkh glv0
djjuhjdwh shufhqw frqwulexwhg dqg wkh glvdjjuhjdwh shufhqw iuhh ulghuv1 Vhsdudwh
wkh vdpsoh lqwr vl{ w|shv= Vwurqj Ohrqwlhi/ Vwurqj Vho�vk/ Vwurqj Shuihfw Vxevwl0
wxwhv/ Zhdn Ohrqwlhi/ Zhdn Vho�vk dqg Zhdn Shuihfw Vxevwlwxwhv1 Iru wkh vwurqj
w|shv wkh suhglfwlrqv duh h{dfw1 Vlqfh wkhuh lv qr fohdu suhglfwlrq iru wkh vwurqj
Shuihfw Vxevwlwxwhv dw d uhodwlyh sulfh ri 4/ zh iroorz rxu vdpsoh sursruwlrqv lq
zklfk wkh 83 shufhqw ri wkh sod|huv vsolw hyhqo|/ 63 shufhqw nhhs hyhu|wklqj/ dqg
53 shufhqw jlyh hyhu|wklqj1 Iru hdfk ri wkh wkuhh zhdn w|shv zh fdofxodwh wkh
shufhqw frqwulexwhg dqg shufhqw iuhh ulglqj dv lq wkh djjuhjdwh fdvh1 Wr rewdlq
wkh glvdjjuhjdwh shufhqw frqwulexwhg dqg wkh glvdjjuhjdwh shufhqw iuhh ulghuv wdnh
d zhljkwhg vxp ri wkh shufhqw frqwulexwhg dqg shufhqw iuhh ulghuv ri hdfk ri wkh
vl{ w|shv/ zkhuh wkh zhljkwv duh wkh sursruwlrq ri hdfk w|sh zlwklq wkh vdpsoh dv
jlyhq lq Wdeoh 61
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